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Preface to second edition 


This is essentially an enlarged and revised second edition of a collection 
of problems which consisted of a text by Gol’dman and Krivchenkov 
augmented by a selection from a similar text by Kogan and Galitskii. 

In preparing the present edition I have used the opportunity to revise 
some of the problems in the first edition, to change a few of the solutions, 
and to make the notation both uniform and conforming to English usage. 
Also, I have added a few problems from a collection by Irodov on atomic 
physics and a number of new problems which were mainly taken from 
Oxford University Examination papers. I should like to express my 
thanks to the Oxford University Press for permission to include these 
problems. 

These problems can be used either in conjunction with any modern 
textbook, such as those by Schiff, Kramers, Landau and Lifshitz, Messiah, 
or Davydov, or as advanced reading for anybody who is familiar with the 
basic ideas of quantum mechanics from a more elementary textbook. 


Oxford, 
September 1963 D. ter Haar 


Preface to third edition 


In preparing the third edition I have dropped some of the problems, 
slightly rearranged the order of the problems, and added new problems to 
the old chapters, as well as added new sections on the density matnx and 
annihilation and creation operator problems and on relativistic wave 
equations. Otherwise the aim and scope of the book remain much as 
they were before, but to help readers | have added stars to more compli- 
cated problems. 


Oxford, 
September 1974 D. ter Haar 
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PROBLEMS IN 
QUANTUM MECHANICS 


One-dimensional motion 


1. Determine the energy levels and the normalised wave functions of 
a particle in a “‘potential well”. The potential energy V of the particle is: 


V=o for x<Oand forx>a; 
V=0 for O<x<a. 


2.Show that for particles in a ‘“‘potential well” (see preceding 
problem) the following relations hold: 


Show also that for large values of » the above result agrees with the 
corresponding classical result. 

3. Determine the momentum probability distribution function for 
particles in the mth energy state in a “‘potential well’’. 

4. A particle in an infinitely deep rectangular potential well is in a 
state described by the wave function 


Y(x) = Ax(a—x), 


where a is the well width and A a constant. 

Find the probability distribution for the different energies of the 
particle and also the average value and the dispersion of the energy. 

5. A particle is in the ground state in a potential well of lengtha. At 
time t = O the wall at x = a is suddenly moved to x = 2a. Calculate the 
probability that, at time t > O, 

(a) the energy of the particle is the same as before t = 0; and 

(b) the energy of the particle is less than before ¢ = 0. 

6*. A particle is enclosed in a one-dimensional rectangular potential 
well with infinitely high walls. Evaluate the average force exerted by 
the particle on the wall of the well. 
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7. Determine the energy levels and wave functions of a particle in 
an asymmetrical potential well (see fig. 1). Consider the case where 
Vi=V,. 


Fig. 1. 
8. The Hamiltonian of an oscillator is equal to H = f2/2u + pw? £2/2, 
where # and & satisfy the commutation relationships ££—#) = —ih. In 


order to eliminate #, », and w from the calculations, we introduce new 


variables P and O,+ 
p= Tika) s, O= J) (PO-QOP = -1), 


and the energy E will be expressed in units iw (E = chw). The 
Schrédinger equation for the oscillator in the new variables will be of 


the form 7 
Hp = (P24 0) = ot. 
(a) Use the commutation relation PO— OP = —i, to show that 


(P24 0*)(O +i ny = (c Fn) (O +P ry. 

(b) Determine the normalised wave functions and the energy levels 
of the oscillator. 

(c) Determine the commutator of the operator 4 = (1/,/2)(O+iP) 
and its Hermitean conjugate operator d+ = (1//2)(O—iP). Express the 
wave function of the nth excited state in terms of the wave function of 
the ground state using the operator 4. 

(d) Determine the matrix elements of the operators P and Q in the 
energy representation. 

Hint. P2+0?-1 = (P+i0)(P-iO). 

9. Using the results of the preceding problem, show by direct 
multiplication of matrices that for an oscillator in the mth stationary 
state we have 


Gap= B= ty; Gl = 7 = who(n+)). 


{ Operators are indicated by a caret ~. 
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Show that, for any stationary state, the root-mean-square value of x is 
the same as it would have been for a classical oscillator with the same 
energy. 

10. A particle moves in a potential V(x) = $w?x*. Determine the 
probability w to find the particle outside the classical limits, when it is 
in its ground state. 

11. Find the energy levels of a particle moving in a potential of the 
following form: 

2 2 
V(x)=00 (x<0); V(x) = * 


Z 


12. Write down the Schrédinger equation for an oscillator in the 
‘‘s-representation”’ and determine the momentum probability distribu- 
tion function. 

13. Find the wave functions and energy levels of a particle in a 
potential V(x) = Vi(a/x—x/a)* (x>0) (see fig. 2) and show that the 
energy spectrum is the same as the oscillator spectrum. 


(x>0). 


1'(x) 


Fig. 2. 


14*. Determine the energy levels for a particle in a potential 
V = —V,/cosh?(x/a) (see fig. 3). 


V(x) 


15*. Determine the energy levels and wave functions for a particle in 
the potential V = Kycot?(zx/a) (0<x<a) (see fig. 4), and derive the 
normalisation constant of the ground state wave function. 
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Consider the limiting cases of small and large values of %. 


Fig. 4. 


16. Determine the energy levels for a particle in a potential 
V(«) = D(1—-e-*7)/?. 
17. An electron of mass uw moves in a one-dimensional potential 


V(x) =— == 5(x? — a’), 


where P is a positive dimensionless constant, 6(x) the Dirac delta- 
function, and a a constant length. Discuss the bound states for this 
potential as a function of P. 

18*. A one-dimensional “‘hydrogen”’ atom is one in which an electron 
confined to the x-axis is acted upon by a force inversely proportional to 
the square of its distance from the origin. Find the energy eigenvalues 
and the eigenfunctions of this system. 

19. Determine the wave functions of a charged particle in a uniform 
field V(x) = —Fx. 

20*. Find the wave functions and energy levels of the stationary 
states of a particle of mass yp in a uniform gravitational field g for the 
case when the region of the motion of the particle is limited from below 
by a perfectly reflecting plane. (As a classical analogy of this system we 
can take a heavy solid ball, bobbing up and down on a metallic plate. 
We note that all calculations and results of this problem are clearly 
correct also for the case of the motion of a particle of charge e in a 
uniform electric field &, in the presence of a reflecting plane, provided 
we replace in all equations g by (e/m)&.) Take the limit to classical 
mechanics. 
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21*. Derive expressions for the wavefunction of a particle moving in a 
potential V(x) using the semi-classical approximation. Give conditions 
for the applicability of the approximation and determine the quantization 
condition. 

22. Use the semi-classical approximation to derive an expression for 
the number of discrete levels of a particle moving in a given potential. 

23. Determine in the semi-classical approximation the energy spectrum 
of a particle in the following potentials: 

(a) V = 4pw*x? (oscillator); 

(b) V =Vycot?(mx/a) (0<x<a). 

24. Use the semi-classical approximation to determine the bound 
energy levels for a particle of mass moving in a potential which equals 
—V, for x = 0, changes linearly with x until it vanishes at x = +a, and is 
zero for |x| > a (see fig. S$). Determine also the total number of discrete 
energy levels. 


Fig. 5. 


25. Determine in the semi-classical approximation the average value 
of the kinetic energy in a stationary state. 

26. Use the result of the preceding question to find in the semi- 
classical approximation the average kinetic energy of a particle in the 
following potentials: 

(a) V = $yw?x?; 

(b) V = K.cot?(ax/a) (O<x<a) (see problem 23). 

27. Determine the form of the energy spectrum of a particle in a 
potential V(x) = ax’, using the semi-classical approximation and 
applying the virial theorem. 

28. Obtain the semi-classical expression for the energy levels of a 
particle in a uniform gravitational field for the case where its motion is 
limited from below by a perfectly reflecting plane. 

29. A particle oscillates in a one-dimensional potential field between 
two turning points x = a and x=). The former is due to a vertical 
potential wall, while the latter is of the more usual type with dV /dx 
finite. Apply the WKB method to find the quantisation condition for a 
stationary state in such a potential. 
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30”. Determine in the semi-classical approximation the form of the 
potential energy V(x) for a given energy spectrum E,. V(x) may be 
assumed to be an even function V(x) = V(—«x), which increases 
monotonically for «> 0. 

31*. Find the semi-classical solution of the Schrédinger equation 
in the momentum-representation. 

Show that the same semi-classical function is obtained by going over 
from the “‘x-representation” to the “‘p-representation”’ starting from the 
usual semi-classical coordinate wave function. 

32. Find the wave functions and energy levels of the stationary 
states of a plane rotator with moment of inertia J. 

A rotator is a system of two rigidly connected particles rotating in a 
plane (or in space). The moment of inertia of a rotator is equal to 
I = pa*, where p is the reduced mass of the particles and a their distance 
apart. 

33. If the wave function of a plane rotator at tf = 0 is given by 
u(y, 0) = Asin*y, where A is a normalising constant, what will be the 
wave function ¢(9, t) at time t? 

34. A bead of mass uw is confined to a thin wire which forms a rigid 
circular loop of radius a. Find an expression for the tension in the wire 
when the system is in a stationary state, assuming the wire to be 
unstressed before the bead is placed on it. 

35. Write down the Schrédinger equation in the ‘‘p-representation”’ 
for a particle moving in a periodic potential V(x) = Vocosbx. 

36. Write down the Schrédinger equation in the ‘‘p-representation” 
for a particle moving in a periodic potential V(x) = V(x+b). 

37*. Determine the allowed energy bands of a particle moving in the 
periodic potential given by fig. 6. Investigate the limiting case where 
V,-> 00, and 6-0 while V, 5 = constant. 


AM) 
-b 0 a a+b x 
Fig. 6. 


38". A simple model of the electronic energy levels in a metal uses a 
one-dimensional potential of the form 
h?P +2 
V(x) =>=— > &(x+na), 


2G aos 
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where yp is the electron mass, a the lattice constant, P a positive, 
dimensionless constant, and 6(x) the Dirac delta-function. Find 
expressions for the effective mass at the upper band edges. 

39*, A particle moves in a periodic field V(x): 


V(x+a) = V(x). 


Using a suitable semi-classical approximation obtain a transcendental 
equation to determine the allowed energy bands. Discuss this equation. 

40. Show that for particles scattered by a complex potential, 
V(x)(i + if), the probability current density, 


h ow oy* 
° = — 7 =, 
] Ly ox y Ox | ’ 
and the probability density, p = W*y, satisfy the “continuity” equation 


of | op _ 2V(x)ép 
ox of A : 


41. Use a variational principle to prove that any purely attractive 
one-dimensional potential has at least one bound state. 

42. A particle of mass p moves in a one-dimensional potential AV(x), 
where V(x) satisfies the conditions 


V(x) =0, «<0; V(x)=0, x>a, af"V (x) ds <0. 
0 


Prove that, if A is sufficiently small, there exists a bound state with an 
energy E which is approximately given by 


E= ~ Fal |, Vode 


Tunnel effect 


1. In studying the emission of electrons from metals, it is necessary 
to take into account the fact that electrons with an energy sufficient to 
leave the metal may be reflected at the metal surface. Consider a one- 
dimensional model with a potential V which is equal to —V, for x<0 
(inside the metal) and equal to zero for x>0 (outside the metal) (see 
fig. 7), and determine the reflection coefficient at the metal surface for an 
electron with energy E> 0. 


V(x) 


=k 
Fig. 7. 


2". In the preceding problem it was assumed that the potential 
changed discontinuously at the metal surface. In a real metal this change 
in potential takes place continuously over a region of the dimensions of 
the order of the interatomic distance in the metal. Approximate the 
potential near the metal surface by the function 


wesc le ) 
V=—aes] (see fig. 8) 


V(x) 


Fig. 8. 


and determine the reflection coefficient of an electron with energy E> 0. 
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3. Determine the coefficient of transmission of a particle through a 
rectangular barrier (see fig. 9). 


Fig. 9. 


4. Determine the coefficient of reflection of a particle by a rectangular 
barrier in the case where E > Vo (reflection above the barrier). 

5. A particle is moving along the x-axis. Find the probability for 
transmission of the particle through a delta-function potential barrier 
at the origin. 

6. Determine approximately the energy levels and wave functions 
of a particle in the symmetrical potential given by fig. 10 for the case 
where E<V, and the penetrability of the barrier is small [(24V/h?) 6? > 1]. 


0 a a+b 2a+6 x 
Fig. 10. 


7*, Find the coefficient of transmission of a particle through a tri- 
angular barrier (see fig. 11). Consider the limiting cases of small and of 
large pentrability. 


Fig. 11. 


8*. Calculate the coefficient of transmission through a potential 
barrier V(x) = V,/cosh?(x/a) (see fig. 12) for particles moving with an 
energy E<). 
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V(x) 


us 


U x 
Fig. 12. 


9. Evaluate in the semi-classical approximation the transmission 
coefficient for a parabolic potential barrier of the following form 
(see fig. 13): 


2 
v(1-5) for —-a<x<a, 
V(x) = a (1) 
0 for |x]>a. 


Give the criterion for the applicability of the result obtained. 


¥(x) 


—a x, 0 xy « Xx 


Fig. 13. 


10. Calculate in the semi-classical approximation the coefficient of 
transmission of electrons through a metal surface under the action of a 
large electrical field strength F (fig. 14). Find the limits of applicability 
of the calculation. 


Fig. 14. 


11*. The change of the potential near a metal surface is in reality a 
continuous one. For instance, the electrical image potential V, ,,, = —e/4x 
will act at large distances from the surface. Determine the coefficient 
of transmission D of electrons through a metal surface under the action of 
an electrical field, taking into account the electrical image force (fig. 15). 
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Fig. 15. 


12*. A symmetrical potential V(x) consists of two potential wells 
separated by a barrier (see fig. 16). Assuming that one may use a semi- 
classical argument, determine the energy levels of a particle in the 
potential V(x). Compare the energy spectrum obtained with the energy 
spectrum of a single well. 


Fig. 16. 


13. Assume that at ¢ =O there exists an impenetrable partition 
between the two symmetrical potential wells (see preceding problem) 
and that a particle is in a stationary state in the well on the left. 

Determine the time 7 it takes after the partition is removed before the 
particle will be in the well on the right. 

14*. The potential V(x) consists of N identical potential wells 
separated by identical potential barriers (see fig. 17). Determine the 
energy levels in this potential, assuming that one can use the semi- 
classical approach. 

Compare the energy spectrum obtained with the energy spectrum of 
a single well. 
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Fig. 17. 


15*. Assuming that one may use the semi-classical approach, find 
the quasi-stationary levels of a particle in the symmetrical field given by 
fig. 18. 


Fig. 18. 


Find also the transmission coefficient D(E) for a particle with 
energy E<V,, where V, is the maximum value of the potential V(x). 

16. (i) Show generally that for any barrier the relation R+D = 1 is 
automatically satisfied, where R is the reflection coefficient and D the 
transmission coefficient. 

(ii) A particle confined to one dimension encounters a symmetric 
potential barrier of finite extension with its centre at x = 0. For each 
energy E = f7k?/2u there is an even and an odd solution of the 
Schrodinger equation which to the right of the barrier have the form 
Acos(kx+y) and Bsin(kx+y’), respectively. Show that the reflection 
and transmission coefficients at this energy are, respectively, sin?2(y— 9’) 
and cos?2(y— ¢’). 

17. A particle is moving in a potential V(x) which is zero for |x| >a 
and finite for |x| <@. Check that the wavefunction W(x) satisfies the 
integral equation 


W(x) = eter | ete Vy W(y)dy 


Obtain an expression for the reflection coefficient to lowest order in 
V, if a beam of particles of mass w and momentum p = Ak is incident 
upon this potential V(x). 


Commutation relations; Heisenberg relations; spreading 
of wave packets; operators 


1. Let A, B, and C be three operators. Express the commutator of 
the product AB with C in terms of the commutators [A,C]_ and 
B,C]. 

2. Show that for algebraic manipulations with commutators the 
distributive law holds, that is, that the commutator of a sum is the sum 


of commutators: 7 x 
[> Ai, pa By) = > [A,, B,)_. 


3. Prove that if f(x) is a function of the coordinate x and g(p) a 
function of the momentum p, we have 


[af = ~in and [%,é] = ih— . 
4. Prove the following relation: 
exp (L) dexp(—L) 
= 4+[f, d\_+5, [£, (£, ajt+z [£, (£, (£, 4]_]_J_+.... 
5. Show that, if [A,B]. = K where K is ac-number and if Xis a 
c-number, 
exp [A(4 + B)] = exp (AA) exp (AB) exp (— 42 K). 
6. Prove that 
[A,e oF] = cai “eBid BLeMan : 
this relation is called Kubo’s identity. 


7. Show that if the two Hermitean operators A and B satisfy the 
commutation relation AB— BA = iC, the following relation will hold: 


Sis 


(AE GB > ! 


8. Find the uncertainty relation for the operators g and F(f), if 9 
and f satisfy the commutation relation gp — pg = 1h. 
Hint. Express F(p) in a Taylor series. 
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9. Use the Heisenberg relations to estimate the ground state energy 
of a harmonic oscillator. 

10. Estimate the energy of an electron in the K-shell of an atom of 
atomic number Z both for the relativistic and the non-relativistic case. 

11. Estimate the ground state energy of a two-electron atom with 
nuclear charge Z, using the Heisenberg relations. 

12. The magnetic field produced by a free electron is partly due to its 
motion and partly due to the presence of its intrinsic magnetic moment. 

It is known from electrodynamics that the magnetic field strength 
H, due to a moving charge is of the order of magnitude 


ev 
H, Gan ay?! 
and the magnetic field strength H, due to a dipole moment pu 
id 
H, ous re 


To determine the magnetic moment p of a free electron from a measure- 
ment of the field strength produced by it, it is necessary that the following 
two conditions are satisfied: 


H,>H, (1) 


and 
Ar <r. (2) 


The meaning of the last condition is that the electron must be localised 
in a region Ar which is much smaller than the distance from that region 
to the point where the magnetic field is observed. 

Is it possible to satisfy these two conditions simultaneously ? 

Hint. Take into account the Heisenberg relations and the value of 
the electronic magnetic moment p = eh/2mce. 

13. We consider a particle in a one-dimensional symmetrical potential 
well in which there is always, as is well known, at least one energy level 
(compare problem 41 of section 1). 

If for a given depth of the well VY its width a is reduced until it 
satisfies the inequality 

hh? 
pe pau 
a Sa , 
then, at first sight, the spatial localisation of a particle bound in the well 
will become much more precise (Ax ~ a), and as the spread in momentum 
Ap in any case is limited to a value of the order /(uV), the following 
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inequality 
Ap Ax <J(uK).a<ii 


would hold, violating the Heisenberg relations. 

Show the error in the above argument and evaluate the product of 
the spread in coordinate and the spread in momentum of the particle. 

14. The trajectory of a particle in a Wilson chamber is a chain of 
small droplets of linear dimensions of about 1. Could one observe 
deviations from the classical motion for an electron with energy 1 keV? 

15. For what value of the relative uncertainty in the angular 
momentum of the electron in the first Bohr orbit does its angular 
coordinate become completely undetermined ? 

16. Consider the operators M, = —ihid/dp and ¢ for circular 
coordinates —7<g<7. Discuss the Heisenberg relations as applied 
to M, and ¢ (compare the derivation of the Heisenberg relations in 
problem 7 of section 3). 

17. The wave function of a free particle at ¢ =O is given by the 


expression 
Y(x, 0) = 9%) exp (tp x/f). 

The function g(x) is real and appreciably different from zero only for 
values of x within the interval —8<x<+6. Determine in which 
region of x-values the wave function will be different from zero at time t. 

18. Find the change of a wave function which is given at t = O for 
the following three cases (spreading of a wave packet): 

(a) a free particle, 


ae, 1(Po.r) 7? 
wn) = Cant exp (Pit ~7R) 
*(b) a particle moving in a uniform field, 
(Po-) 7? \, 
46,0) = cragexp (“Pe-t)_ 7), 


(c) a particle moving in a potential V = dyw? x?, 
_ cexp [Poe _ae—a)"] (malt 
He 0) = cexp [8 a Ta ed a 


19. Show that the problem of how to determine the motion of an 
oscillator under the action of an external force f(t) can be reduced to the 
simpler problem of determining the motion of a free oscillator, if we 
introduce the new variable x, = x— &(t), where &(t) satisfies the classical 


equation pg = f(t)— pw? E. 
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20*. Find the Green function for an oscillator whose eigenfrequency 
changes with time, and express it in terms of the solution of the classical 
equation of motion of an oscillator of varying frequency. 

21*. Use the Green function obtained in the preceding problem to 
determine the time dependence of the probability density for particles 
moving in a potential V(x) = 4yw?x? (w = const). The particle wave 
function at ¢ = 0 is equal to 

ss a(x — Xo)” PyX 
p(x, 0) = cexp Se . 

22*. Find the Green function of an oscillator whose eigenfrequency 
changes in time and which is acted upon by a perturbing force f(t). 

23*. An oscillator is at tf = O in its nth energy eigenstate. Determine 
the probability that it will make a transition to the mth eigenstate under 
the action of a perturbing force f(t). Find the average value and the 
dispersion of its energy at time ¢. 

24*. The point of suspension x» of an oscillator in its ground state 
starts to move at ¢=0. The point of suspension moves according to 
the law x) = x,(t). At t = T the point of suspension is fixed again. 

Use the Green function (see problem 20 of section 3) to find the 
wave function of the system at any time ¢>0, and also the probability 
of excitation of the mth level as a result of the process considered. 

Consider the limiting cases of fast and slow processes (w7’<1 and 
wT >1, where w is the frequency of the oscillator). 

25*. Discuss the motion of a particle governed by the Hamiltonian 


Be 


H= ea Ox : 


where ¥ is a positive constant. 
Find the wavefunction for this system for the case where F(t) = 0 as 


t > oc, if at t = O the wavefunction is given by the formula 
2 


x 
Wo = Aexp ikoX— 73 , A = constant. 
26. Inasmuch as the Schrédinger equation is a first-order differential 


equation with respect to time, Y(t) is uniquely determined by the value 
of ¥(0). Write this connection in the form 


v(t) = S(t) ¥(0), 
where S(t) is some operator. 
(a) Show that the operator §(2) satisfies the equation 


inS(t) = S(t) 


and is a unitary operator, that is, S+ = $-), 
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(b) Show that in the case where H does not depend on time, S(t) is 
of the form 


S(t) = exp (-iHt/ii). 


27. The average value of an operator L at time t follows from the 
following expression: 7 
Z(e) = [ye(e) Lute dr. 


(a) Show that the time dependence of theoperatort Y = §-1(t) LS(2), 
with S(t) determined by the equation S(t)¥(0) = Y(t), satisfies the 


equation P = 
[© 240) dr = Le 
(b) Prove the following operator equation: 
ih? = PR - HF, 
# = SANS. 


(c) Show that if the operators £ and M satisfy the commutation 
relation 


where 


LM— MEL =iN, 
the corresponding time-dependent operators satisfy the equation 
PM -ML =iN. 

28. Derive a law for the differentiation with respect to the time of 
the product of two operators. 

29. Find the coordinate operator for the case of a free particle in 
the Heisenberg representation. 

30. Find the coordinate and momentum operators in the Heisenberg 
representation for the case of a linear harmonic oscillator by solving the 
equations of motion for these operators. 

31.In the Heisenberg picture the operators are time-dependent and 
satisfy the equation of motion (see problem 27 of section 3) 


inl = (LHL, 
while the wavefunction is time-independent. On the other hand, in the 


Schrodinger picture the operators (unless explicitly dependent on the 
time) are time-independent, while the wavefunction satisfies the 


+ The operator is called the operator in the Heisenberg representation or in the 
Heisenberg picture, while Z is the operator in the Schrédinger picture. See problem 
31 of section 3 for the interaction picture. 
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The operators and wavefunctions in the Heisenberg picture (indicated by a 
subscript H) are related to those in the Schrédinger picture (indicated by 
the subscript S) through the formulae 


Lay = S2(NLs5S), vs =SOWn, S = expCiHt/nr). 


It is often convenient to work in an intermediate picture, called the 
interaction picture. This is the case when the Hamiltonian is of the form 


H=HotH,. 
In that case we can introduce operators and wavefunctions in the 
interaction picture (indicated by a subscript int) as follows 


Lin = SDL sSo(t), Ws =Solt)Wines So(t) = exp(-iAt/n) . 


Find the equations of motion for L int 2Nd Wint- 

32. Prove for the one-dimensional case that if gq and p are the 

generalized coordinate and momentum of a particle, we have 

rs _ 0H tor ae oH 

q= Op » pr aq 
where H is the Hamiltonian of the system, while the bar indicates a 
quantum-mechanical average. This is a particularexample of the Ehrenfest 
theorem, which states that the classical equations of motion still hold, if 
we replace the physical quantities by quantum-mechanical averages. 

33. Show that the average value of the time derivative of a physical 
quantity, which does not explicitly depend on the time, is equal to zero 
in a stationary state of the discrete spectrum. 

34. Prove the virial theorem in quantum mechanics. 

35. What is the physical meaning of the quantity pp in the expression 
for the wave function 


2. 


(x) = p(x) exp (Po x/h), 
if g(x) is a real function? 

36. Show that the average value of the momentum in a stationary 
state with a discrete energy eigenvalue is equal to zero. 

37. Determine the time dependence of the coordinate operator x 
(in the coordinate representation) for (a) a free particle and (b) an 
oscillator. 

38. Use the result of the preceding problem to determine the time 
dependence of the dispersion of the coordinate for the case of a free 
particle. 
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39. The wave function of a particle at ¢=Q0O is of the form 
s(x) = p(x) exp (ipyx/h), where g(x) is real and normalised. Determine 
the value of the dispersion (Ax)? at time t for the cases (a) and (b) of 
problem 37 of section 3. Show that in the case of the oscillator 
(Ax)? = (Ax)2.o, that is, the dispersion does not increase, if 

ex) = cexp (— pwx?/h) 
(see problem 1 8c of section 3). 

40. Determine the time dependence of the annihilation and creation 
operators for a harmonic oscillator (the @ and 4° of problem 8 of 
section 1). 

41. An oscillator is at ¢ = —© in its ground state. Determine the 
probability that at t = +00 the oscillator is in the mth excited state, if it 
is acted upon by a force f(t), where f(t) is an arbitrary even function of 
the time (f = 0 for t+ 00). 

Evaluate the expression obtained for 


(a) f(t) = foexp(— 2/7"); 
1 
(b) f(t) = Soper 


in the ‘‘p-representation” and the 


i 
42. Express the operator : 


A 


1. 
operator — in the “‘r-representation”’. 
p 


A 


‘ 


1 . 6 : ”» 
43*. Express the operator e in the ‘‘x-representation” and the 


x 


a 


1. : 
operator — in the “p,-representation”’. 
x 


44. Find the matrices of the coordinate and the momentum in the 
energy representation for a particle in an infinite one-dimensional 
rectangular potential well. 

45. Show that the average value of the square of a Hermitean 
operator is positive. 

46. Does taking the complex conjugate correspond to: (1) a linear 
operator, (2) a Hermitean operator, (3) an operator which is its own 
complex conjugate? 

47. If T is the translation operator, defined by the equation 


Tf(x) = f(x+a), 


for any function f(x), express T in terms of the momentum operator Pp. 
48. Assume A to be a small quantity to find an expansion of the 
operator (A —AB)- in powers of 2. 
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49. In a state of a quantum mechanical system described by a given 
wave function %,, the mechanical quantity A has a well-defined value. 

Can the quantity B also have a well-defined value in the case where 
the operators A and B (1) do not commute, (2) commute? 

50. Show that if the Hamiltonian of a system is invariant under some 
coordinate transformation, the operator of this transformation will 
commute with the Hamiltonian. 

51. Indicate which mechanical quantities or which combination of 
them are conserved when a system of N particles moves in the following 
external fields (consider energy, total angular momentum and its com- 
ponents, the components of the linear momentum, and parity): 

(1) free motion; 

(2) field of an infinite, homogeneous cylinder; 

(3) field of an infinite, homogeneous plane; 

(4) field of a homogeneous sphere; 

(5) field of an infinite, homogeneous half-plane; 

(6) field of two points; 

(7) a uniform, variable field; 

(8) field of a straight conductor with variable charge; 
(9) field of a tri-axial ellipsoid; 

(10) field of an infinite, homogeneous screw line; 

(11) field of an infinite, homogeneous prism; 

(12) field of a homogeneous cone; 

(13) field of a cylindrical torus. 

Ascertain also the commutability of the corresponding operators. 

§2. Prove the invariance of the non-relativistic Schrédinger equation 
under a Galilean transformation. 

53. Prove that the function W, which at t = O describes a state with 
a well-defined value of the physical quantity A, will at ¢>0 be an- 
eigenfunction of the operator A(—1?) corresponding to the same eigen- 
value. The quantity A(z) is the operator corresponding to the quantity 
A in the Heisenberg representation at time r. 

54. The Hamiltonian H of a system performing a one-dimensional 
finite motion depends explicitly on the time. At every time ¢ we assume 
that we know the eigenvalues F(t) of the “instantaneous” Hamiltonian 
and the corresponding complete orthonormal set of eigenfunctions y,,(f). 
(The term “‘instantaneous”’ is used here in the sense of “‘at a given time’”’ 
which is different from its use in problems 73 and 74 of section 7, where 
it is synonymous with “‘sudden”. The dependence of the s-function on 
the coordinate (qg) is omitted here for the sake of simplicity.) 

Give the wave function of the system in the representation whose 
base is the set of functions y;,(t). 
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55. Let the Hamiltonian of the system, characterised in the pre- 
ceding problem, be a slowly varying function of the time ¢t. Assume that 
the system is at t=0 in the mth quantum state and find its wave 
function at ¢>0 in the first approximation of the adiabatic perturbation 
theory and discuss the conditions for the applicability of the result 
obtained. 

56. The point of suspension of a linear oscillator in its ground state 
starts to move slowly at ¢ = 0 and comes to rest again at ¢ = 7. Find the 
probability for the excitation of the oscillator in the adiabatic approxi- 
mation (compare problem 24 of section 3) and ascertain the applicability 
of this approximation. 

57. A particle is bound in an infinite rectangular potential well of 
width a. At t= 0 one of the walls of the well starts to move according 
to an arbitrarily given time dependence. 

Reduce this problem to a wave equation with a Hamiltonian which 
depends explicitly on the time and discuss the particular case of the 
motion of the wall for which the variables in that equation can be 
separated. 

58*. A particle is in the nth stationary state of an infinite rectangular 
potential well of width a. At tf = 0 one of the walls of the well starts to 
move slowly according to a given time dependence. Find in the adiabatic 
approximation the probability that at ¢>0 the particle will be found in 
the mth stationary state (m#7). 

59. Evaluate the de Broglie wavelength of (i) an electron, (ii) a hydro- 
gen atom, and (iii) a uranium atom, if the kinetic energy of each of them 
is 100 eV. 

60. Find the kinetic energy of an electron and of a neutron with a de 
Broglie wavelength of 1 A. 

61. Under what circumstances will a particle of mass u and velocity 
v (<c) show distinctly wave properties when it is scattered by a periodic 
structure of linear period d? 

62. For what neutron energies may we expect especially strong 
diffraction effects when the neutrons are scattered by natural crystals 
with lattice constants between 2-5 and 6:0 A? 

63. Bearing in mind the wave properties of particles, show the limits 
of the applicability of the classical concepts for an electron of 10 eV 
energy and a proton with 1 MeV energy. 

64. For the study of the structure of atomic nuclei several labora- 
tories have constructed electron accelerators with energies up to 6 GeV. 
What is the electron de Broglie wavelength in that case, and what is the 
need for such high energies? 


Angular momentum; spin 


1. Consider the angular momentum operators he Pe and J, which 
satisfy the commutation relations 


VetyL=a,, WL mh... Ud = nl, 
and introduce the non-Hermitean operators 
J, =F, 2, . 
(i) Derive the commutation relations satisfied by Ds J, and Te 
(ii) Prove the relations J, J = f?-J,J, + 1). 


(iii) Let y,,, be the joint eigenfunction of J? and J corresponding to 
the eigenvalues a and b, 


Poa, = 00,01 Ie¥a,5 = b¥a,0 5 
we shall use the Dirac notation 
Ya,b = |a, b>, 
and choose the y,,, to be an orthonormal set so that 
(a’, b' |a, bd = Saq' Spy’ - 


Prove that 
a>b?, 


and that J, la, b) and J \a, b) are also joint eigenfunctions of J? and J, A 
Find the eigenvalues corresponding to I, la, b) and J la, b). 
Hence prove that there are states such that 


J la, Bmax) = 0 
and such that : 
J la, bmin) = 0. 
If we put b,,,,/h = j, prove that 
a= j(j+1)h?, 
and that j is either an integer or half-odd-integral. 


(iv) If we now put b = mh and call the |a, b) state the |j, m) state in 
agreement with the usual notation for angular momentum eigenstates, 
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find the matrix representation of J,,/J,, and J, in the |j,m) 
representation. 

2. Express the operator of rotation over a finite angle yp around the 
direction n in terms of the angular momentum operator (of a system 
of N particles), 

3. Obtain expressions for the operators /,,/,,/, in spherical 
coordinates starting from the fact that /,,/,,f, are the operators of 
infinitesimal rotations. 

4. Prove that under a rotation an operator Q changes to a new 
operator $2’ such that ; a 

2’ = RQR"', 
where R is the rotation operator (see problem 2 of section 4). 

5. Give a simple interpretation of the commutability of the operators 
of the components of the linear momentum and the non-commutability 
of the operators of the components of the angular momentum, starting 
from the kinematic meaning of these operators, which are connected with 
infinitesimal translations and rotations. 

6. Prove the following commutation relations: 

(a) [f,,4]_ = ten S, 

(b) [L:, Prd = 174 Pps 
where e,,, is the antisymmetric unit tensor of third rank, the components 
of which change sign for any interchange of two of its indices, for 
instance, €;,; = —é€y,, and where é,.,=1 (1, 2, and 3 correspond to 
ey ye) 

Ve Prove the following relations: 

(a) [L, (2+), +8:2)]-_ = 9, 

(b) [2 (2? +y?+2°)]_ = 0. 

8. Show that if w{° is the eigenfunction of the J, operator corre- 
sponding to an eigenvalue m, the function 


Yn = exp (—iJ, 9) exp (—i5, 8) pO 
will be the eigenfunction of the operator: 
J, = J, sind cosg+ J, sind sing +J,cos 8, 
corresponding to the same eigenvalue, that is: 
Jem, = 1m: 
Hint. Use the relations (see problem 21 of section 3): 
exp (—iJ, 8) J, exp (iJ, 3) = J, cos 8+ J, sin 9, 
exp(-iJ,9)J,exp(iJ,¢) = J,cosp+J, sing. 
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9, Show that in a state W with a well-defined value of /, (1, = mi) 
the average values of [, and [, are equal to zero. 

Hint. Find the average value in the state for the left-hand side and 
for the right-hand side of the commutation relations 


ee. Iie. 


10. Obtain an expression for the operator of the angular momentum 
relative to an arbitrary axis (z’) in terms of the operators /,, 1, /,. 

11. Show that in the state y for which /,) = mp the average value of 
the angular momentum about an axis 2’ which makes an angle 6 with 
the z-axis is equal to mcus 6. 

This result can be visualised as follows. The angular momentum 
vector in the state y,, is evenly ‘spread out’ over a cone with its axis 
along the z-axis, its slant height equal to [/(/+ 1)], and its height equal 
to m. The average value of its projection on the xy-plane is equal to 
zero, and its component along the z’-axis is, after averaging, equal to 
m cos 6. 

12. Find the matrix giving the transformation of the components of 
the spin function of particles of spin 1 corresponding to an arbitrary 
rotation of the system of coordinates. 

13. In a Stern-Gerlach type of experiment the deflection of a beam 
of atoms with total angular momentum J depends on the value of the 
component of the angular momentum in the direction of the magnetic 
field in the apparatus. If the particles in the beam have a well-defined 
value of the angular momentum relative to an axis which is not along 
the direction of the applied magnetic field, the beam is split into 
2J +1 components. 

Determine the relative intensity of these components if J = 1, and 
if the component of the angular momentum along an axis which makes 
an angle @ with the direction of the applied magnetic field has the well- 
defined value M(+1,0, —1). 

14. The three Hermitean operators 6,, 6,, and 6, satisfy the relations 


[6,, dy]. = 216, , [6,, 6, ]_ = 216, ,[6,, dy ]_ = 2id, 62+ 63+62 =3. 
Find a representation of these so-called Pauli matrices in which 4G, is 
diagonal. 
15. If 6 is the vector operator with components 6,, 6,, and 6,, prove 


that 
(i) if A and B commute with dg, we have 


(6.A)(6.B) =(A.B)+i6.[A AB}; 


and (ii) 6, 6,6, = i. 


4.2) Angular'momentum; spin 2) 


16. Find the transformation operator for a spin-function (spinor for a 
spin-4 particle) corresponding to a rotation described by the Euler angles 
vo, W, and y (see fig. 19). 


Fig. 19. 


17. Find the transformation matrix for the components of a spinor, if 
the system of coordinates is rotated over an angle ® with respect to an 
axis with direction cosines a, B, and y. 

18. Find the eigenfunctions of the operator a6, + Bé, + y6,, where 
a? + 8?+4 y?= 1, and show that the expansion coefficients of an arbitrary 
function la in terms of these functions determine the probability that 

2 


the value of the spin component in the direction characterised by the 
direction cosines a, 8, and y is equal to +3 or — }. 

19. If the z-component of the electron spin is equal to +4, what is 
the probability that its component along a direction 2’ which makes an 
angle @ with the z-axis is equal to +4 or —4? Determine the average 
value of the component of the spin along this direction. 

20. The most general form of the spin function of a particle of spin 4 
in the |4, m)-representation is 


uy = e'*cos 6, hy = ef sin 6. 


This function describes a particle state in which the probability that 
the z-component of the spin is equal to +4 (or —4) is equal to cos?6 
(or sin? 6). 

What would be the result of a measurement of the component of 
the spin along an arbitrary direction? 

21. The spin function of a spin-4 particle has the following form in the 


|4, m)-representation: 
: e** cos i 
ei? sin 8) 
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Is there a direction in space along which the spin component has the 
well-defined value of +4? 

If such a direction exists, find the polar angles (@, D) of its direction. 

Hint, Find @ and ® from requiring the second component of the 
spin function to be equal to zero. 

22. Consider a system of non-interacting identical particles. Let 
their momentum be the same and their spin be equal to }. If these 
particles did not possess spin we could describe the system by a “pure 
case’ ensemble. However, we do not know whether the spins of all the 
particles are parallel. 

Is it possible to use an experiment of the Stern—Gerlach type to 
determine whether this beam of particles corresponds to a “‘pure case”’ 
or to a ‘‘mixture”’ ensemble? 

23. Find that wave function of a system consisting of two spin-4 
particles which is an eigenfunction of each of the two commuting 
operators, the square and the z-component of the total spin. 

24. Show that in a system consisting of two spin-+4 particles the 
total spin S is an integral of motion, provided the Hamiltonian is 
symmetric in the two spins. 

25. Denote by 6, and 6, the spin operators of two particles and byr 
the radius vector connecting these particles. Show that any positive 
integral power of either of the operators 


A=(8,.6,) and $4, = De), 69, 


and any product of such powers can be written as a linear combination 
of A, S,,, and the unit matrix. : 

26. Show that the operator S,, of the preceding question can be 
expressed as follows, in terms of the total spin operator § = }(6,+6,), 


6(S.r)? oa, 
Sie = oe — 25° 


and that if the total spin of the two particles is equal to unity, S,, can be 
written in the form of the following 3 x 3 matrix: 


a Yoo -43%,2 6% 
Sw=5 —J3¥n = — 2% 3 Yaa |. 
Y6Yon -f3Yn Yuu 
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27. Consider two spin-+ particles interacting through a magnetic 
dipole-dipole interaction, 


6,.6,) 7? —(6,.1r) (6.1 
V=A ea 1-1) (85.1) 


If the two spins are at a fixed distance d apart and if at t = 0 one spin 
is parallel to r and the other one antiparallel to r, calculate the time after 
which the parallel spin is antiparallel and the antiparallel spin parallel. 
28. Find all the quartet and doublet spin wavefunctions for a system 
of three spin-4 particles. 
29. Show that a totally symmetric spin wavefunction for a system of 
n spin-4 particles is an eigenfunction of the total spin operator 


Ss? (s = pa 4né;) with quantum number $n and that any other state of the 
I 


system has a smaller total spin quantum number. 
30. Let o,; denote the spin variable of the ith electron. This variable 
can take on the two values +1 and —1. Show that if the operators 


FO Ne OL EN Ue 
“te = \1 Of,” ay =(; OF RAG: aay? 


which refer to the /th electron, act upon a function f(o, 09, ..., 0) -.., 0) 
of the spin variables of m electrons, the result is the following one: 


OS = f(o1, se+y Op) — Dyy Typ yy very oy); 
Out = to, f (0, ery Dp_yy ~ Dyy Opp yy -oey On), 
af = oif(o1, sey Dyigy Fyy Thy dy very G,,). 


31. Show that the operator of the square of the total spin moment 
of m electrons can be written in the form 
~ n* 


S? = n- + >Pa 
4 k<l 


where P,, is the operator which interchanges the spin variables o, and o,, 
that is 


Piaf(oy eey Opa They Spezay veer Fy Ops Opp ay oe ey Cy) 


=f (1) 06) Fyay Os Thegay eer Seats Shes Mpa vey On). 


32. Obtain the result of problem 12 of section 4 by considering the 
transformation of a symmetric tensor of the second rank. 
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33. The angular momentum of a particle is equal to j, and its 
s-component has its largest possible value. 

Determine the probability for different values of the angular 
momentum component along a direction which makes an angle @ with 
the z-axis. 

34. How can one write down a wave function for a spin angular 
momentum for s>4, say for s=1? (i) Do states exist which are 
oriented in an arbitrarily chosen direction? (ii) Is an arbitrary state 
oriented in some direction? Explain this situation. 

35*. A system with total angular moment J is in the state with J, = M. 
Determine the probability that a measurement (for instance, by a Stern— 
Gerlach experiment) of the angular momentum component along a 
direction 2’ which makes an angle @ with the z-axis leads to the value M’. 

36*. A spin-3 particle moves in a central field of force. Find the wave 
function of this particle which is simultaneously an eigenfunction of the 
three commuting operators: 

je L+Se, re f*. 

37. A state of an electron is characterised by the quantum numbers 
l,j, and m. Using the wave functions obtained in the preceding question, 
determine the possible values of the components of the orbital and spin 
angular momentum and the probabilities that these values are realised. 
Find also the average values of these components. 

38. We define the direction of the spin of a spin-4+ particle as that 
direction along which the spin component has a well-defined value of + 4. 
Let this direction be characterised by the polar angles © and 9, and let 
the state of a particle be described by a wave function ¢ (1,7 = 144, m) 
(see problem 36 of section 4). It is clear that the spin direction of such 
a particle will, generally speaking, not be the same in all points of space. 
Find the relation between the angles © and ® and the space coordinates * 


of the particle. 
39. A system consists of two particles, one with angular momentum 


1, = 1, and the other with angular momentum /, = 1. The total angular 
momentum J can in that case take on the values /+1, 1, and /—1. 
Express the eigenfunctions of the operators J? and J, in terms of the 
eigenfunctions of the square and the z-component of the angular 
momentum of the separate particles. 

40. A system consists of two particles, one of spin 4 and one of 
spin 0. Show that the orbital angular momentum is an integral of 
motion for any law of interaction between these particles. 

41. Show that the normalised part of a 9D, state wave function which 
refers to the spin and angular dependence can be written in the following 


4.43 Angular momentum; spin 3] 


form: 1 1 
4 (an) {0} a), 
1 ¢ : 2,S=1) 
a 1 J=1,M=0,L=4,5=%) 
4am) 9] 


0 
1 
con Sel O} (J=1,M=-1,L=2,S=1). 
4 (27) {o] ( ’ ) 


Hint. See problem 39 of section 4. 

42. Prove the following equations: 

(a) (SAL = (An J]-[Fa Ap, 

(b) [J®, (52, A]_]_ = 2(2A+ AS*) —45(5.A), 


dsiuous (SANE ; 
(c) (A) = I(T + iy (J)54 . 


The arbitrary vector quantity A satisfies the commutation rule 
[Jn Ar]_ = tei A). 


43. If T isa vector operator whose commutator with the total angular 
momentum operator J is governed by the relation 


[((a.J), T|. = ia[T Aa], 


where a is an arbitrary constant vector, show, by taking T to be the 
electric dipole-moment operator that the quantum number m in the |j, m) 
representation (see problem 1 of section 4) changes by O or +] in an 
electric dipole transition. 

Using the result (b) of the preceding problem show that 


[Oj Ay)? = 2AVH AVG, MIT I, m') = -4G, mS. Tj’, m'), 


where Aj = f(j/+ 1). ; a 

Show also that J commutes with (J.7) and hence that 
Gj, m|IS.T)\',m’) vanishes unless j = j'. Use these results 

(i) in the case where T is the electric dipole-moment operator, to 
show that j changes by 0 or +1 in an electric dipole transition; and 

(ii) in the case where T is the electron spin S, and j = j', to find the 
Landé g-factor in Russell-Saunders coupling (where the states are 
simultaneous eigenstates of J, J,, S?, and L?. 
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44, Find the average value of the operator @ = 2,J,+g,J, in the 
state characterised by the quantum numbers J, M,, Jj, and J,, if the 
total angular momentum J is equal to J = J, + J,. 

Hint. Use the equations derived in problem 42 of section 4. 

45.Find the magnetic moment (in nuclear magnetons) of the 
15N nucleus, for which one proton in a p; state is missing from a closed 
shell. The magnetic moment of a free proton is equal to n, = 2:79. 

46. Evaluate the magnetic moment of the '!7O nucleus which con- 
tains one neutron in a d, state apart from closed shells. The magnetic 
moment of a free neutron is equal to np, = — 1-91. 

47. What would be the value of the magnetic moment of the deuteron 
if the deuteron were in the following states: 


(a) °S, (b)"FA, (ce) °F, (d) 8D? 


48. Assuming the deuteron ground state to be a superposition of a 
3S, and a 3D, state, determine the weight of the D-state, if 


ftp = 279, py=—1-91, peg = 0°85. 


49. Which of the following states can and which cannot occur: 'Po, 
Py, oP 2P.,, ad «es Py,, and 3P,. 

50. A nucleus A of spin 1 is excited in an even state. Energetically 
the emission of an a-particle is possible, 


A>B4+«a. 


The nucleus B produced in this reaction is stable, has zero spin, and is 
also in an even state. Use the principle of conservation of angular 
momentum and of parity to show that this reaction is forbidden. 

51. Show that the orbital momentum L of the motion of two 
a-particles is always even (L = 0, 2,4, ...). 

52. Is it possible for the §Be nucleus in an excited state with spin 
1 to decay into two a-particles? 

53. Use the fact that the only bound state of the neutron-proton 
(n, p) system is even, that the total spin of that state is unity, and that the 
(n,n) and (n,p) interactions are identical to show that two neutrons 
cannot form a bound state. 

54. Is it possible for a photon to decay spontaneously into (i) two 
photons or (ii) into three photons? 

55. Show that for a system consisting of two identical particles with 
spin J the ratio of the number of states symmetrical in the two spins to 
the number of states antisymmetric in the two spins is equal to (J+ 1)/J. 
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56. A system consists of two spinless particles, each in a p-state. If 
E = 1@)+1), show that only one eigenvalue of L? is permitted, if the 
wavefunction has to be antisymmetric in the two particles and find the 
expectation value of (/“) , /) in the permitted states. 

57. The quadrupole tensor of a system is defined by the equation 


Qn = 26 (3x xf? — 847?) : 
j 


where the summation is over all particles in the system and r“? is their 
position vector. 

If the system is in a state with a well-defined value of the total angular 
momentum, corresponding to a quantum number /, the quadrupole 
moment Q is defined as the value of Q,, in the state with m = j. 

Evaluate the average values of the Q;, for a state characterized by a 
wavefunction of the form W(r, 3, y) = f()Y;, m(3, y), using the relation 


(i+mt+1)d-—m+1) (i+ m)U- m) 
cos 8Yim =) Sar paray [teat] leaner: vias 
58*. Evaluate the average values of the Q,, for a state of an electron 
moving in a central field of force, characterized by the quantum numbers 
j,l, and m;. 
59. Use the expressions for the matrix elements of vectors to show 
that the quadrupole moment of a nucleus is equal to 


A 
QO = 1(2I- PF py {2(1+ 1)] (2)R ral? —21| (2:)n 4 ee 


The summation is over all Z protons, J is the nuclear spin, and n is the 
combination of all the other quantum numbers which characterise the 
state of the nucleus. 

60. Evaluate the quadrupole moment of a nucleus with one proton 
of angular moment j outside a closed-shell spherically symmetric core, 
neglecting any deformation of the core. 


Central field of force 


1. A system consists of two particles of mass uw, and w,. Express the 
operators of the total orbital angular momentum /,+/, and the total 
momentum fp, + p, in terms of the centre of mass coordinate 


R= Hy Ty + Mele 
[y+ pe 


and the relative coordinate r=r,—rf,. Show that if the potential 
energy of the interacting particles depends only on their distance apart, 
V = V(|rg—7,|), the Hamiltonian can be put in the form 
i= J a Se) V2+V(r), 
2( pa + He) Zeyh, =” 
where V?, and V2 are the Laplace operators referring to R and r. 

2. A particle moves in a central field. Write the equation for the 
radial part R,, of the wave function in the form of a one-dimensional 
Schrédinger equation. 

3. Show that in the case of a discrete spectrum in a central field the 
minimum value of the energy for a given value of the orbital quantum 
number / increases with increasing J. 

4. Determine the wave functions and energy levels of a_ three- 
dimensional isotropic oscillator. 

5. Solve the previous problem in Cartesian coordinates by separation, 
of variables. Express the wave function for nm, = 0, / = 1 (see previous 
problem) as a linear combination of the wave functions obtained. 

6. Assume that a nucleon in a light nucleus moves in an averaged 
potential of the form V(r) = —Y\+4yw?r?, to determine the number of 
particles of one kind (neutrons or protons) which can be accommodated 
in a closed shell. A shell is defined as the totality of all states with the 
same energy. 

7. Calculate the theoretical radius of the closed shell nuclei 3He and 
18O assuming the same potential as in the preceding question. The 
theoretical nuclear radius is defined as the distance from the centre of 
mass of the nucleus to the point where the “‘nuclear density” 


p(r) = Serr) o(7) 
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(the summation is over all nucleons) decreascs most steeply, that is, 


‘d? p 
(0), ‘ ?: 


8.We can write approximately V(r) = —Ae’” for the interaction 
between a proton and a neutron. Find the wave function of the ground 
state (1 = 0) and determine the relation between the well depth A and 
the quantity a, which characterises the range of the force, by using the 
empirical value E = —2-2 MeV for the deuteron energy. 

9. Determine approximately the deuteron ground state energy for 
the potential V(r) = —Ae-/4¢ (A = 32 MeV, a = 2-2 fermi) using the 
Ritz variational principle. Use as trial wave function a function of the 
form R = ce*"/*", depending on one parameter a. The value of c follows 


wo 
from the normalisation condition i R?r2 dr = 1. 
0 


10. Determine the energy levels and wave functions of a particle in 
a spherical “‘potential well” 


V(r) =0 (r<a); V(r)=c0 (r>a). 
Consider the case where / = 0. 


11. Determine the discrete energy spectrum of a particle with zero 
angular momentum in a spherical potential well 


[Vy (r<a), 
| 0 (r>a). 
12. Find the p-state wavefunction which is proportional to cos? in the 
potential of the preceding problem. 
Show that if 2ua?V, > 1*h?, there are at least three bound p-states. 
13. Apply perturbation theory to determine qualitatively the change 
in energy levels when we change the potential 


V(r) = 


~Vy (r<a) 
0 (r>a), 
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14*. The potential energy of an a-particle in a nucleus consists of 
two parts: the Coulomb repulsion and the short-range nuclear attractive 
force. The total potential energy is sketched in fig.21. The emission 


Fig. 21. 


of an a-particle is a typical quantum effect, determined by a tunnel 
effect. Consider the transmission of a particle of zero angular momentum 
through a spherical potential barrier of the following simple form 


V(r) =0 = (r<r,), 
Vir)=VYy (n<r<ry); 
V(r) =0 | (r2<7). 


Find a relation between the lifetime and the energy. 

15*. Investigate the motion of a negative muon in the field of a 
nucleus of charge Ze (to be considered as a sphere of radius R, with the 
charge uniformly spread over its volume), assuming that the forces of 
interaction between the meson and the nucleus are purely electrostatic 
of character. 

Find the wave functions and energy levels of the stationary states of’ 
the meson in the limiting cases of small and of very large Z. 

16. Find the selection rules for transitions between stationary states 
of particles in a central field of force under the influence of a perturba- 
tion, whose operator is proportional to the gradient operator (V). 

17*. Indicate how one can calculate (r?) (p > —2/-—3) for a particle 
in a Coulomb potential in a state characterized by the quantum numbers 
n,l, and m, and evaluate this average for p = —4, -3,-2,—-1, +1, and +2. 

18*. Find the radial part of the wave function of a particle in a central 
field using the semi-classical approximation. 

19. Find the wavefunction of a free particle with angular momentum 
quantum number ? (i) exactly, and (ii) using the semi-classical approxi- 
mation. 
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20*. Apply the semi-classical method to the radial Schrddinger 
equation to derive the eigenvalues of the hydrogen atom. 

21. Use the semi-classical approximation to derive an expression for 
the number of discrete levels of a particle moving in a given central field 
potential V(r) (compare problem 22 of section 1). 


Motion of particles in a magnetic field 


1. Let the wave function of an electron at tf = 0 be of the form 


V(x, z) 0) oy ib(x, y, 0) oz, 0). 


The wave function at time ¢ in a homogeneous magnetic field # which 
is along the z-axis will then also be of the form 


F(x, y, 2, t) = (x, y, t) x g(z, 2), 


since in the Schrédinger equation the z-coordinate is separable. Show 
that the function ¢(x, y, T) regains its initial value, apart from a phase 
factor, if T is the period of the classical motion in the magnetic field. 

2. Show that if a magnetic field is present the velocity component 
operators satisfy the following commutation relations: 


Bt sox teli 
6,0, —@,6, =—,- 4; 
cy Ye prc z 
25 ea teh 
U,U,— UV, y= ae 
i ee a teh 
U,U,—U,U, = ->- A,. 
2¥a xz wrc v 


3. Use the results of problem 2 of section 6 and problem 8 of 
section 1, to determine the energy of a charged particle moving in a 
constant, uniform magnetic field. 

4. Determine the energy spectrum of a charged particle moving in 
a uniform magnetic and a uniform electric field which are at right-angles 
to each other. 

5. Determine the wave functions of a charged particle in a uniform 
magnetic and a uniform electric field which are at right-angles to one 
another. 

6. A charged particle moves in a homogeneous magnetic field and 
in a central field of the form V(r) = }uw27r?. Determine its energy 
spectrum. 

7. Determine the time dependence of the coordinate operators x and 

of a charged particle in a uniform magnetic field (vector potential 


x 
A, =-\Hy, A, = 4x, A, =0). 
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8*. Determine the energy levels and wave functions of a charged 
particle in a uniform magnetic field. Use cylindrical coordinates. Write 
the vector potential in the form A, = 3#p, A, = A, = 0. 

9. Find the current density components for a particle in a uniform 
magnetic field in the state characterised by the quantum numbers 
n, m, k, (see preceding problem). 

10. Find in cylindrical coordinates the energy levels of a charged 
particle in a uniform magnetic field using the semi-classical approxi- 
mation. 

11. Determine the classically accessible region of the radial motion 
of a particle in a magnetic field (see preceding problem). 

12. Estimate the minimum “spreading out” in the radial direction 
of the orbit of a charged particle in a magnetic field. 

13. Use classical mechanics to express the coordinate of the centre 
of the circle along which a charged particle in a uniform magnetic field 
moves in terms of the coordinates x and y and the generalised momenta 
p, and p,. Consider the coordinates and momenta in that expression to 
be operators and find the commutation relation for the coordinates of 
the “‘centre of the orbit’’ introduced in this way and the corresponding 
Heisenberg relation. Show that the sum of the squares of the coordinates 
of the ‘‘centre of the orbit” takes on the discrete values (2fic/|e| 4) (n+ 4), 
where n = 0,1,2,.... 

14. Show that in a variable uniform magnetic field the wave function 
of a particle with spin can be written as the product of a space function 
and a spin function. 

15. A spin-} particle is in a uniform magnetic field along the z-axis, 
the absolute magnitude of which varies arbitrarily in time: # = (2). 
The spin function at ¢ = 0 is of the form 


e*% cos 6 
( e““sin 6 ). 

Determine the average value of the x- and y-components of the spin 
and also the direction in space along which the spin at time ¢ has a well- 
defined value. 

16.In the half-space x >O _ there is a uniform magnetic field 
Hy, = H, = 0, H#, = H, while there is no field in the half-space «<0. 
A beam of polarised neutrons of momentum p is incident upon the plane 
x =0Q from the region «<Q. Find the reflection coefficient of the 
neutrons at the dividing boundary. 


17. A spin-+4 particle is in a uniform magnetic field, the absolute 
magnitude of which is constant and which varies in time according to 
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the equations 
H,=Hsinicoosut, A,= AH sindsinwt, H, = H cos. 


At t = 0, the spin component in the direction of the magnetic field is 
equal to +4. Determine the probability that at time ¢ the particle has 
made a transition to the state where the spin component along the 
magnetic field direction is equal to — 4. 

18. At time ft = 0 aspin-4 particle with spin in the +x-direction enters 
a region of space in which there is a uniform magnetic field H in the 
z-direction. Find the probability that at time ¢ the spin is still in the 
+x-direction. 

19. A spin-4 particle is placed in a magnetic field (H,0,0). At time 
t = 0 the spin is in the +z-direction. Evaluate the time 7 at which the 
spin will be in the +y-direction. 

20. A spin-+ particle is placed in a time-dependent magnetic field 
(He, 0, 0), where H and y (>0) are constants. If at ¢ = 0 the spin is in 
the +z-direction find the probability that at time ¢ the spin is in the 
—z-direction. 

21. A spin-+4 particle with a magnetic moment yp is in a non-uniform 
magnetic field of the form 


He = H+hkz, He=-hy, H,=0 (div# =0). 


(a) Find an expression for the time dependence of the x-, y-, 2- 
coordinate operators. 

(b) Determine the average values of the coordinates and the time 
dependence of their dispersion, assuming the particle wave function at 
t = 0 to be of the form 


b = (x,y,z) exp (ipo x/h) (5): 


22. A spin-4 particle with magnetic moment pw = gug/J VJ is the 
total angular momentum in units f, wg the Bohr magneton) is in a 
magnetic field # in the z-direction. For time t<0 the spin is in the 
+ z-direction. 

At t= 0, the magnetic field is instantaneously rotated through 90° 
so that it points in x-direction. 

(i) Find the wave function of the particle for all times ¢>0. 

(ii) Find the expectation values of J,, J,, and J, for t>0. 

(iii) If the field is rotated slowly to the x-direction, taking a total time 
T, the expectation value of J, is approximately equal to 4 for all t> T. 
Estimate the shortest time 7 for which this is a correct description. 
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23. Find the energy levels of a system of two spin-+4 particles in an 
external magnetic field #, described by the Hamiltonian 


H = A[1—(6,.6,)] + hguy (61, + 62,), 


where A is a constant, g an effective Lande factor, py the Bohr magneton, 
and 6, and 6, vectors whose components are the Pauli matrices referring 
to the two particles. 

24. Positronium is a bound state of an electron and a positron. The 
effective Hamiltonian for the system in the 15 state in a magnetic field 
H# can be written in the form 


R = HA, + A(6,.62) + wp KH (@1,—6o,), 


where the notation is the same as in the previous problem, where 1 and 
2 refer respectively to the electron and the positron, and where H, 
contains kinetic energies and central force potentials. 

(i) Find the value of A if in zero magnetic field the 11S and the 19S 
states are separated by 2.10° Mc/s, with the singlet state the lowest. 

(ii) Discuss the principles which restrict the 115 and 135 states to 
decay primarily by two and three quantum emission, respectively. 

(iii) Find the energy eigenvalues and eigenfunctions for non- 
vanishing values of #. 

(iv) If the lifetime of the 115 state is 10-1 sec and of the 13S state 
is 10-7 sec, estimate the value of # which will cause the lifetime of the 
135 state to be reduced to 10-8 sec. 

25*. A neutral particle is in a spatially uniform magnetic field; the 
direction of this field, but not its absolute magnitude, varies with time. 

Write down an equation for the spin function in the ‘‘€-representa- 
tion” where the é-axis is along the direction of the magnetic field. Show 
that if the variation in the direction of the magnetic field is sufficiently 
slow, the probability for different values of the component of the spin 
along the magnetic field direction will not change in time. 

26. Find the conditions under which the Hamiltonian of a charged 
particle in a magnetic field 


is of the form 1 : 
Sept fp. A) ee AP 


27. A particle of mass p and charge e is confined to move on a circle 
of radius a in the x—y-plane, but is otherwise free. A magnetic field # 
is applied in the z-direction. Find the ground state energy as a function 


of #. 


Atoms 


1. Use the inequality 
fi Vib + LuVr |? dr>0 


to find the minimum energy of a one-electron atom and the corresponding 
wave function. Show that for the ground state of the atom the inequality 
2T >|V| is satisfied. 

2. An electron moving in the Coulomb field of a nucleus of charge Z 
is in its ground state. Show that the average electrostatic potential in the 
neighbourhood of the nucleus and the electron is given by the equation 


Z-1 Z 1 h? 
p = om) (E+-) e~22r/a, (2 _ =) ; 
r ar pe 
3. The wave function wW(r) describes the relative motion of two 
particles, a proton and an electron. Let the coordinates of the centre of 
mass of the hydrogen atom be accurately known and be equal to 


X = 0, Y = 0, Z=0. 


Show that in this case the probability density for the proton is of the 


form 
w(r) = (==) 1(™s) . 


mH 
where m and M are, respectively, the electron and the proton masses. 

4. Find the momentum distribution of the hydrogen atom electron 
in the 1s, 2s, and 2p state. 

5*. Find the correction to the hydrogen atom energy levels taking 
into account the relativistic change of mass with velocity (consider the 
terms of order v2/c?). 

6. Show that the quadrupole moment of the hydrogen atom is 
equal to 

Q = ip 
jt+1l ° 

7. Determine the total probability for excitation and ionisation of 
the trittum atom 3H when its 8-decay takes place. Calculate also the 
probability for exciting the mth level. 
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8. Determine the contribution to the magnetic field strength at the 
centre of a hydrogen atom due to the orbital motion of the electron. 
Evaluate this quantity for the 2p state. 

9. What is the change in the expression for the magnetic moment 
of the hydrogen atom if the motion of the nucleus is taken into 
account ? 

10. Determine the separation of the hyperfine structure terms for 
an s-electron in the hydrogen atom. 

11*. Determine the energy of the hyperfine structure in a one 
electron atom with non-vanishing angular momentum. 

12. Determine the shift of the atomic energy levels due to the motion 
of the nucleus. Evaluate this shift for helium in the triplet and in the 
singlet (1s)(mp) state, using the eigenfunctions in the form of hydrogen- 
like functions with an effective charge for the different electrons. 

13. Give the possible values of the total angular momentum in a 
1S, 3S, 3P, 2D, or 4D state. 

14. Which states (terms) can be realised for the following two-electron 
systems: 

(a) (ns)(n's), (b) (ns)(n'p), (c) (ns) (n'd), (4) (np) (np)? 

15. Give the possible terms of the following configurations: 

(a) (mp), (b) (nd)®, (c) (ns) (n'p)*. 

16. Determine the lowest term of the following elements: 

O [(1s)? (2s)? (2p)"], 

Cl [(1s)? (2s)? (2p)° (35)? (3p)*], 

Fe [(1s)? (2s)? (2p)° (3s)? (3p)° (3d)° (4s)"], 

Co [(1s)? (Zs)? (2p)° (35)? (3p)* (34) (45)"], 

As [(1s)? (2s)? (2p)° (3s)? (3p)? (3d)}° (45)? (4p)?], and 

La [(1s)? (2s)? (2p)® (3s)? (3p)* (3d)? (45)? (4p)° (4d)? (5s)? (5p) (5d) (65)?]. 

Hint. It is necessary to use the following empirically established 
rules (Hund rules): 

(a) The lowest energy corresponds to the terms of the largest value 
of S for a given configuration of the electrons and to the largest value of 
L possible for this value of S. 

(b) The ground state of the atom corresponds to J =|L—S| if the 
unfilled shell is less than half full, and to J = L+S if it is more than 
half full. 

17. Determine the parity of the ground states of the following 
elements: K, Zn, B, C, N, O, Cl. 

18. A system of N electrons is characterised by N triples of quantum 
numbers n, J, m, Determine the number of states corresponding to a 
given value M, of the z-component of the total spin. 
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19. Find the number of states corresponding to the configuration 
nl)*. 
an Show that if x < 2/+ 1, the term with the largest value of Z for 
the (ml)? configuration will be a singlet term with L = x]—1x(x—2) if x 
is even, and a doublet with L = xl—}(x—1)? if x is odd. 

21*. Construct the eigenfunctions corresponding to a p? configuration 
and characterised by the quantum numbers S, L, My, M,, using the wave 
functions of the one-electron problem. 

Hint. Consider the action of the operators £,—i£, and §,—iS, on 
the zeroth order antisymmetric function. 

22*. Obtain the eigenfunctions for each of the two 2D terms of the 
d® configuration. 

23*. Two electrons move ina central field. Consider the electrostatic 
interaction between the electrons as a perturbation. Find the first-order 
energy shifts for the terms of the (mp) (n’p) configuration. 

Hint. The sum of the roots of the secular equation is equal to the 
trace of the secular determinant. 

24. Estimate the order of magnitude of the following quantities using 
the Thomas—Fermi model: 

(a) average distance of an electron from the nucleus; 

(b) average Coulomb interaction energy of two electrons in the atom; 

(c) average kinetic energy of an clectron; 

(d) energy necessary to ionise the atom completely; 

(e) average velocity of an electron in the atom; 

(f) average angular momentum of an electron; 

(g) average radial quantum number of an electron. 

25. Use the Thomas-Fermi model to obtain an approximate expres- 
sion for the energy of an atom in terms of the electronic density p(r).f 

26. Show that one obtains the Fermi-Thomas equation by minimis- 
ing the total energy with respect to the density p(r) subject to the 
normalisation condition 


foryare == constant. (1) 


27. Show that if one adds to the constraint (1) of the preceding 
problem, the constraint of constant total angular momentum, one can 
prove that the rotation of the Fermi—Thomas atom is rigid. 

28*. Use variational methods to find the best approximate expression 
for the electronic density in the Thomas—Fermi model, using trial 
functions of the form p = A e*/x3, x = .(r/A), where A follows from the 


+ It is convenient to use in problems on the Thomas-Fermi model units in which 
e=h=yu=1. 
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normalisation condition {pdr = N (N = Z for neutral atoms) and where 
A is a variational parameter. Find the energy of the atom (or ion). 

Note. In determining the form of the trial functions, we take into 
account the fact that the exact solution must for small values of 7 be of 
the form p~const/ri. 

29. Prove the virial theorem for the Thomas-Fermi model. 

30. Use the virial theorem to show that in the Thomas-—Fermi 
model for the case of a neutral atom the electrostatic interaction energy 
of the atoms is one-seventh of the electrostatic interaction energy 
between the electrons and the nucleus. 

31*. Evaluate in the Thomas~—Fermi approximation the energy needed 
to ionise an atom (ion) completely. 

32*. A diamagnetic atom is placed in an external magnetic field. 
Determine the magnitude of the induced magnetic field strength at the 
centre of the atom. 

33*. Solve the preceding problem in the case of helium. 

34*. The usual quantum rule of the semi-classical approximation is 
obtained for the case where the region in which the particle can move 
is bounded by two turning points, in the neighbourhood of which the 
semi-classical approximation cannot be applied. Another case is met 
with when one considers the motion of electrons in the Thomas—Fermi 
distribution which are in an s-state. (The same result applies to the 
motion of electrons in any central field of force which at small distances 
from the centre goes over into a Coulomb field; the Thomas—Fermi 
model is only taken to fix our ideas.) The region in which these electrons 
can move is bounded for small values of r by the point r = 0, which is 
not a turning point. On the other hand, it is wrong to demand that the 
semi-classical function is finite at 7 = 0, since in the neighbourhood of 
this point the semi-classical approximation cannot be applied. 

Obtain the quantum rule for s-electrons of the Thomas—Fermi 
distribution. 

35. Estimate the order of magnitude of the polarisability of a 
Thomas-Fermi atom, that is, the ratio of the dipole moment d of the 
Thomas—Fermi electron distribution, produced by the action of an 
applied electric field, to the value of the electric field strength &. 

36. Find the range over which the Landé g-factor can change for 
given values of LZ and S. 

37. Show that the terms 4D,,°F,,®G, do not show a splitting which 
is linear in the field. 

38*. Determine the shift in the term levels of a one-electron atom for 
the case of an intermediate field (e%/2yc) # ~| AE,,|. 
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39*, Find the wave functions of an electron under the conditions of 
the preceding problem. 

40*. Determine the splitting of the hydrogen energy levels in a strong 
magnetic field [(eh/2uc) #>|E,,—-Eny|]. To apply perturbation 
theory it is necessary to require that the energy of the atom in the 
magnetic field is small compared to the difference in energy between 
different multiplets, that is, 

haze 
Dug | En -Enyl - 

41. Determine the Zeeman splitting of the components of the 
hyperfine structure term 2S, (j = 4,1 = 0) for the case of an intermediate 
magnetic field [(e#/2uc) #” ~|AE,,|]. (The splitting produced by the 
field is of the same order of magnitude as the hyperfine structure splitting.) 

42. Show that the sum total of the changes produced by an arbitrary 
magnetic field in the energies of all the states of a given value of M, 
is equal to 


$M; %|1+ 


J(F+1)-L(L+4+ 1)4+ S(S +1); 
2 pc F 


2H T+ 1) 


The summation is over J, satisfying the conditions 
L+S<J<|L—-S|, J>M,. 


43. Show that the spin-orbit perturbation given by the equation 
V5, = A(S.L) is such that the average perturbation of all states corre- 
sponding to a given term (which is characterised by given Z and S) is 
equal to zero. 

44. Find the energy level splitting of an atom in a weak magnetic 
field when (eh/2pc) # <|AE,,|, where AE; is the distance between 
the levels of a multiplet. 

45. Show that for a hydrogen atom in a uniform electric field 

(a) the energy of a state with = 2—1, m= n—1 does not change 

to the first order in the field; 

(b) the position of the centre of gravity of the displaced term is not 

changed; 

(c) states which differ only in the sign of the z-component of the 

angular momentum have the same energy. 

46*. Evaluate the shift of the hydrogen atom energy levels in a weak 
electric field (Stark effect small compared to the fine structure splitting). 

47. Find the polarisability of the hydrogen atom in its ground 
state. 
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48. Find the magnetic moment of a hydrogen atom in a weak 
electric field. 

49*. Evaluate the shift of the n = 2 hydrogen atom term in an electric 
field of intermediate intensity (Stark effect and fine structure splitting 
of the same order of magnitude). 

50. A plane rotator with moment of inertia J and electrical dipole 
moment d is placed in a uniform electric field &, in the plane of rotation. 
Consider & to be a perturbation and evaluate the first non-vanishing 
correction to the energy levels of the rotator. 

51. Find the polarisability of a particle of mass » and charge e in its 
ground state in an infinite square well. 

52*. A three-dimensional rotator with moment of inertia / and 
electrical dipole moment d along the axis of the rotator is placed in a 
uniform electric field & which is considered to be a perturbation. 
Evaluate the first non-vanishing correction to the ground state energy 
of the rotator. 

53. A hydrogen atom is in parallel magnetic and electric fields. 
Find the energy level splitting in the following cases: 


(a) weak fields (Stark effect and Zeeman effect small compared to 
the fine structure splitting); 

(b) intermediate fields, for the terms of principal quantum number 
n= 2. 


54. A hydrogen atom is in an n = 2 state in mutually perpendicular 
electric and magnetic fields. Determine the energy level splitting 
assuming that the fields are strong (energy of the electron in the external 
electric and magnetic fields large compared to the fine structure 
splitting). 

55. Find, by considering trial wavefunctions of the form 
y = Aexp(—cr?), an upper bound to the binding energy of a hydrogen 
atom. 

56. Use a trial wavefunction of the same form as the one in the 
preceding problem to find an upper bound to the ground state energy of a 
one-dimensional harmonic oscillator. 

57. Use the results from the preceding problem to find by a variational 
approach an upper bound to the energy of the first excited state of a one- 
dimensional harmonic oscillator. 

58. Use the variational method to find the ground state energy of a 
two-electron system in the field of a nucleus of charge Z. Use as trial 
functions a product of hydrogen-like wave functions with effective charge 
Z'. Neglect relativistic corrections. 

59. To a fair approximation we can use for the wave function of a 
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helium atom the following expression: 


a : 
p= nai eZ ntnia (Z’ = 45) (see preceding problem). 


Show that the electrostatic potential around the atom is of the form: 


, 


\ hone A 
i as —22'r/a 
g(r) 2¢(- ee e , 


60. Evaluate the diamagnetic susceptibility of helium using the 
approximate wave function of its ground state (see problem 58 of 
section 7). 

61*. Use the variational method to determine the energy of the 
ground state of a lithium atom taking exchange into account. Take for 
the eigenfunctions of the electrons the following hydrogen-like functions: 
for the 1s electrons a function of the form py) = 2Z}e-*", and for the 
2s electron a function of the form 

Poon = cZpe17"(1 —yZ.7), 
where Z, and Z, are variational parameters, where c follows from the 
normalisation of 99, and y from the fact that 499 and Yoo) are ortho- 
gonal on to one another. If we apply to this problem ordinary per- 
turbation theory, we put Z, = Z,=3. By introducing Z, and Z, as 
variational parameters, we include in our considerations the screening 
effect of the electrons. 

62. Consider an atom acted upon by a perturbing potential u. Using 
perturbation theory we obtain for the wave function y in first approxi- 
mation an expression of the following form: 


Uno 
= + a Wy 
bo 2, BE,” 


and for the energy 


Uno)? 
E = Ey+uo t+ tno)” 
: . wy Ey— Ex 


To apply now the variational method we simplify as far as possible the 
form of f. Since 


ioe) a 
X UnoPn = —Uoo¥o+ LX Unon = Yo(U— Uoo)s 
n#0 n=0 
we use the following approximate form for @: 
u-—u 
ys <a ea ’ 


where E’ in many cases can be considered to be equal to the average 
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value of E,—E,. Since the perturbed wave function is now approxi- 
mately determined, we can apply the variational method to determine 
the energy. 

Use the variational method to determine the energy of an atom acted 
upon by a perturbing potential w. Look for the minimum energy using 
a trial function of the form % = (1+ Au), where A is a variational 
parameter. 

63. Use the result of the preceding problem to find a formula for 
the polarisability of an atom. Give a numerical estimate of the polarisa- 
bility of a hydrogen and of a helium atom, in their ground states. 

64. Determine the shift of the energy levels due to the finite size of 
the nucleus. Assume the potential within the nucleus (r <a) to be con- 
stant (this corresponds physically to a distribution of the nuclear charge 
over the surface of a sphere of radius a). 

65. Find the first-order shift in the energy of a hydrogenic ground 
state due to the finite extension of an arbitrary spherical nuclear charge 
distribution of mean square radius <r”) which is small compared to 
aj}, (ay: Bohr radius) (compare problem 26 of section 7). 

66*. Evaluate the value of W?(0) for a valence s-electron in an atom of 
large Z, using the semi-classical approximation. 

67*. Evaluate in first-order perturbation theory the ground state 
energy of a two-electron atom or ion with nuclear charge Z, taking the 
interaction between the electrons as a perturbation. 

Evaluate also the first ionisation potential of the atom (ion) con- 
sidered. 

68. Evaluate the first- and second-order corrections to the energy 
levels of a “‘slightly’? anharmonic oscillator with potential energy 
4 pw? x? +ax3+ Bx? 

69. Two identical spin-4 particles are subject to the same potential 
V = 4yu?x? and interact through a potential V’ = Vo(ti/uw)”8(x,— x2). 
Calculate the first-order corrections to the energies of the lowest three 
levels of the unperturbed two-particle system, pointing out the splitting 
of any degenerate level which may occur. 

70*. A linear harmonic oscillator is acted upon by a uniform electric 
field which is considered to be a perturbation and which depends as 
follows on the time: 1 

= pee —(t/r)? 
E(t) = SiGe ie 
where A is a constant. (Since the action of a uniform field is equivalent 
to a shift of the point of suspension, this problem can be solved not only 
by perturbation theory, but also exactly, using the methods of problem 24 
of section 3.) . 
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Assuming that when the field is switched on (that is, at t = —oo) the 
oscillator is in its ground state, evaluate to a first approximation the 
probability that it is excited at the end of the action of the field (that is, 
at £ = +00). 

71. Solve the preceding problem for a field which varies as follows: 


1 
Ue rere 
and which corresponds to a given total classical imparted impulse P. 

72. Solve the preceding problem for a field proportional to e */7 
corresponding to a given total classical imparted impulse P. 

73*. A uniform periodic electric field acts upon a hydrogen atom 
which at £ = 0 is in its ground state. 

Determine the minimum frequency of the field necessary to ionise 
the atom and use perturbation theory to evaluate the probability for 
ionisation per unit time. For the sake of simplicity assume the electron 
in the final state to be free. 

74*. Find the probability for the ejection of a K-electron from an 
atom accompanied by a dipole transition of the nucleus assuming a 
direct electrostatic interaction between the electron and the protons of 
the nucleus (internal conversion, neglecting retardation). 

Use the wave functions of a K-electron in a hydrogen-like atom for 
the initial wave function, and assume the velocity of the electron in its 
final state to be much larger than atomic. 

75. The nucleus of an atom in a stationary state Wo experiences a 
sudden impact during a time 7 which imparts to it a velocity v. 

Assume that r< JT and +<a/v, where T and a are of the order of 
magnitude of the electronic periods and the dimensions of the electron 
shells, and express in general form the probability that the atom has 
made a transition to a state y,, as the result of such a “‘kick’’. 

76. Use the result of the preceding problem to evaluate the total 
probability of excitation or ionisation of a hydrogen atom (initially in its 
ground state) as the result of a sudden “kick” during which the proton 
receives a momentum p. 

Discuss the conditions for the applicability of the result obtained. 

77. How does the probability of the capture of a negative meson, 
which is in the K-orbit of a mesonic atom, depend on the charge Z of 
the nucleus? 

78. Find the effective (average) potential y acting on a charged meson 
passing through a non-excited hydrogen atom (whose polarisation may 
be neglected). Obtain the limiting expression for g for large and small 
distances of the meson from the nucleus. 
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79, Let the potential energy V(x, y,z) be a homogeneous function 

of the coordinates of degree of homogeneity », 

V(Ax, Ay, Az) = V(x, y, 2). 
Show that the average value of the kinetic energy in a state of the 
discrete spectrum is connected to the average value of the potential 
energy by the relation 27 = vV (virial theorem). 

80. Investigate the influence of the finiteness of the nuclear mass M 
on the energy levels of an atom with x electrons, assuming that the 
energy levels are known for M = oo. 

81. Evaluate the “exchange” correction (that is, the correction 
determined by the Pauli principle) to the terms of a two-electron atom 
(or ion), assuming one of the two electrons to be in the ls-state, 
neglecting the electrostatic interaction between the electrons, and taking 
into account the fact that the nuclear mass is finite. 

82. Show that the average value of the dipole moment of a system 
of charged particles which is in a state of well-defined parity is equal to 
zero. 

83. Show that if a system of N charged particles moves in a finite 
region of space, the following relation (the so-called ‘‘sum rule’) holds: 


2 
ja ~ (E,, —£,,) | Bin | a N, 
where d,,,, is the matrix element of some component of the dipole 
moment of the system and where the summation extends over all 
states of the system, while » and e are the mass and charge of each 
particle. 

84. Prove that for a system of N interacting particles of mass yp we 
have 

h?q? 
2 En ~ Em) |e exp{ig .r)}lm)P = NZ . 


85. Derive the sum rule 


~ (E, ian Ex) fone (? = ah? ee 


mae 


7H 


where p,,, and V7, are the matrix elements of the linear momentum 
and of the second derivative of the potential energy of a one-dimensional 
system with Hamiltonian 


_ pP 
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86. Prove the sum rules 


seu MEET QEEB) : 
— nel ae | ee = n't 1 ce 
Si= Bini = “30g? Se= BA = Gory? A) 


where 


2 
fi -_ ae (E, —£,) [] ao? + yao |? +] 200 [?], (B) 


with x,4, Vay and 2,,, the matrix elements of x, y, and z. 


Molecules 


1. Obtain the Schrodinger equation for a diatomic molecule assuming 
that the centre of mass of the molecules is approximately the same as 
the centre of mass of the nuclei. To describe the motion of the electrons 
use a moving system of coordinates fixed at the nuclei. Spin effects can 
be neglected. 

2. Solve the preceding problem by considering the spin states of the 
electrons and describing these states in the moving system of coordinates 
&,7, ¢. 

*. For small vibrations of the nuclei the wave functions of a molecule 
can be approximated by a product of three functions 


Da (E45 Mi» Cin Sn P)s S(p); O(8, 9). 


The first function describes the motion of the electrons while the nuclei 
are fixed, while the second and third describe the vibrational and 
rotational states of the molecule. Find the equations which determine 
the vibrational and rotational parts of the wave functions of diatomic 
molecules. 

4. Estimate for the case of diatomic molecules the relative order of 
magnitude of the following quantities: (a) the intervals between the 
electronic, vibrational, and rotational levels; (b) the internuclear dis- 
tance and the zero point amplitude of the nuclear vibrations; (c) the 
characteristic periods and velocities of the electronic and nuclear 
motion, 

5. Determine the possible terms of the diatomic molecules N,, Bry, 
LiH, HBr, and CN, which can be obtained by combining the two 
atoms in their ground state. 

6. Find an equation which determines the electronic terms of a 
hydrogen atom interacting with a helium atom, assuming both atoms 
to be in their ground state. 

7. Find the vibrational and rotational energy spectrum of a diatomic 
molecule, taking into account the fact that the nuclei move in a potential 
of the form 


1 1 r 
V(r) = -20(--75| , where p= = 
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8. Express the effective potential of the preceding problem, 
V(r) + (#/2ur?) K(K +1), near its minimum in the form of an oscillator 
potential and find the energy levels for small vibrations. 

9. Determine the moment of inertia and the internuclear distance 
of the 1H®5Cl molecule, if the difference in the frequency of two neigh- 
bouring lines of the rotational—vibrational (infra-red) band of 1H®*C1 is 
equal to Av = 20-9 cm—!. 

Evaluate the corresponding Av for the DCI spectrum. 

10. Evaluate the ratio of the difference in energy of the first two 
rotational levels to the energy difference of the first two vibrational 
levels for the HF-molecule. The moment of inertia of HF is equal to 

= 1:35x10-% gem? and the vibrational frequency is equal to 
Av, i, = 3987 emo}. 

11. Determine the dissociation energy of the D,-molecule, if the 
dissociation and zero point energy of the H, molecule are respectively 
equal to 4-46 eV and 0-26 eV. 

12*. One often uses for the approximate form of the potential energy 
of a diatomic molecule a Morse potential V = D(1—e—?#)?; € =(r—a)/a. 
Determine the vibrational energy spectrum for K = 0. 

13. Show that the operator of the square of the total angular 
momentum of a diatomic molecule can be written in the form 


*. | o r) 1 ra] - 2 ~ 
ee Renae aeeneenien) by mae ee Peg 2. 
J F 9 39 (810 839) +5 =a(3 iM, cos 0) | +1 


14. The &, 7, ¢ axes are axes of an orthogonal system of coordinates 
which is rigidly connected with a rotating rigid body. Find the operators 
J; J J, of the €,7, £ components of the angular momentum of the rigid 
body. : 
15. Show that the operators fs Je J obey the following commutation 
relations 


a ee eer 
hd eer 
fame eer 


which shows that the commutation relations for the angular momentum 
components in a moving system of coordinates differ from the com- 
mutation relations in a non-moving system only in the sign on the 
right-hand side of the relevant equations. 
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16. In classical mechanics we have the Euler equations: 


dp 
Aa t(C-B)gqr = 0, 


dq 
B= +(A-C)rp = 0, 


dr 
C5 +(B-A)pq =0, 
or 
dj, (1 *) 7 
F+(a-e J J_,= 9, ete. 


Show that in quantum mechanics the last relations are of the form 


dj, 1/1 1 
ata (5-2) (J,5.+5,J,) =0, etc. 

17. Molecules with two or more axes of symmetry of third or higher 
order (for instance, CH,) can be considered to be spherical tops. For 
such molecules the inertial ellipsoid goes over into asphere: A= B=C. 
Determine the energy levels of a spherical top. 

18. Molecules with an axis of symmetry of third or higher order 
(for instance, SO,, NH3, CHCl) and molecules with lower symmetry or 
even without any symmetry, but of which two of their principal moments 
of inertia are equal can be considered to be symmetrical tops, A = B#C. 

Determine the energy levels of a symmetrical top. 

19. Give the Schrédinger equation of a symmetrical top. 

20*. Find the eigenfunctions of the operator 


P= leas 59 (82 955) +o: (5 + va) ~2s5 asm 
sin 6 06 c0/ sin? @\dg? ay? sin? 0 dg Ob | © 

21. Evaluate the matrix elements of the Hamiltonian of an asym- 
metric top. 

22. Determine the energy levels of an asymmetric top for J = 1. 

23*. Find the wave functions of an asymmetric top for J = 1. 

24. Use the properties of the Pauli matrices to show that even if 
spin-spin interactions are taken into account the 2X terms of a diatomic 
molecule are not split. 

25. Determine the multiplet splitting of a *2 term related to a 
b-type bond.t 


+ An a- (or b-) type bond is one where the spin-orbit interaction energy (more precisely, 
the spin—axis interaction energy) is large (or small) compared to the energy differences 
between rotational levels. 
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26*. When the Schrédinger equation is approximately solved (see 

problem 3 of section 8) one does not take into account the operator 

th? ; ye 2 é - oO r 
2M pe {cot 4M, — iM, M,— iM, M,) + 5M, 5° + 2M =p = 

since its diagonal elements are equal to zero. A consideration of the off- 
diagonal elements related to the same electronic (m, A) and vibrational 
(v) states leads to an effect, the so-called rotational distortion of the spin. 
Considering the operator @ to be a perturbation, determine the change 
in the doublet levels due to this perturbation. 

27. Derive a connection between the value of the total nuclear spin 
angular momentum of the D, molecule in a X-state and the possible 
values of the quantum number K. 

28. Determine the Zeeman splitting of a diatomic molecule term, if 
the term is a case a term. ‘lhe magnetic field is assumed to be small, 
that is, the interaction energy of the spin with the external magnetic 
field is small compared to the difference in energy of consecutive 
rotational levels. 

29. Determine the Zeeman splitting of a diatomic molecule term if 
the term is a case 5b term and the magnetic field is such that the inter- 
action energy of the spin with the external magnetic field is small com- 
pared to the spin—axis interaction energy. 

30. Solve the preceding problem for the case where the spin-axis 
interaction energy is small compared with the energy splitting produced 
by the external magnetic field. 

31*. Determine the Zeeman splitting of a diatomic molecule doublet 
term (case 5) in a magnetic field of such a magnitude that the interaction 
energy of the magnetic moment with the field is of the same order of 
magnitude as the spin—axis interaction energy. 

32. Determine the splitting of a diatomic molecule term (case a) in 
an electric field, if the molecule possesses a constant dipole moment p. 

33. Solve the preceding problem for a case b term. 

34. Consider an idealised model of an atom which is an electron of 
charge —e and mass pw moving along a straight line, under the influence 
of an attractive force of magnitude & times its displacement from a fixed 
centre on this line which carries a compensating charge +e. Two such 
identical atoms are placed a large distance R apart, and their axes of 
vibration are parallel, and perpendicular to the line joining their 
centres. 

Assuming that the interaction between the atoms is solely due to the 
electrostatic energies, find the dispersion energy of attraction in the 
ground state to the lowest power of R-1. 
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35*. Determine the interaction energy between a hydrogen atom in its 
ground state and a proton for distances apart large compared to the Bohr 
radius. 

36*. Use the variational method to estimate the dissociation energy of 
the hydrogen molecule ion H}. 

37*, Use perturbation theory to determine the interaction between 
two non-excited hydrogen atoms at a large distance R apart. 

38. Estimate the interaction energy between a hydrogen atom in its 
ground state and another hydrogen atom in a p-state for distances apart 
large compared to the Bohr radius. 

39*. Consider a system of atoms with spherical charge distributions. 
We showed in the preceding problem that two such atoms at large 
distances apart interact by a so-called dispersion force. ‘The dispersion 
law is a quantum phenomenon and in contradistinction to the classical 
polarisation force it is additive. Show that the interaction energy of two 
such atoms is independent of the presence of other similar atoms, that is, 
show that the interaction energy of a system of atoms is additive, that is, 
equal to the sum of the interaction energies of different pairs of atoms, 

40. Consider an axially symmetric molecule. If A is the molecular 
orbital quantum number and if the oscillator strengths f,, for transitions 
between states « and f are given by the expression 


2(E,—E,) 
fag = a2) Pl, 


3e7h? 


where the P,, are the electrical dipole moment matrix elements, prove 
that the f satisfy the sum rules 


meas Ls N= A, A=1, or AFI. (A) 


> f, Anan’ = 
n 


Scattering 


1*, Find the cross-section for the scattering of low velocity particles 
by a potential well (de Broghe wavelength large compared to the well 
dimensions). 

2*. Determine the cross-section for the scattering of slow particles 
by the repulsive potential 


Vir)=Y% (r<a) Vir)=0 (r>a). 


3*. Determine the first three coefficients of the expansion in Legendre 
polynomials of the elastic scattering cross-section do/dQ in terms of the 
phase shifts. 

4*, Find the phase shifts in the field V = A/r?. Determine the 
scattering cross-section at small angles. 

5. Show that the scattering amplitude of a particle in an arbitrary 
external field is connected with its wave function ¥ through the equation 


f(k) = shy | et Vib dr. 


6. Evaluate the differential scattering cross-section in a repulsive field 
V = Ajr? both in the Born approximation and according to classical 
mechanics. Determine the limit of applicability of the formulae 
obtained. 

7*, Find the discrete levels for a particle in an attractive potential 
V(r) = —Ve7/ for 1 = 0. Determine the phase shift 5, for this potential 
and analyse the connection between 6, and the discrete spectrum. 

8. Show that in a Coulomb field there exists a one-to-one relation 
between the poles of the scattering amplitude and the discrete energy 
levels. 

Hint. Use the equation 


nc pasece.c CLA SER) 
exp (278,) = Td+1—i/k) 


9. Determine in Born approximation the differential and the total 
scattering cross-sections for the following potentials: 


(a) V(r) = Vaexp(—2?r*), 
(b) Vir) = Voexp(—a) 
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10. Use the Born approximation to find the differential and the total 
elastic cross-section for scattering of fast electrons by: (a) a hydrogen 
atom; (b) a helium atom. 

11. Evaluate the cross-section for elastic scattering by the potential 


ek? 


in the Born approximation. Discuss the applicability of this approxi- 
mation. 

12. Evaluate in the Born approximation the cross-section for scattering 
by a “‘delta-function”’ potential. 

13. Derive in the semi-classical approximation an expression for the 
Ith phase shift for the case of a scattering potential V(r). 

14. If foom(3, ~) is the scattering amplitude in the centre-of-mass 
system, determine the scattering amplitude f\.,(9', y') in the laboratory 
system. 

15. A particle of mass yp is scattered by a non-local potential so that its 
Schrédinger equation is 


2 
-FVvi+ |v. r'Wwr')ar’ = Ev), 
with 
h2 
Vir,r') = — Fur’) 


(i) Show that only s-waves are affected by the interaction. 

(ii) Obtain a formula for the scattering amplitude. 

Hint. Write the Schrédinger equation in its integral equation form; 
compare problem 5 of section 9. 

(iii) Find the s-wave scattering phase shift for the case where 


et/b 


u(r) = ea 

16*. A spherical rotator (that is, a particle moving on the surface of a 
sphere of given radius a) is hit by a particle which interacts with the 
rotator by Coulomb forces. Use perturbation theory to evaluate the 
differential cross-section for the inelastic scattering over an angle 6 with 
the simultaneous excitation of the /th level of the rotator. 

17*. Determine the total cross-section for elastic scattering of fast 
particles by an impenetrable sphere of radius a (de Broglie wavelength 
A<a). 
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18. Show the following properties of the scattering length, that is, 
the scattering amplitude for E->0 with the opposite sign: 

(a) in a repulsive potential the scattering length is positive; 

(b) in an attractive potential, the scattering length is negative, if 

there are no discrete levels; 

(c) the scattering length tends to infinity if on deepening the potential 
well a new level appears. 

Hint. If we go over from the Schrédinger equation to the equivalent 
integral equation (E = 0) 


we PR 
es —Qah? J [rr 


ar , 


we find for the asymptotic behaviour of # 


pal“, 


7 


where the scattering length 


a= 7G Hal $Ver 


is expressed in terms of the potential energy and Wren. 

19*. Show that in the general case of inelastic scattering, the following 
formula, which connects the total scattering cross-section ¢ = 04+ Ging) 
and the elastic scattering amplitude for # = 0, holds: 


4m 
= “7 Im{(0). 


Hint. Use the expansion of these quantities in terms corresponding 
to different values of the orbital angular momentum: 


1 foe) 
f(9) = 55 E (21+ 1) (m—1) F(cos 8), 
oa Eat lal 


Fine) = zi 3 (21+ 1) (1 —|7,|?). 


20. Consider as a limiting case a so-called “black”? nucleus. Let 
the nuclear radius R be large compared to the neutron de Broglie wave- 
length. Assume that all neutrons hitting the nucleus are absorbed. 
Determine the total scattering and the total absorption cross-sections. 
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21*. Prove that the phase shift 5, for the scattering by a potential 
V(r) can be found from the variational principle 


6F, = 0, 
where = » 
; arVinxin} x0) = fF dr'x(r')V(r' G(r, rh 


> 


= eo 2 
i. arVirrxutrridke)} 


where Vir) = (2u/h?)V(r), x, is the radial part of the wavefunction (see, 
e.g., problem 1 of section 9), j, is a spherical Bessel function, and G(r, r’) 
is the Green function of the radial Schrédinger equation. 

22. Consider a collision of two identical particles with interaction 
energy V(r). Find the effective scattering cross-section for slow identical 
particles in the case of a short-range force. 

23. Evaluate the cross-section for elastic scattering of an electron by 
an electron or of an a-particle by an a-particle. 

24. The scattering of neutrons by protons depends on the total spin 
of the neutron and proton. At small energies the cross-section for the 
triplet state (S = 1) is equal to o = 4n|f,|? ~2.10-*4 cm? and for the 
singlet state (S = 0) o% = 47|f,|? ~78.10-*4 cm?. 

Introduce the operator 


ft bNe, A ). 


-OD 


It is easily seen that its eigenvalues are f, and f, for the triplet and 
singlet state respectively. To determine the scattering cross-section for 
arbitrarily polarised neutrons we must average the operator f?, 


c= nf. 


Let the spin state of the incoming neutrons be described by the function 

e~** cos B 
( e’*sin B 
© = 2a+7/2, see problem 21 of section 4) and that of the proton by the 


) (the direction of the neutron spin in polar angles is © = 28, 


ee : : 
function 0 (proton spin parallel to the z-axis). Determine for this case 


the cross-section for the scattering of neutrons by protons. 

25. Find the probability that the spin of a slow neutron changes its 
direction when it is scattered by a proton if the neutron spin before the 
collision was in the direction of the z-axis and the proton spin in the 
opposite ‘direction. 
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26. Slow neutrons are scattered by molecular hydrogen. If their 
energies are appreciably less than thermal (A> 10-8 cm, that is, the wave- 
length of the incoming neutrons is large compared to the distance apart 
of the protons in the molecule) their scattering amplitude is equal to the 
sum of the amplitudes due to each of the protons. 

Thus we have 


f= At the, 6 &,. 


6,,+ 6,,)- 


The spins of the two protons in a hydrogen molecule can be parallel 
(orthohydrogen) or antiparallel (parahydrogen). 

Determine the cross-section for the scattering of neutrons by para- 
or orthohydrogen. 

27. Derive a relation between the cross-section for the scattering 
of unpolarised neutrons by a nucleus of spin J and the scattering length 
a, and a. referring to the scattering of neutrons with their spin parallel 
or antiparallel to the nuclear spin. 

28. The interaction energy between a neutron of spin 4 and an atom 
in a ferromagnet can be approximated by 


V(r) = Ad(r)+(n.o) f(r), 
with m a unit vector in the direction of magnetisation of the atom and 


f(r)=B, r<a; f(r)=0, r>a. 


Calculate the scattering cross-section for the two possible spin 
orientations of a beam of slow neutrons (A><a), if AB<A. 

Calculate the polarisation P = (1,—J_)/(1,+J_) of a beam of slow 
neutrons which has passed through a block of coturated4 iron of thickness 
L and with N atoms per unit volume. Here J, and J_ refer to the 
transmitted intensities of beams with spins respectively parallel and 
antiparallel to the direction of magnetisation. 

29*. Consider the elastic scattering of spin-+4 particles by scalar (spin- 
zero) particles. Tind the differential cross-section for scattering involving 
a spin reversal. Consider the scattering of S and P waves. 

30. Consider the nuclear reaction 


A+a>C>B+b. 


What will be the angular distribution of the products of this nuclear 
reaction in the centre of mass system, or, what is the same, in the 
system in which the compound nucleus is at rest, for the following 
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three cases: 


(a) the spin of the compound nucleus is equal to zero; 

(b) the orbital angular momentum of the relative motion of the 
products of the reaction is equal to zero; 

(c) the orbital angular momentum of the relative motion of the 
reacting particles is equal to zero (the spin of the compound 
nucleus different from zero) ? 


31*. Find the eigenfunctions of the operators of the square and of the 
z-component of the isotopic spin, J* and J,, for the nucleon—meson 
system, 

32*. In the centre of mass system the scattering of mesons by nucleons 
is the problem of scattering of particles by a stationary scattering centre. 
Far from the scattering centre the incoming wave with well-defined 
values of the z-components of spin S, and of isotopic spin 7, can be 
written in the forrn 


gike (5) 8(—7,) 8(n—7,). 


The quantity 7, can take on the values: 


a; = 1 for a 7+ meson, 8(7#—-1) = 9,; 
a, = 0 for a 7° meson, 5(7r) = @3 
a, = —1 for a 7 meson, 8(7+1)=¢_; 


while 7, takes on the values: 
7, = 4 for a proton, 5(n—4) = oy; 
7, = —+ for a neutron, d(n+4) = y,. 


Expand the incoming wave in terms of the eigenfunctions of the 
operators J’, J,, 1?, J,. 

Hint. In the meson—nucleon system the parity (—1), the total 
angular momentum J, and the isotopic spin J are integrals of motion. 

Since the total spin in such a system is equal to 3, the orbital angular 
momentum will also be conserved. If we expand the incoming wave in 
terms of the eigenfunctions of operators, the absolute magnitude of 
which is conserved, we can sum over | and J instead of over J and I. 

33. Show that the elastic scattering process 


n+port+p 
can take place only in the isotopic spin state with J = 3, while 
+ + 
Tt tn? etn 


can take place in both of the isotopic spin states with J = # andJ = 4. 
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34*. Express the scattering amplitude of pions, scattered by nucleons, 
in terms of phase shifts for the following three cases: 


m+ +p—>at+p, 
m7 +p>m- +p, 
a +p>n +n. 


35*. Show that the scattering amplitudes for all possible meson- 
nucleon reactions can be expressed in terms of those considered in the 
preceding problem assuming isotopic invariance. 

Express these quantities in terms of the scattering amplitudes for the 
states with isotopic spin # and }. 

36*. Express the total cross-sections for the following reactions in 
terms of phase shifts: 


at +p—>at+p, 
am +p>n +p, 
a+ p> +n. 


37*.In the region of low energies when the meson wavelength is 
large compared with the range of the meson—nucleon forces, the main 
contribution to the scattering comes from S- and P-waves only. 

Find the differential scattering cross-section in terms of phase shifts 
for the following reactions: 


at+p—>nt+p, 
a-+p>n +h, 
m-+p>n+n. 


38*. A pion beam is scattered by a target of unpolarised protons, that 
is, the number of protons with S, = 4 in the target is equal to the number 
of protons with S,=—4. It turns out that the protons which were 
originally unpolarised are polarised in the scattering process. Determine 
the magnitude of the proton polarisation considering only S- and 
P-waves. 

39. Use the principle of detailed balancing to connect the cross-section 
for the radiative capture of a neutron by a proton with that for the photo- 
dissociation of the deuteron. 

40. A system consisting of a negative and a positive pion is in a 
state with a well-defined orbital angular momentum I. 
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Find the selection rule for the process 
a +t 7°+7° 


with respect to whether / is even or odd. 
41. Show that the process 


am-+don+n 


is forbidden for a scalar pion (that is, a pion with spin 0 and even parity) 
when it is captured in the S-state of ‘“‘meso-deuterium”’. 
42. Show that it follows from the experimental fact that the process 


a-~+d>ntn+n® 


has a very small probability that the negative and the neutral pion 
‘possess the same internal parity, assuming that the negative pion 
capture leads to the S-state of “‘meso-deuterium”’. 
43. Show that the production of a pseudoscalar neutral pion during 
a p+p collision is forbidden, if the neutral pion emerges in a P-state. 
Assume that the reaction takes place near the threshold so that the 
effective relative angular momentum in the final state is equal to zero. 
44. Which are the eigenfunctions and eigenvalues of the isotopic spin 
for a system of two nucleons? 
45. Show that 
do(pt+d—>d+n+7*) | 
do(p+d>dt+pt+7) — 


bf 


where the do are the differential cross-sections of the corresponding 
reactions taken at the same relative energy, angle of separation, and 
relative orientation of the spins. 

46. Show that the differential cross-sections for the production of 
pions when accompanying the formation of a deuteron when two 
nucleons collide 


pt+podtnt (1) 
and 

n+p>d+7° (2) 
are connected by the relation 


Giclee 
do(n+p>d+7°) 7 
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47. If the decay of the A°-hyperon (T = 0) obeys the selection rule 
AT = 3, obtain the branching ratio for the two decay modes A°->2- + P 
and A°->7°+N. 

48. Show that the differential cross-section for the processes 


nt p>ptpta (1) 
and n+pontnt+nt, (2) 


taken at the same relative energies, angles of separation, and relative 
orientation of the spins are the same. 
49. Prove that a free electron can neither absorb nor emit a photon. 


10 


Creation and annihilation operators; density matrix 


1. Let y, (J) be a complete orthonormal set of single-particle functions 
which are arguments of both the spatial coordinates r; and the spin 
coordinates s; of the jth particle, together denoted by the argument /. 
Consider a system of N identical particles, let Pl, P2, ..., Pj, ..., PN indicate 
a permutation of 1,...,/,...,N, and let ep be a function which is +] or—1 
for even or odd permutations, if we are considering a system of N 
fermions, and which is always +1, if we are considering a system of N 
bosons. Using the Dirac bra and ket notation, prove that the ket set 


] 
lit, fay tw) = Ay L €pei, PD ¥i,(P2) -. 1, (PN), (1a) 


where the summation is over all N! possible permutations of 1,..., N, 
together with the bra set 


] 
(iy, fas os iw | = yy Level, PI), (P2) ... 9),PN), (1b) 


where y” is the Hermitean conjugate of y, if we use spinors for particles 
with non-zero spin, satisfies the orthonormality relation 


tow SAE Pec uk : l A ot : 7) 
(iy, 12, -.,1N lt, bay sess in? = Nt 2. €p 5(is— ips) ‘oe d(in — ipy) 3 (2) 


where we have assumed the quantum number index i to be a continuous 
parameter. If it is a discrete parameter, the Dirac delta-functions in (2) 
must be replaced by Kronecker deltas. 

Prove also that the set (1) satisfies a closure relation. 

2. If |W) is a properly symmetrised wavefunction of the N-particle 
system and if Q is an operator acting on functions in the Hilbert space 
spanned by the set (1) of the preceding problem, express |) and Q in 
terms of this set. 

3. Consider the Hilbert space which is the (direct) product space of 
the Hilbert spaces corresponding to O-, I-, ..., N-, ... particle systems. The 
complete orthonormal set spanning this Hilbert space will be the set 


OM: iia pie li he eis (1) 


where |0) is the vacuum state and the other states are defined in problem 
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1 of section 10. The creation operator 4*(i), producing an eigenvector 
corresponding to N+ 1 particles from one corresponding to WN particles is 
defined by the equation 


G*(i) lig, .) ind = SIN + 1) 1G, iy, «iy. (2) 


Express the |i,, ..., iy) in terms of the a *(i) and the vacuum state. 
. aif {A, B), = AB +BA are the commutator and anticommutator of 
A and B, and if the a@’(i) are the operators defined in the preceding 
problem, prove that 


[a*(), a°()]_ = 9, for a system of bosons, 
and 
[a°@), 2°), = 9, for a system of fermions. 


5. If we introduce an operator 4(i)—the Hermitean conjugate of 4°(i)— 
by the equation 


(i,,..., dyla@) = JIN + 1)G, iy, in, -.., inl , (1) 
prove (i) that 
[a(i), a(/)]_ = 0, for a system of bosons, 
and 
[a(i), 4(/)], = 0, for a system of fermions; 


and (ii) that 
l 
Gi) li,,..., iy) = JN OE tlt, voy iy tt (EL 18 Gin) lip, ive 
(2) 


where the upper (lower) sign refers to a system of bosons (fermions). 
Equation (2) shows that one can interpret the 4(i) as annihilation 
Operators. 

6. Prove that the annihilation and creation operators 4(i) and 4’(i) 
satisfy the relations 


[a(i), @*(/)|_ = 6G-f), for a system of bosons, 
and 
(4(), @(/)}, = 6-)), for a system of fermions. 
7. If the operator is of the form 
2 = LAM+EYQP, (1) 
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where the 02{!) and 0 are, respectively, single- and two-particle 
operators which differ only in the particles on which they operate, 
express 2 in terms of the annihilation and creation operators. 

8. Consider a system contained in a finite volume v, so that we can 
take for the original complete orthonormal set a plane-wave set, 


1. 
Ee : (1) 


where the k now form a complete set. In that case, one usually writes 
Gy, G, rather than @"(k), @(k). 
If the 2" and 24) of the preceding problem are of the form 


x hi? s 
QM) = sare is Vir), YP = Ur), (2) 
where r; is the spatial coordinate of the jth particle and r,, = |r;—r;l, 
express Q in terms of the a, and the a. 

9. Give an expression for 4*(i)4@(i) liq, ..., iy). 

What is the physical meaning of the operator 


“A(i) = a (dai)? 
10. Prove that, if a; creates a particle of momentum Ak and energy 


€,, 4, takes one from any eigenstate of the free-particle Hamiltonian 
operator 


H = ) ey aydy 
ke 
to another differing in energy by €,;. 
11. We define the Schrédinger field operators by the equations 


4 « ] ‘ 
w(r) = i(k . r) Wr) = ve yi Get.) 
Kk 


l 
— ) de 
V0 % 
where v is the volume of the system and the 4, and 4; were defined in 
problem 8 of section 10. 
Prove that 


(Po), CD = 50-7), OH, 8CD)L = (WO, Wo). = 


where the upper (lower) signs refer to fermion (boson) systems. 
What is the physical meaning of these operators? 
12. If the Hamiltonian of a system of bosons has the form 


2 
H=¥ |< verdh +4 UG4), 
Le if 


70 Problems 10.13 


express H in terms of the operators W*(r) and Wr) of the preceding 
problem. 
13. Consider the Hamiltonian 


H=H)+H,, Ho = ea°G, H, = de(a*+4), 


where @ and 4@ are boson annihilation and creation operators. Find, to 
second order in A, the shift in the energy levels (i) treating H, as a 
perturbation, and (ii) exactly. 
14*. Consider a system of two interacting one-dimensional harmonic 
oscillators with Hamiltonian: 
F h? 9? np? a? ae Te ee 
H= Ou Ox? 2p axe BHO (xf + xg+ 2Ax, x2), 
where A is real and A< 1. Find the energy levels of this system, by 
expressing Hin terms of suitable creation and annihilation operators. 
15. Let @, and @_, be fermion annihilation operators corresponding 
to the single-particle states |k) and |-k). If new annihilation operators 
are defined by the equations 


By = Upay ns Dea; bs = U_.a-, ce D_pay , (1) 
with real coefficients u,, 0%, U-~, 0-,, find the conditions that the by. 


b_, are again fermion operators. 
If the state |O) is characterised by the conditions 


b,|0) = b-,|0) = 0, 


evaluate the expectation value of 4,4, in the state |0). 

16. What would be the answers to the preceding problem, if the 4,, 
G_,; were boson operators? 

17*, Consider a system of bosons described by the Hamiltonian 


: N h2 N 
H==2 5 Vit. > Vey) (1) 
j=l “K a i | 

(compare problem 8 of section 10). Prove that, if the interaction is 
weak, the low-lying eigenvalues of the system are approximately given by 

the expression 
E=Eot+ DV egy, (2) 

k #0 


where the nm, are the eigenvalues of some quasi-particle occupation 
number operator. Find expressions for £) and the €,. 
18*. Indicate how one can reduce the boson Hamiltonian 


N 
H= ) Lidia,+ Y Ly Aa; Ly = Li, (1) 
2 2 
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to the diagonal form ; 
= 2 Eudibe é 


and how one can find the quasi-particle energies F, . 
19*. Indicate how one can reduce the boson Hamiltonian 
H= dba Gj) +4 (M474; + Mj,4,4;}, (1) 
with 7 
Ly = Ly. My = My, (2) 


to the diagonal! form 


20. Often one is dealing with a system which is part of a larger system. 
Let x and q denote, respectively, the coordinates of the smaller system 
and the coordinates of the remainder of the larger system. The larger 
system will be described by a normalised wavefunction V(q, x) which can 
not necessarily be written as a product of functions depending on x and q 
only. Let A be an operator acting on the x only, let H be the Hamiltonian 
describing the smaller system, and let the density matrix or density 
operator be defined in the coordinate representation by the equation 


(x|plx') = Jura. evan, (1) 


where the integration is over all the degrees of freedom of the remainder 
of the larger system. 

(i) Express the expectation value of A in terms of A p for the case where 
the larger system is described by the wavefunction W(q, x). 

(ii) What is the normalisation condition for 6? 

(iii) Find the equation of motion for p. 

21.1f the wavefunction ¥(q,x) of the preceding problem can be 
written in the form 


V(q, x) = B(Q)x(X) , (1) 


we are dealing with a so-called pure case. 
Prove that the necessary and sufficient condition for a pure case is that 
6 is idempotent, that is, that 


pps (2) 


22. The density matrix is especially useful, if the coordinates x of the 
smaller system are discrete variables. An instance of such a system is a 
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spin-4 particle, if one is interested only in its spin variable—the q might in 
that case be the spatial coordinates of the particle. 

(i) Show that the density matrix 6 describing a spin-4 particle can be 
written in the form 


‘1+(P.6)}, (1) 


where 6,, Gy, and G, are the Pauli matrices (see problem 14 of section 4) 
and | is the unit 2 x 2 matnx. 

(ii) What is the physical meaning of the vector P in equation (1)? 

(iii) If the system is placed in a constant magnetic field H, find the 
equation of motion for P. 

23. By analogy with the polarisation of spin-4 particles (see preceding 
problem) the polarisation of a light quantum can be described by a two- 


component wavefunction ) where |a|* and |b|? are the probabilities 


b 
that the photon is polarised in one or the other of two mutually perpen- 
dicular directions or that the photon is right- or left-handed circularly 
polarised. 

If we want to determine the polarisation of a photon we could, for 
instance, use a filter, which we shall call a detector, although strictly 
speaking it is not a detector but a device to prepare for a measurement. 
Such a filter would correspond to a pure state, described by a wave- 
function 


pots = ety, + cget Bes (1) 


Wy S @ ’ V2 = (°) ’ (2) 


are the wavefunctions corresponding to the two polarisation states. This 
pure state corresponds to a detector density matrix 6%*t given by its 


matrix elements 


where 


pitt = cftt(cftty" , (3) 
or, in matrix form 
pet = lees es |? cf*"(c§ (4) 
(c4*"" of det eo |? 


Find an expression for the probability of a response of a detector 
described by 6% to a photon in a state described by a density matrix p. 
24. The result of an annihilation process of an electron and a positron 
producing a pair of photons, A and B, can be described by a 4 x 4 density 
matrix given by the equation — 
bas = klala—~ (@a.@p)}, (1) 
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where bis @, (lp, @g) are 2 x 2 matrices operating on the polarisation 
wavefunction of photon A (B), and where Wa, (@px), Way (Wpy), and 
Waz (pz) have the same form as the Pauli matrices 6,, 6,, and 6,. 
Evaluate the polarisation of the two photons and the correlation 
between the two polarisations. ; 
25. A 2 x 2 scattering matrix S for the scattering of spin-4 particles by 
a Spin-zero target is defined such that 


ve = Si, (1) 


where wW; and wry are, respectively, the initial wavefunction and the wave- 
function after scattering. If 


S = gith(n.6), (2) 


where |g|?+|A|? = 1 while » is a unit vector, find the polarisation after 
scattering, if the polarisation before the scattering were zero. 


11 


Relativistic wave equations t 


1. If one makes the usual substitution 
iE 
Py MNO ys Pu =P,7 > (1) 


into the classical relativistic Hamiltonian equation 


e 2 
¥(o.-£4,) +mc?=0, A, =A,i¢, (2) 


where A and @¢ are, respectively, the vector and scalar potential of the 
electromagnetic field, one obtains the Klein-Gordon equation for a particle 
of mass m and charge e in an electromagnetic field 


ie a m*c? 
Y (- 764s yo ie y=0. (3) 


In the case of a free particle the Klein-Gordon equation is 


VV ae or VSO (4) 


Prove that, if we introduce charge and current densities, p and f, 
through the equations 


ju =f, icp , (5) 
. en * ” 
ju = 5p" Oud HOY), (6) 


2mi 


they satisfy in the case of a free particle, whose wavefunction satisfies 
equation (4), the continuity equation 


2 Bui, =0. (7) 


+ In this section we use a fourth coordinate x, = ict and Greek indices such as yu 
for 1,2,3,4, while Latin indices such as k run from 1 to 3. We do not use the 
repeated index convention. We use m for the mass in this section, as u is used as an 
index, and we shall use the abbreviated notation 0, for 0/dx,. 
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Note that we have introduced a charge density rather than a probability 
density. This is connected with the fact that p/e is not positive definite, 
which introduces complications we do not want to consider. 

Generalise j, such that it will still satisfy equation (7) for the case of a 
charged particle moving in an electromagnetic field, so that y satisfies 
equation (3). 

2. Show that the Klein-Gordon equation for a free particle and the 
corresponding j, lead in the non-relativistic limit to the Schrédinger 
equation and the corresponding expressions for j and p. 

3. Find the free-particle solutions of the Klein-Gordon equation 
corresponding to well-defined momentum values, and find the correspond- 
ing charge density. 

4. We saw in the preceding problem that there is an additional degree 
of freedom in the case of the Klein-Gordon equation, which suggests that 
we should work with a two-component wavefunction. At the same time 
it would be convenient, if one could get a wave equation which has only 
first derivatives with respect to the time in it, so that giving the wave- 
function at t = 0 determines it at later times. We therefore write 


a 
= ptx, in = mer(p-y). ) 


(i) Find the first-order differential equations for y and x which are 
equivalent to the free-particle Klein-Gordon equation. 

(ii) Express these equations in spinor form, using the 2 x 2 matrices 7 
and [ where 1 is the unit 2x2 matrix and 7,,7,, and 7, are 2x2 
matrices which have the same form as the Pauli matrices 6,,6,, and 6, 
(see problem 14 of section 4). 

(iii) Express the charge density in terms of the spinor ¥ = (?). 


5. Find the free-particle solutions of the Klein-Gordon equation 
corresponding to well-defined values of the momentum in terms of the 
functions y and x of the preceding problem. Find the non-relativistic 
limit of these solutions. 

6. Prove that the orbital angular momentum operator [r ~ p] com- 
mutes with the Klein-Gordon Hamiltonian in the form given in the 
solution to problem 4 of section 11. This is a justification for the state- 
ment that the Klein-Gordon equation describes a relativistic zero-spin 
particle. 

7. Find the energy levels of a m-mesic atom, that is, a system of a 
nucleus of charge Ze, which one may assume to be infinitely heavy, and a 
m -meson. . 
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8. We saw in problem | of section 11 that, if we start from the Klein- 
Gordon equation in the form of equation (3) or (4) of that problem, the 
probability density is not necessarily positive definite. This was con- 
nected with the fact that giving the wavefunction y at time ¢ = O did not 
fix y at a later time. Dirac suggested that one should start from a multi- 
component wavefunction, or spinor, W: 

Vi 
V2 


(1) 


es 
It 


and require (a) that the charge density be given by the expression 


j 
and (b) that the y; satisfy first-order differential equations, which we can 
write in the form 


1 oy : ow; ime 

elif | Pa ( 3 ete ps = 

c ot - 2 2% iW OX, + py Bi eS ) (3) 
or in matrix form 


where @ is a vector with components @,, @,, G3. 

Find the conditions to be satisfied by the matrices & and 6 in order 
that p satisfies an equation of continuity and that each of the y; satisfies 
the wave equation (4) of problem | of section 11. 

9. Prove that if we introduce the matrices 


Ys Ya > (1) 


Bs 
ill 


with 

y= ia, F4=6, (2) 
the Dirac equation (4) of the preceding problem can be written in the 
form 


{3 4ubu— ime} =0, Ps =—ihd, : (3) 
mi 


What is the expression for the four-vector j, in terms of the 7, ? 
10. Simplify the following products of the matrices Y, defined in the 
preceding problem: 
DF ¥n ’ Y WWF ’ DWI In > d oe ew ie re 7 ‘ 
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11. One can construct from the 7, the following sixteen elements: 
l, Fi5 Vuto (u a v), Fu Ww (u FoF p # K), Vi¥2¥3V4 = Vs $ 


If these elements are denoted by y (j = 1, 2, ..., 16), prove that 

(i) TP = I, 

(i) PT, = Aly, where A = +1 or +4, 

(iii) Trl’; = 0, unless Ty = 1. 

12. Find the solutions of the Dirac equation of a free particle 
(equation (4) of problem 8 of section 11) corresponding to states with 
well-defined values of p,. 

13. Find the non-relativistic limit of the solutions of the Dirac 
equation of a free particle found in the preceding problem and also the 
non-relativistic limit of the charge and current densities. 

14. An electron with momentum p, (= 0, 0, p;) is incident from the 
~z-direction with its spin in the +z-direction onto a potential step, 
described by the potentials 


A=0; ¢=0, z<0, g=hKfe, z>0, (1) 
where Vo is a constant which satisfies the inequalities 
0<Wy<E-me’. 


Find expressions for the reflection and transmission coefficients, 
considering positive energy states only. 

15. Find in the Heisenberg representation the position and velocity of 
a free particle described by the Dirac equation. 

16. Determine how a Dirac wavefunction transforms under a Lorentz 
transformation 


en awk (1) 
v 


where 


y Gis Quy! = 8 yy’ . (2) 
m1 


Discuss in some detail the following special cases: (a) a proper Lorentz 
transformation from one inertial frame to another one moving relative to 
the first one with a velocity v in the direction of the x-axis; (b) a rotation 
around the z-axis; (c) an inversion; and (d) time reversal. 

17. Show that the wavefunction given by equation (15) of problem 12 
of section 11, that is, the wavefunction of a free particle with a well- 
defined momentum, can be obtained by a Lorentz transformation from 
the rest. frame. 
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18. Discuss the transformation properties of the following bi-linear 
quantities: 
G, = WI, 


where W is the adjoint of V (see equation (8) of problem 9 of section 11) 
and the I, are defined in problem 11 of section 11. 

19, The Dirac equation for a charged particle, moving in an electro- 
magnetic ficld is obtained from equation (3) of problem 9 of section 11 in 
the usual way, by replacing 6, by 6, — (e/c)A,. Hence we have 


Daub, ~ (elc)A,)~imeh W =0. (1) 
rm 


If we now consider the Dirac equation for a particle with the same mass, 
but opposite charge, we have 


14a, + (e/e)A,)~ ime }W, = 0, (2) 
u 


where we have indicated the charge conjugate wavefunction by W,. 

Show how one can obtain Y, from W. 

20. Discuss the conservation of angular momentum for a particle 
satisfying the Dirac equation for a free particle, or of a particle moving in 
a central field of force. 

21. Consider the non-relativistic limit of the motion of a charged 
spin4+ particle moving in a weak electromagnetic field and find the 
magneto-gyric ratio for such a particle. 

22. Reduce the Dirac equation for the motion of an electron in an 
electrostatic potential ¢ = V(r)/e to the equation for the two large 
components for the positive energy case and discuss the extra terms 
which appear as compared to the Schrédinger equation. 

23. Find the correction to the hydrogen atom energy levels due to the 
spin-orbit interaction. 

24. Find the energy levels of an electron in a uniform magnetic field. 

25. (i) Show that for a free zero-rest-mass spin-$ particle the wave 
equation can be written in the form 

oie, = ao 

c(6.. Py = ih=, (1) 

where the components of 6 are the Pauli matrices and p is the linear 
momentum operator. 

(ii) Discuss the conservation of angular momentum in this case. 

(iii) Show that the spin of the particle in a positive (negative) energy 
state is parallel (antiparallel) to its momentum. 


solutions 


One-dimensional motion 


1 a? hi _ [2 
E,, = uate? £(x) = JG oh e 
_ cos? 22 for odd n 
9 _ 4n? za 1 2h 
[DS a ee 
(F-— ata") sin? oe for even 7. 


4.To find the probability distribution we want, we expand the 
wave function of the (non-stationary) state under consideration in 
terms of the wave functions ys, of the stationary states of the particle 
in the well, 
Ha) = ¥ cu tia(2) (1 
n= 
where 


dala) = ,/ (2) sins (= 12823505); (2) 


The probability to find the particle in the mth state is equal to: 


wy =[enP =| [oad ono) ae (3) 
dnd Ea = [woke 


To obtain the normalised probabilities w, we normalise the original 
wave function. To do this we must take 


a -1 
A? = fl x?(a— x)? as| = 30a. 
0 
Substituting % and %, into equation (3), we have: 
2 
0, = ue | [ae—a) sin a : 
a a 0 a 


Evaluating the integral we have finally: 


240 : 
a eae (4) 
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The probability w, = c¢2 which we have obtained is different from 
zero only for 2 = 1,3,5,.... These values of 2 correspond according to 
equation (2) to even (with respect to the middle of the well x = a/2) 
functions y,(x). Thus in the superposition (1) only even states are 
represented (as should be the case, since the original wave function is 
even with respect to x = a/2). 

Let us verify the normalisation of the probabilities w,,. 

We use the equation 


fe) 1 - (22" — 1) 7" 
2 (Qk—1)" = “Zany! | Bam (5) 


where B,,, are the so-called Bernouilli numbers, and we have (in our case 


2m = 6, Bom = B, = 1/42): 


© 20,, 2 1 902 1 960 (28-1) 7® 1 
i Ss ee eT, 
Bite ee ne at ZR 1) wh 26! 4D 


as was to be proved. 

According to equation (4) the probability to find the particle in an 
even state corresponding to a quantum number n decreases fast with 
increasing n. The probability to find it in the ground state (# = 1) is 
equal to 


Ww, = ” 22 %0-999, 


so that the total probability to find the particle in all the excited states 
(n = 3,5,...) is equal to 0-001. This is connected with the fact that the 
original wave function is everywhere very close to the wave function of 
the ground state of the particle in the well 


t= fie 


One can thus say that the state under consideration is ‘‘almost 
stationary’. 

The energy levels of the particle in the well potential considered are 
given by the equation: 


ee 1,2,3 6 
0 Da (1 = »%) sais Ju (6) 


This nomenclature is only used for this particular problem and should not be con- 
fused with the conventional term ‘‘quasi-stationary state’, which has a completely 
different meaning. 
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The average energy of the particle in the non-stationary state 
considered is, according to equations (4) and (6), equal to 


= mh? 240.2% 2 1 
n“n Pawel: cae aA 
n=1 ~ Qua? par a?® n=1,3,5,... n' 


Using equation (5), we find (2m = 4, By = — 1/30): 


00 1 ar’ 
so that 
— mh? 10 
E- ee ee (7) 


where E, is the ground state energy. 
The same result (7) is, finally, obtained by taking the average of the 
Hamiltonian H = 7+U over the (normalised) wave function, 


B= [yr Apdx - -5 7 [bee vO a = — (7) 


The average of the square of the energy of the particle in the state 
under consideration is equal to 


_ 2%2\2 960 © | hz \2 
3 2 ae ts easihes cee ia 
E? = UE Wn = (Fa) -—=; Zz 30(-3| ; (8) 


2 
n= TT n=1,3,5,...2 


According to equations (7’) and (8) the energy dispersion is equal to 
——=— ern he 
AE = y[(E— £)') = y[B*—(2)'] = G6) a (9) 


which is comparable with E ~x E,. 

This relatively appreciable value of the energy dispersion is clearly 
explained by the appreciable contribution of the excited state to the 
quantity E? (by virtue of the fact that E2 ~n‘). 


; 2 Oe 

5. (i) 4; Gi) On? 

6*. To avoid computational difficulties, we consider first of all a 
symmetric well of very great, but finite depth Vo (see fig. 22) and later 
on take the limit Y;> 0. 

We evaluate the average force f exerted, for instance, on the right- 
hand wall of the well by the particle. 


The operator of the force exerted on the particle by the external 
field (the wall of the well) is equal to [—dV(x)/dx], where V(x) is the 
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operator of the potential energy of the particle. According to Newton’s 
third law, the force exerted by the particle on the wall is equal, but 
opposite in sign, to that force, or 


fe) = 2), (1) 


and its quantum mechanical average (which we require) is equal to: 
cw 
f= [° fe) 10@)P as, Q) 


where (x) is the (real) wave function and f(x) is taken for the (right- 
hand) wall under consideration. 

Since V(x) is everywhere constant except at x = a where V(x) jumps 
suddenly by an amount M,, equation (1) may be written in the form: 


F(x) = Vo 8(x—a), (3) 


where 6 is the delta-function.f Substituting expression (3) into 
equation (2), we get: 
f = Vole(a)]*. (4) 


To find (a) we consider the solution of the well-known problem of 
a rectangular symmetrical well of finite depth. The wave function is of 
the form (see problem 7 of section 1, with Vi = V,; = KW): 


(x) = c,exp(«x) (x<0), 
where _ J (,-2)] . (5) 


Fig. 22. 
+ Indeed, from equation (1) we get (e> 0): 
ate 
f(x) dx =V(at+e)— V(a—«) = Vy; 


a—e 
the same follows clearly also from equation (3). 
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y(x) = csin(kx+8) (O<x<a), 


2b 
where k= (5) ; (6) 
sin(ka+ 8) = —sin8 = ~ TI 
(x) = cgexp(—Kx) (x24). (5’) 


According to equation (6) the value of (a) in which we are interested 
is equal to: 
hk 
Saat 7 
JeuF) Me 
As we use the wave function to evaluate the average force by (2), it must: 


be normalised. From this requirement, we can immediately determine 
the coefficient c if we take into account the fact that the normalising 


y(a) = csin(ka+ 6) =—c 


integral [ys(x)]?dx = 1 is appreciable only in the interval O<x<a. 
aw 


Indeed, outside that interval the wave function decreases exponentially 
according to equations (5) and (5’) over a very small distance of the 
order of magnitude 1/« ~h/,/(2uV4) (we remind ourselves that we are 
interested in the limit Yoo; for the same reason we can neglect E 
compared to V4) so that the contribution of the regions x <0 and x>a 


to the total probability io wb? dx is negligibly small. 
We have thus “ 


pe { * VOR ores [wera Sf [sin (koe +8) de 


=e sagen ka.cos (ka +-28)| ‘ (8) 

Let us now take the limit V, > 0. 

According to equation (6) we have for ¥)->00: 6 nz, (ka+ 8) > n, 7, 
and consequently ka~>(n,—n) a where nm and n, are integers, so that the 
last term in equation (8) tends to zero. 

Indeed, 


2. sin kacos(ka+2nn) = Ea sin 2ka—-> _ sin [27(n,—n)] = 0. 


2k 4k 4k 
We have thus for a well with V, = oo: 


JQ) » 
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Using equations (9), (7), (6), and (4), we find finally 
7 2 
f= Pa (10) 


As V, has disappeared from the result, this is also valid for the 
limiting case where V,> 00. 

The force f is obtained clearly with the correct sign (f>0 on the 
right-hand wall of the well). (The average force acting on both walls is 
clearly equal to zero. Indeed, the operator of this total force is 


Vy(8(x — a) — 8(x)}, 
so that we find, taking the symmetry of the problem into account: 
fro = VotlW(a)]?— [W(0)]?} = 0. 

This result is correct for finite motion in any arbitrary form of the 
potential energy.) 

We note that the result (10) which does not contain 4 explicitly 
retains its form exactly in classical mechanics. Indeed, in that case f., 
(time average!) is equal to the product of the momentum imparted to 


the wall at each collision (2uv) and the number of collisions with the 
wall considered per unit time v/2a (v is the particle velocity), or 


7 U 2E 
Fa = 2057 mee a 
a h® d*y _ 
pa ee) AS) 
h? dry 
on dae + BY = 0 (0<x*x<a), 
h? dh 


op ae + (E- V;) p = 0) (x > a). 
If we introduce the following notation 
e AIG EY - ori ee) 

ae oe aa ee 


we find that the general solution in each of the three regions has the 
following form: 


V2H(Va— £)] 
ae 


~ = A,exp(—«,x*)+ Byexp(«,x) (x<0), 
yy = Aexp(—x«x)+ Bexp (xx) (O<x<a), 
= A,exp(—Kk,x)+ B,exp(xgx) (x>a). 
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Let us consider the discrete spectrum E<V,; «, and «, are then real. 
If we put in the interval 0<x<a« = 1k, where & is real, we can write 


w= sin(kx+6) (0<x<a). 


Since the wave function must be bounded, we have A, = 0, B, = 0. 
The condition that ¥ and djs/dx must be continuous can be expressed 
by requiring the logarithmic derivative (1/5) (d/dx) to be continuous: 
k, = kcot, 
— Kk, = kcot (ka+ 5). 


Expressing «x, and «, in terms of k, we can rewrite these last conditions 


as follows: 
2nV, 
JG y = cot 6, 


2 
-/G2-}) = cot (ka + 8). 


Since the cotangent is periodic with period z, the values of 6 and of 
ka+6 can be written as follows: 


6 = arcsin ne +n 
= —_—___.. TT, 
((2nV,) + 


ka+8 arcsin ded +n 
= — —-____. TT, 
V(2nV,)  ? 
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where the value of arcsin lies between 0 and $7. Eliminating 6 we find 
a transcendental equation to determine the discrete energy levels 


ik, _ (Qu) 
Tauy "4 7 


ka = nv—arcsin —arcsin 


hk 
v(2zM) 
The values of & satisfying this equation must be obtained graphically, 
by finding the intersection of the line y = ak and the curve 


: hk : hk 
= nn — arcsin —.~——- — arcsin-——~——~__ (see fig. 23). 
aaa 07717 aA at 


Let us consider a symmetrical potential well V,; =V,=V. It is 
easily seen that in this case there is always at least one level, whatever 
the values of V and a. If 8 = [J(2uV)/h] a <1, one can without difficulty 
find the value of the only discrete energy level. Expanding 


a —2arcsin /(E/V) 


in a power series in 8, we find E = V—(ya?/2h?) V2. In general, the 
number of discrete levels will be equal to N, where N follows from the 
relation 


n>VeVe). ya. 
rs 


8. (b) The eigenvalues of the operator H’ are always positive. If y, 
is the wave function corresponding to the state of lowest energy, we have 
from (a) 


(O+iP) $= 0 or (+2) ¥0 = 0. 


Hence, we find that 
Yo = Coe", eg = fh. 


In this way we find that the energy of the oscillator is equal to 
€é, =n+4 (n>0), 


and the corresponding wave function has the form 


The normalising constant A,, follows from the condition 


[4.(Q) Pao = 1. 
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For the ground state the normalising constant A, is equal to 1/7, 
and thus: 


1 
Wo = e192", 


Wo 
We can express as follows the wave function of the mth state in terms of 
the wave function of the (7—1)th state, 


¥,(Q) = (OQ —iP) %n-1(Q); 
where c,, follows from the condition 


& {(0-aP) ty (QP AO = 1 


Replacing P by —i(2/8Q) and integrating by parts we find 


ch [paa(PP+ 08+ 1) YnndQ = eh.2n = I 


so that c, = 1//(2n) and 
tn = c,(O- 50) Yr 


rae ee «(2-75) ee 4,(-36) Yo 


Finally we get 
1 1 


co \? 
= —.— See] ete: 
n= Toray Y= (2-ag) 
The polynomial of degree n 
o\” 
= 4Q? — —— —+Q' 
H,(Q) = #0075) « 
is called a Hermite polynomial. 
(c) 46+-—aé+é=1; tn = yi bo’ 


(d) (P+iQ)i_.-[(P—iO)R_a]* = 2n. 


The wave functions %, we have taken to be real so that the matrix 
elements of O and iP = 0/20 are also real, 


Ona=,/(§). 
ei) 
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or, going back to the original variables, we have 


(i= (ort = [(). 


(Pina = -(pn = 5/(PS*). 


10. w= [Pew ay || e-Y" dy x0°16. 
1 0 


11. The wave function must vanish at x = 0. For x > OQ it satisfies the 
differential equation of an ordinary oscillator. One sees easily that the 
wave functions of the oscillator for odd values of m = 2k+1 vanish at 
x = 0 and are, in the region x>0, solutions of the problem under con- 


sideration. Hence 


E, = sie (k = 0, 1,2, ...). 


ae por? Rh? 


|@,(p)? = Qn, apa exp (—p?/pwh) H;, (eon 55): 


13. An investigation of the behaviour of the solutions of the 
Schrédinger equation 


h? dy a x\*) ,_ 
rica Para 


as x > co shows that y behaves asymptotically as exp(—4£) where € is a 
new independent variable 


_ N(2uV) V2 
f= a : 


As x->0 ¢ is proportional to &’/*, with 


v= 5 | fPaea +t) +]. 


We make the substitution 


yy = exp(— 32) £¥u(£) 


and find for u(é) the following equation: 


E+2” 
Eu" +(v+5—f)u'— E 4 En ie ony ” 
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Equation (1) is the equation for the confluent hypergeometric function 
and its general solution is of the form 


u(£) = ¢ Flav +}, £) +e, F(a—v t+ 3,3—», £). 2, 


where we have written « for the expression within square brackets in 
equation (1). 

From the requirement that (0) must be finite, it follows that c, = 0. 
Apart from this we must require that the wave function should decrease 
as x00, that is, that the function u(&) reduces to a polynomial. This can 
be attained by putting « equal to —” (mn = 0,1, 2, ...) so that we find the 
energy levels 


eB CE) forsel[ (One) CE) 


The energy spectrum is thus the same as for an oscillator of angular 
frequency w = /(8V/a7) provided the zero of the energy scale is suitably 
chosen. It is of interest to note that the zero-point energy of a particle 
in the potential Y,(a/x—x/a)? is always larger than the zero-point energy 
of the corresponding oscillator. The wave functions are of the form 


V, 2uV, 
ba = enarexp| — /(s5z85) «| F[—nvshs [(FE) =, 


where v = }[,/(8uV, a?/A7+1)+1], while the constant c, must be found 
from the normalisation condition. 
14*. In the Schrédinger equation 


h* d* Yo 
Dp dx? | + canta ven 


we make the substitution 


y= (cosh *)" oo at (8 “+ ) 7 1 


The equation for u takes the following form 


d*u 4A. xdu 4 
dat Ng et au = 0 


where 


(we consider the discrete spectrum, E <0), 
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If we introduce a new independent variable 
2 = —sinh? 4 
a 
then the equation for uw reduces to the hypergeometric equation 
d*u du 
2(1—2) 5 +[2—(1— 2A) 2] 7 (et) u = 0. (1) 


The parameters a, 8, y, which occur in the general form of the hyper- 
geometric equation 


d*u du 
(1-2) 52 + [y— (a+ 8 +1) 2] $2 — aftu = 0, 
have in our case the following values: 


y=4, a=x-drA, B= -—K-A. 


The two solutions of equation (1) which lead respectively to the even 
and the odd wave functions y@ are of the form 


u, = F(—A+k, —A-k,4; 2), (2) 
Uy = f(z) F(-At+«t+4, —A—K+F, 3 2). (3) 
These solutions lead to finite values of the wave functions at 
x=0 (z=0). 


In order that the wave function 
x\ 2A 
Y= (cosh *) u 
a 


tends to zero as x->+00 (z->— 00), the hypergeometric functions in 
equations (2) and (3) should reduce to polynomials. This condition 
means, for instance, for wu, that either A—« or A+« must be a non- 
negative integer. The second case can, however, be discarded since 
in that case the wave function increases exponentially as x->+00. We 
find thus A~x = k(k = 0,1,2,...) and for the energy levels 


#71 / (Bua? 2 
Bi = ~5pat a gt +) 24a] 


We find similarly for expression (3) that the condition that the wave 
function be finite as x > + 00 is satisfied provided 


MeL S012) 
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A [1 //8uV, a? 
Reea 3/4 ad “+1)- (2l+1)-3] 


Combining these expressions we find 


.=- gen [s/t 1)-(+9)] (n = 0,1,2,...). 


The number of discrete levels is equal to the largest integer satisfying the 


inequality 
N<5,/ C4 8 Enos: a? 7 
<9 ~~ 3° 


We note that the energy spectrum which we have obtained coincides for 
a suitable choice of parameters with the spectrum of a Morse potential 
(see problem 12 of section 8). 

15*. We make in the wave equation 


and hence 


E 


H2 d®y 7.) : 
— 35 gar (E—Yocnt Pg y= 0 


the following substitution 


. 7 —2A 
b= (sin Zs] u. 
1 8uV, a® 
m3 | Cae +1): 
pa? 
"=f [zie aa B+ Yo)) > 


we get the following equation for u 


Putting 


d*u mx du . 
7) 45 7 Nee cot SE (2 —N)u= 
By introducing as the independent variable 
z= cos? 
a 


the last equation is reduced to the hypergeometric equation 


o(1—2) 54 + [$—-(1-20) 2] 4 (P@— n=O. (1) 
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Comparing this equation with the general form of the hypergeometric 
equation 


2(1—2) 44+ [y—(a+ B+ 1) 2] Lau = 0, 


we find for the parameters: 
y=, a=—v-A, B=v-a. 


Equation (1) has two solutions. One of these solutions is different from 
zero and finite at z = 0 (which corresponds to x = 3a), 


u, = F(—v—A,v—A, 3; 2). 
The other solution 
U, = J(z) F(-—v—A+4,v—A+},3; 2) 


vanishes at z = 0 (x = 3a). To determine the behaviour of the solutions 
at z = 1 (which corresponds to x = 0, or x = a), we use the relation 
F(a, B,y; 2) = (1—2)-* Fla, y—B,y; 2/(2-1)]. We find for u, and u, 


uy = (1=aYRF(—9-2, HAF H = ). (2) 


z—1 


z-l1 


ty = (a) (1— ay Bl —9— A —4A41,8—45). (3) 


In order that the wave function ¢% vanishes at x = 0 and x = @ it is 
necessary that the power series in z/(z—1) is a polynomial. 

The hypergeometric series in expression (2) for u, breaks off if either 
v+ A or v—A—} is a non-negative integer. 

However, the condition ¢: = 0 at x = 0 and x = a is satisfied only in 
the second case, 


v—-A-4=k (k=0,1,...). 
The energy levels are now given by the equation 
yy 
2pa?" 


E,, = [(2k + 1)? + 4(2k+ 1) A— 2A] (4) 
A similar discussion of equation (3) shows that the energy levels 
satisfy the condition 
v-A=! (=1,2,3,...). (5) 
We can combine expressions (4) and (5) for the energy levels as follows: 
272 


E,, = (n? + 4nd— 2d) 5 (n = 1,2,3,...). 
pb 


1.16 One-dimensional motion 95 


For odd values of we get the wave functions 


. me\—2A 9 HH 
Hay = 6m (sin) F(-5 3 ~ 24,543 cos =), 


while even ” corresponds to 
d= 6a (sin 7] cos TE F(—5-2A+4,5+ 4H cost). 


The normalised wave function of the ground state is given by the 
equation 


+= fat] (os n= 


Let us consider the limiting case where ¥,>0. The problem goes 
then over into the problem of a particle in a potential well (see problem 1 
of section 1). The quantity A tends to zero and, as we should have 
expected, we find for the energy levels 


mh 
ae) pa 


n?. 


n 


[n the opposite case where A>1 we find for the low-lying levels (n<A) 
E,, = hw(n+4) (n= 1,2,...), 


where ea e (='). 
a Be 


This result could also have been obtained by expanding the potential 
energy near the point x = a/2 and retaining only the quadratic terms. 
16. The ee equation is 


yr ce E- D+2D exp (—ax)— Dexp(—2ax)]% = 0. 


Introducing a new variable & as follows 
2./(2uD 
= VCH?) exp (—ax), 


and putting 


p= PE PM = HP) yy, (1) 


the Schrédinger equation becomes (primes now indicate differentiation 
with respect to &) 
yp’ n+st+i 3? 


aad eer ae ok 
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Making the substitution 
p = exp(— 3) £° w(é), 


we get for w the equation for a confluent hypergeometric function, and 
from the requirement that # remains finite as £->00, we find that m must 
be a non-negative integer, whence we get for E from (1) 


fe | Plans y-S™ say, 


where m must be positive and less than /(2.D)/ah—} as s is positive by 
definition. 


17. Because of the normalisation of the delta-function we can write 
5(x? — a) = - [8(x—a)+ d(x+a)]. 
For a bound state E<0 and putting E = —f?«?/2u, we can write 
the eigenfunctions corresponding to bound states in the form 
w= Aexp(kx), x<—-a; $= Bexp(xx)+Cexp(—Kx), -—a<x<a; 
yy = Dexp(—Kx), a<x. 


By an argument similar to the one leading to equation (8) in problem 35 
of section 1 we see that the wave function must satisfy the conditions 


Ui(—at)—p'(-a-) = -* W(—a), 
; P 
w(at)-y'a-) =~ ya), 


as well as the requirement of continuity of % at x = +a. 
We see that the ensuing equations can be satisfied by either an 
even or an odd function corresponding to A= D, B=C or A=—-D, 


B=-—C. For the energy eigenvalues we get easily the following 
equations: 
even parity: cothxa = 2xa/P; (1) 
odd parity: tanhxa = 2xa/P. (2) 


One sees from (1) and (2): (i) there is always one and only one 
solution of (1) which as P-+0 corresponds to «->0 and thus to E>0; 
the fact that there is always at least one solution is a special case of the 
general theorem proved in problem 41 of section 1; (ii) there is a 
solution of (2) only if P>2. As P->o, the two solutions approach to 
one another and «oo in that limit. 


1.19 One-dimensional motion 97 


18*. The problem here is to take the singularity at the origin properly 
into account. The solution of the Schrédinger equation for x>0O and 
x <Q is straightforward and leads in the usual way to the associated 
Laguerre polynomials. ‘The solutions can be divided into even and odd 
wave functions. The odd solutions vanish necessarily at the origin and 
do not give rise to any difficulties, but the even solutions have to be 
treated with more care. 

The Schrédinger equation 


70+ (E+) ¥=0 (1) 


can be written in the form (primes now indicate differentiation with 
respect to 2) 


Wt Td = 0, (2) 
. where 
E = —fh?/2pat,o0*, dy = h?/pe®, 2 = 2x/aag. (3) 


The solution of (2) which is everywhere well behaved and finite 
occurs only if « is an integer (a = N). In that case the energy levels are 
exactly the same as for the three-dimensional hydrogen atom, except 
that N = 0 is an allowed value: the ground state of the one-dimensional 
hydrogen atom is —oo, and one sees from (2) that the corresponding 
wave function is exp(—4]z]), an even function with a discontinuity of 
slope at the origin. The other wave functions are given by the equations 


fb = Aexp(—42)2F(1—N,2; 2), z= 2x/Nay, x>0; (4) 
y = Bexp(4z)2F(1—N,2; —2z), z= 2x/Na, x<0. (5) 


The quantities A and B are normalisation constants and F(a, 8; x) is the 
confluent hypergeometric function (which for «= N reduces to an 
associated Laguerre polynomial). ‘There are two possibilities: either we 
choose A = B when we have an even eigenfunction with a discontinuity 
of slope at the origin, or we choose the odd eigenfunction with A = —B: 
the energy levels with N>0 are thus twofold degenerate. 

We refer to a paper by Loudon (Am. J. Phys. 27, 649 (1959) ) for a 
detailed discussion including a discussion of the possibility of degenerate 
levels for a one-dimensional potential and of various ways of approxi- 
mating the one-dimensional Coulomb potential by suitably truncated 
potentials. 

19.In the case under consideration there is only a continuous 
spectrum and the eigenfunctions are non-degenerate. 
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Let us in the Schrédinger equation 


_ We dtp 
2a dx® 


go over from the coordinate to the momentum representation; we get 
: ene | 
5 (0) Ealp) = iF Fp). 
The solution of this equation corresponding to an eigenvalue EZ, 
“als. *)| 
a = cex ——Ep}), 


is a wave function in the momentum representation. We normalise the 


function a(p) to (E-E’), 
[28(0)an(p) dp = 8(E-E), 


—[E+ Fx] ¢ = 0, 


or 
cc* fexp |-#(E- E'| dp = cc* 2niFO(E-—E’), 
whence 
2a 
(20k FY’ 
The wave function in coordinate representation is 


3 uw 


(x) = = Tel i exp (i ing) du = =F ie cos (5 ~ ug) du du 


= (e+ _ (2uF\} 
q= |x F)™ a= (Fe . 


This integral can be expressed in terms of the Airy function ®(q): 


O(a) = [cos (5 +19) au, Hs) = 7255 O(-9). 


20*. The potential energy of the particle under consideration is of 
the form 
<U, 
ee co, 2<0 
pgz, 220, 
where the direction — g is, as usual, taken along the positive z-axis and 
where z = 0 Is the reflecting plane. 
This potential energy and also the energy levels and wave functions 
which we shall obtain are depicted in fig. 24. We restrict ourselves to 
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Fig. 24. 


an investigation of the motion of the particle in the z-direction since the 
motion in the xy-plane is free and is of no interest at the moment. The 
time-independent Schrédinger equation for the particle wave function 
(2) in the region z>0 is then: 


— 7 Gat need = Bi, (1) 


where E is the particle energy. This equation must clearly be solved 
with the boundary conditions 
>0 as 2-00 (2) 
and w=0 for z=0. (3) 
To simplify equation (1) we introduce a new independent variable ¢ 
which is connected with z by the relation 
2p? 2nE _ 
pee = cl, (4) 
where c is for the moment an ae constant. 
Substituting this variable into equation (1) transforms it to 


Stas.) mo =0 


It is now clear that if we take c = (2:7 g/K?)#, that is, write equation (4) 


in the form a es s) (.- a i 
i? pe] 
we are led to the very simple form 


"(C) — Ob(6) = 


The solution of this equation which is finite for all values of ¢, that 
s, also for all values of z, is 


A® aoe 143) du 
p= AOD = Ay. [, (ul + 40) du, (5) 
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where (2) is the Airy function and A a normalisation factor to be 
determined in a moment. 

To begin with, it is clear that the energy levels of a particle which is 
in the potential well shown in fig. 24 form a discrete spectrum and that 
their number is infinite. To find these levels we use the boundary 
condition (3) which, by means of equations (5) and (4’), can be written 
in the form 


2t , 
Putting the argument of equation (3’) equal to the roots of the Airy 
function which we shall denote by —a, (m = 1,2,...) 
O<a,<ag<..,.<a,<..., 


we find for the solutions E,, of this transcendental equation 


2 + 
- (igs) Ba = a 


Hence the required energy spectrum of the particle has the form 


Be (4) ee (6) 


In particular, the energy of the ground state (m = 1, a, 2-34) is 
equal to 


o2 R2\+ 
E, ~2:34 (=) ; (6’) 


As it should be for the case of a one-dimensional bounded motion, the 
energy levels we have found are non-degenerate. The wave functions of 
the corresponding stationary states are, according to equations (5), (4’), 
and (6), of the form 


z 
Ua(2) = Ay O(Eq) = Ay ® (Z~ a5), (7) 
where a denotes a characteristic length 
h? \+ 
«= (a) _ 


The normalising factor A depends on m and a. 

This function is oscillating in the classical region, and the number of 
nodes of the function ¢, is equal to a (including the node at the edge of 
the region for z= 0), while the distance between consecutive nodes 
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which is equal tof 

ah 
a SAL 9 
JGulE— Ve) e 
decreases towards z= 0 (that is, with increasing kinetic energy, see 


fig. 24). 
The constant factor in equation (7) is determined from the nor- 


malisation of y. If we normalise with respect to ¢ this constant is 
clearly equal tot 


aA = 


| a (10) 


Tear) 


and if we normalise with respect to z, we have [see equations (4’) and (8)] 


ee een eee (10’) 


© NAL” foconeae), 


We investigate now the asymptotic behaviour of the wave functions 


s,(2) at sufficiently large distances from the classical turning point§ 


re 
x 


E 
eee 1] 
HE a) 


and also the form of the energy spectrum £,, for n>1, that is, in the 
semi-classical case. 
According to equations (6) and (8) the lengths 2¢ and a are con- 


nected by the relation 
go = 2 oy. (11’) 


We use equations (8), (11), and (11’) to write equation (4’) in the form 


zz g 
€¢=—_“=---a, 
a a 


and consider asymptotic expressions for the functions w,,,(2). 


t It is clear that the quantity given by equation (9) has this meaning only for n>1. 
In this case the bar denotes an averaging over a section Az which contains a large number 
of wavelengths 27A, but which is small compared to the distance over which V(z) varies 
appreciably. 

} As the Airy function is real for real values of its argument, we have 

| BCC) |? = [O(2)]?. 

§ z°) is clearly the greatest height which a (classical) particle of weight ug and given 

energy £,, can attain. 
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(1) The classically inaccessible region and values of z not too near 2‘): 
z—2!>a, ie, CDI. 


Using the asymptotic expression for the Airy function 
1 wet 
(2) ~2¢t exp (— 307), 
A,{ a \t 2 (z—20)\3 
dla) 25" (, aa) exp | -3 (74) | (12) 
(exponential decrease of the probability |y,,|* in the classically inacces- 


sible region). 
(2) ‘The region of the classical motion and values of z not too near 2°: 


we find 


O<z<2 and |z—s|>a, 
that is, 
~a,<€<0 and |f/>1. 


It is clear that to satisfy the second condition at least the following 
inequality must obtain: «a, >1. As we shall see below, «, is proportional 
to mi which means that the interval of f-values considered here exists 
only for very highly excited (semi-classical) energy levels, that is, for 
n>. 

The required asymptotic expansion of «b(¢) has the form 


w(t ) =resin (B1EF ra Z); (13) 


so that 
sc a 


a \? .. [2Zjjs—st\! a 
b,(2) <A, | a) sin 5) +3 | (14) 
The asymptotic expressions (12) and (14) give us in this way the semi- 
classical wave functions. By means of (14) one can find explicit expres- 
sions for the roots of the Airy function ¢, = —a,, and hence also for the 
energy levels (6) in the semi-classical case. ‘To do this we must clearly 
equate the argument of the sine to an integral multiple of 7: 


alct+9 =(n+1)7r (n=0,1,2,...), 


an = Hal = [5 (m+ Z}]", (15) 


+ It can easily be shown that the inequality | £|>1 is equivalent to | dA‘ds|<1 by 
virtue of equations (9) and (4’). 


so that 
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and [see equation (6)] 
Eq = (98 yg?) (n+ 9) (16) 


The last result can, of course, also be obtained without knowing the 
wave functions by using the Bohr-Sommerfeld quantisation rule (see 
problem 28 of section 1). 

Simple expressions may also be obtained for the normalisation 
constant A, in the semi-classical case. 

Indeed, since for n> 1 the wave function (7) oscillates rapidly in the 
classical region 0<2z<2z*! [see equation (14)] and outside this region 
decreases exponentially, we can in the integral of equation (10) replace 
sin? by its average value 4 and limit the integration over ¢ by ¢ = 0. 
Taking into account that 2>1 we get thus: 


A, = ty wee : 
n (an) (; | 
and [see equations (10) and (10’)]: 


1/2 \: 
w——(-—] . 17 
An *7z (5) (17) 

Let us now write down an expression for the average distance aA 
[see equation (9)] between consecutive nodes of the semi-classical wave 
function. Using equations (4’) and (8), we findy: 


— ma ma 
7A = TEL Gla) eal a 
Since in the semi-classical region | £,,|>1, we have mA<a. 
Near the reflecting plane, that is, for z/a<a,, this “‘semi-wavelength” 
is a minimum and as 


it is equal to 
= n\* a 
(7A) min “(5 oe (18’) 


Finally, the distance between two successive levels AE, follows from 
equation (16) which leads to 


_ AE,  2An 
AlnE, = E Fa 


¢ The same result could have been obtained by using equation (13) and the obvious 
AEC) x] oP AL = 2, 


taking into account the fact that 7A= Az = ae. 


relation 
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and by putting An = 1 to 
2 E,, 


Let us now show the limiting transition to classical mechanics. This 
limit can be obtained by averaging the quantum mechanical probability 
density |y,(z)|? over an interval Az which is small compared to the 
dimensions of the classical region of motion, but contains a large number 
of wavelengths, so that it satisfies the inequalities: 


2nk<Az<z°. 
According to equations (14) and (17) we have: 


\aa(2) |? = “(s5) J(Gé=) sin? ; (E- a ee | 


Averaging this expression over an interval Az we can replace the 
square of the sine, which ts oscillating many times in that interval, by 
its average value 4, which leads after multiplication by Az to 


eas t 
|¥,.(z)? Az= (5) PERERA (20) 


In the classical limit (% > 0, 100) this probability must go over into 
At/4T (since it is normalised) which is the ratio of the period spent in 
the interval Az to the semi-period of the classical motion. This means 
that in the limit we must have 


5 At 

| (2) |? Az = Ua 

Eliminating from equation (20) atnt~(nh)* by using equation (16) 
and omitting everywhere the index we get 


a= /() a 


where H =|z-—2|. This ratio must clearly be equal to the classical 
velocity of the particle 


5; | Sea = (Pee?) 


ee a Ve? @ 


the equation Az/At = ./(2gH) is, indeed, satisfied. 
In conclusion it is useful to estimate the order of magnitude of the 
quantities which we meet with when we apply the results obtained 


Since 
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here to macroscopic particles, for instance, a ball of mass » = 1g, freely 
falling from a height H = 100cm in the earth’s gravitational field 
(g ~10% cm sec~*) on a solid slab. 

The characteristic ‘‘zero point’’ energy « ~ (g7h?)! [see equation (6’)] 
is of the order of magnitude 


e~ (1.10%. 10-54)# = 10-18 erg, 


and the energy of the ball E = pgH ~1.103.100 = 105 erg, so that the 
number of the state (the number of nodes of the wave function) m and 
the distance between adjacent energy levels AE, are given by 
[cf. equations (16) and (19)]: 


i 
ses (=) ~ 10°, 
E€ 
AE, ~ 2 ~10-*? erg. 


The characteristic length a~ (h?/g)t [see equation (8)] is equal to: 


10—54\3 
a (; 7 =) 10-!9 cm 


and the (minimum) wavelength of the ball is equal to 
X~“~10-% cm 
n 


as it should be, since A.n~H. 

The magnitude of these quantities gives us an idea with what 
enormous precision the motion of macroscopic bodies follows the laws 
of classical mechanics. 

21. We write the wavefunction W(x) in the form 


iS(x) 
W(x) = exp ah” (1) 


and substitute it into the time-independent Schrédinger equation. The 
equation for S then takes the form 


1 {dS\? ihd?s 
z( 5) = Qu dx? + V(x) = E, 
or 
dS\? as 
(Fe) — ih Fa = B(x), (2) 
where 


p(x) = JU - Vor)]/2u}, (3) 
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which is the classical momentum of the particle at the point x. 
If 
dS \? d’s 
(i) ae “ 


equation (2) becomes approximately 
dS \? . 
dx} 7 POD, (5) 


which is the classical Hamilton-Jacobi equation. Using equation (3) we 
can write inequality (4) in the form 


where A = h/p is the “local” de Broglie wavelength. This means that the 
approximation (5) is good, provided the de Broglie wavelength does not 
change much over a wavelength. 

Using (3) we can also write the inequality in the form 


P aU 
p° > unl : (6) 
This means that the approximation is good, provided we are dealing with 
the motion of a particle with a large momentum in a potential with a 
small gradient. 

If the inequality (6) is satisfied we can use a series expansion for S(x): 


S(x) = So(x)— iAS (x) + (ih)? S3(x) ... . (7) 


This is the semi-classical or Wentzel-Kramers-Brillouin (WKB) approach. 
Substituting (7) into (2) we get the following set of equations: 


dSy\ 

(F) = p(x), (8a) 
dS,dSo 1 d!So _ 4 
dx dx '2 dx? (8b) 


aSo _ , 
dx = +p(x), (9) 
and the second one to 


5, = —InG/p, (10) 


where C is a constant. 
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Let us first consider the region where E > V(x)—the so-called 
classically allowed region—and write k(x) = p(x)/h. From equations (1), 
(7), (9), and (10) we find 


W(x) = Ses ie k(x"yas'| +a, (11) 


where A, a, and @ are constants. 

The points where £ = V(x) are the classical turning points. Of course, 
near the turning points inequality (6) is violated. If near the turning 
point x = x, we write 


5 aU 
p* = 2wlE- Vix)] * 2u ae x= xe, (12) 
and substitute that into condition (6), we find after some manipulations 
that the semi-classical approximation can be used for points x satisfying 


the condition 


h rd 
nO PRL On Ge (13) 


The region where E < V(x) is the classically unattainable region. If 
in that region we write k(x) = ix(x), so that 


j 
K(x) = 5Vi2ulVOx)—E}}, (14) 


the wavefunction has the form 


B ms Cc * 
W(x) = Tip ex? -[. K(x')ax | ery exp| | x(x" | (15) 


If x, and x, are the turning points (see fig. 24a) and a,,b, and a,,b,the 


V(x) 


II 


x 


a,x,b, a,X,b, 


Fig. 24a. 
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regions where condition (13) is violated, we have in regions I (x < a,) and 
II (x > b,) the following solutions: 


C Tk ath 
WG) = sejexe[-| K(x yax'|, x <a,, (16) 


B x 
Wile) = ple =f K(x'\dx | , xX > by, (17) 


while in the region III (b; <x <a) the solution is given by (11) with 
a=x,. 

In the region a, <x <b, we can use for the potential the approxi- 
mation [cf.(12)] 


Vix) = E-(x-x))F, F= Ae 


(18) 


x=X, 


The Schrédinger equation then reduces to the Schrédinger equation 
considered in problem 20 of section 1 and the connection between the 
wavefunction in regions I, II, and III follows as in that problem. The 
result is that at x, we must have 


C=4A and a=n. (19) 


Similarly for the connection at x, we find 


B=(-1)"*'3A and a= -{ * kOx")dx! — net An. (20) 
Comparing equations (19) and (20) we find 
2| ‘p(x)dx = (n+ Hh, (21) 


the required quantization condition. 

We note that we have earlier seen that the semi-classical approximation 
is good, provided we are several wavelengths away from the turning points 
[see condition (13)]; this means that in the interval x,,x, there must be 
many wavelengths, that is, that the quantum number nv must be large. 

22. The maximum momentum of a particle at point x is equal to 
J/(-2yuV(x)], and the number of eigenstates corresponding to an interval 
dx and a momentum interval dp is equal to dxdp/h. The total number of 
discrete levels, V, will thus be given by the expression 


N= vot V(x)]“dx, (1) 


where the integration is over those values of x for which V(x) < 0. 
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23. (a) E,, = (n+4)hw (n=0,1,2,...), 
(n = 0,1,2,...). 


3h Y, 
24.£, =-wth SPOT + pf ; the total number of discrete 


energy levels is one more than the largest integer n for which E£,, is still 
negative. One can easily check that this number differs by 4 from the 
number given in the solution to problem 22 of section 1. As the semi- 
classical approximation is valid only for large n, this difference can be 
neglected. 

25. The average value of the kinetic energy in the stationary state 
ys, (we assume the wave function to be en is given by the equation 


fe Jictihe- § 


In the semi-classical approximation the wave function has in the 
classically accessible region (a< x <b) the form 


y= qos (5 ['pde—-F), p= 2ME.— VY) 


so that 


db, a fda[® 1A, d 
te = YP aysin (7 ['pae—2)—3 2 pt cos [ pax-4). 


If we substitute this expression into the integral which determines T, the 
limits of integration must be the limits of the classically accessible 
region, since outside that region s,, decreases exponentially. Taking for 
the equate of the fast oscillating trigonometric functions their average 
value } and neglecting the integral containing the oscillating product 


sin (; [[pdx—3) .cos (; ['edx—3) = }sin (; [‘pax-3), 


we get 
_ 42 dp 
ae an Ee + aps 5 (i) | “i 


The condition of applicability of the semi-classical approximation, 
| dA/dx| = (h/p?)| dp/dx|<1, means that the second term under the integral 
sign is small compared to the first term so that we find by using the 
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quantum condition 


_ At AR 
T= a | pda = fata B) 


The constant A,, follows from the normalisation condition 


2 7b 
[Vian = 5008"(; [pax 7) dx x o 


On the other hand, differentiating the quantum condition 


[pax = [y [2u(E,, -V)| dx = ah(n+4) 


with respect to m we get 


dE, [? dx dE,, [(® dx 
Man [ W(2uW(E,-V)} "dn Ju p sie 
so that 
2 24 dE, 
"ah dn 


26. (a) T = lha(n+ 4); 
= Th 2a? V, 1 
27. From the virial theorem it follows that 
27 =vV, 


so that 
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the solution of which is of the form 
E = A(n+ yada (1) 


For the case where v is an even integer, the constant A can be found 
from the quantum condition 


I(E) =2 [deme —ax’)] dx = nhi(n + 4), (2) 


where b” = E/a. 
Differentiating (2) with respect to EF, introducing a new variable 


u = ax’/E, and using (1) we find 
lt IE) patie aaa mien 
A= | (zi) meta | 
If v= 2, A =h,(2a/n) and (1) reduces to the normal expression 
E = hy(2a|p) (n+4). 
28. The potential energy of the particle is of the form (fig. 25; 
see also problem 20 of section 1): 
_{w (<0), 
Vie)= {ee (230), 


Fig. 25. 


One of the turning points is z = 0 and the other one follows from 
the equation V(z) = pgz = E and has thus the coordinate: 


E 

z=—. 

HE 
As far as the quantisation rule is concerned, its right-hand side must 
be slightly modified compared with the usual expression m(n+ 3). This 
is connected with the fact that in the usual derivation of the Bohr- 
Sommerfeld quantisation rule one assumes that the potential energy 
near both classical turning points z = a and z = b can be expanded in a 
power series in (z—a) and (z—6) beginning with a linear term. As a 
consequence, in the semi-classical expressions for the wave function the 
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phase starts in both turning points at 7/4: 
c Poe I k 7 
Fay sin |= z)d. +3 
mee [a [Pe F 


rey E (ot de+3| (a<z<b). (1) 


and 


The requirement that these two expressions are the same in the 
interval a<2z<b leads to the condition 


[pdt 5-41) (n = 0,1,2,...) (2) 


(the total of the two phases in equations (1) is put equal to an integral 
multiple of =). 

In the case under consideration one of the turning points (z = a = 0) 
corresponds to a “‘vertical potential wall” so that the first of the two 
phases of equation (1) does not start with a term a/4 (in contra- 
distinction to an “inclined” potential wall the function behaves here 
semi-classically right up to the turning point z = a itself where it must 
tend to zero, whence this result follows); in the second of the phases of 
equation (1) the term 7/4 enters as usual. If we now add the two phases 
we get thus instead of equation (2) the condition 


6 
i | Pae+3 = (n+1)7, 


from which we obtain the quantisation rule we are looking for, 


; [pdz=(o4de i= 0512S. (3) 
Substituting 
p= \(2u[E—pl2)]} = Y[2u(E—nga)}, a= 0, b= Elug, 
we get after elementary calculations 
E=E, = 3(9n? ug?h?) (n+ 9), (4) 


which agrees exactly with the semi-classical result obtained in problem 20 
of section 1, as should be the case. 

If we borrow from equation (22) of that problem the value of the 
classical frequency of the bouncing ball 


2a je 
1a 
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and evaluate from equation (4) the distance between successive levels 


(An oa 1), 


dE, 
AE,, = We 
we arrive at the relation 
AE = hw, 


which expresses the approximate equidistance of the semi-classical 
energy levels. 


29. {veut — V(x«)]} dx = (n+ 3) ah 


(compare the discussion in problem 28 of section 1). 
30*. We start from the quantisation rule 


[VHB Vay} ax = ah(n+ 4, 


which determines the spectrum, or more precisely n(£), if the potential 
energy V(x) is given. Inasfar as V(x) is an even function we have 


2 2ulE - V(a))} dx = a(n + 9), (1) 


where x, = —x, =a, E = V(a). 
The integral equation (1) can be solved as follows. Differentiating 
(1) with respect to EZ, and introducing V as variable instead of x, we get 


mh dn [2% dx e Edx dV 2 
Wn) dE ~ Jp (E=V) ~ Jo aV E-V) ) 


Multiplying (2) by («—£)-* and integrating over E from 0 to a 
where a is a parameter to be determined, we get 


a ah dx “he . E dx Pst: WV 
o ¥(2u) it Te =) aV \((a—E)(E—-V)} 
dE 
Suez BET 
Putting « = V, we get 
ah fv dE 
(V)=r5—~ | =——, 
V(2u) Jn, dE 
e in WV —) 


t Compare Landau and Lifshitz, Mechanics, Pergamon Press, Oxford, 1960, §12. 
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where x(V) is the inverse function of V(x) and dE/dn is considered to be 
a function of E, while E, is the zero of the energy scale. 

31*. (1) The Schrédinger equation in the momentum representation 
is of the form: 


(fF +0 (in5)} ) = EG(p) 
2 Gp) | MP) = P), 
where V[i%(0/0p)] = V(%) is the operator of the potential energy of the 


particle. 
We must look for a solution of this equation in the form: 
G(p) = exp[—(@/h) S(p)], (1) 
where we expand S(p) in powers of hi: 
S(p) = So(p)+%Si(p) +0*S2(p) + ..-. (2) 


To find an expansion in powers of fh of the expression which we 
obtained by letting the operator V[ii(0/cp)] act on the wave function 
G(p), we assume that the potential energy can be expanded in a power 


series in x. ‘Thus, 
afi. oC] _ a wee n 


n=0 n! 


Let us consider the action of the different terms of this series on the 
function (1): 


ih exp (-;,5) - = exp (- 5] = 
(its) exp (5) = x7(-55) [(55) + ‘el | 
Fan(s) eo 45) [GV e028 sc] 
In general, as can be easily shown by induction: 
(in =) exp (- : s) 
= © (-55) [(ip) +(2,4) ae (op) +0) 


=o) (SF a EME om] 
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According to equations (3) and (4) we find 


ala O io) _ i \[,(2S\ heS_,(aS 
r(ing)ee(- 8) = 90-75) [M5] +9 ae Ca) 


The cquation for the action function S(p) has thus the following 
form: 
2 2 
F + V(a) +4 Al 2g (eee 
Zn \ep cp» \cp 


Substituting now the expansion (2) for S and taking together terms 
of the same order in i we get the following equations to determine Sy 


and S,: 
5 ESy\ _ E 
rede a e 
CN OSo\ 2 Og pn(OOo\ _ 
oe ee ip: () ae (0) 


Let x(p) denote the dependence of the coordinate on the momentum 
when the particle moves in the field V(x). We find then by solving 
equation (5) with respect to cS,/dp, 


aS, 


op x(p), 
so that 
= | x(p) 4p. 
From equation (6) we get: 
aS, 1 P&S, V"(6S,/ep) 
op 2p V'(éS,/ep) 
One sees easily that the right-hand side is the derivative of 
t (OS 
307") 
with respect to the momentum, so that 
=. 0So 


The semi-classical wave function has thus finally the following form 
in the momentum representation: 


GP) = escapes? |-| [02]. (7) 
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The meaning of the factor in the denominator is clear when we note 
that |V'(2.S,/ép)| is the force, | dp/dt|, expressed in terms of the momentum 
p. This means, as should be the case in the semi-classical case, that the 
probability to find the momentum between p and p+ dp is proportional 
to the corresponding interval of time dt: 


2 — | € |? poe 2 
|GP?dp = \dp|dt| ? = |c|? dt. 

(2) We now turn to the second part of the problem, that is, to show 
that the wave function G(p) which we have found can be obtained as the 
Fourier transform of the semi-classical wave function in the coordinate 
representation. 

The semi-classical function in the x-representation has the form: 


Ws) = et exp |F [pte dx], 


where p(x) is the momentum as a function of the coordinate 
p(x) = V{2u[E— V(x)]}. 


The corresponding function in the momentum representation ist 
ii ool - 55] 


= ay | pen? lal [2@4-m*]) (8) 


Using the fact that the action S = {pdx is large compared to fi we 
can evaluate the integral in equation (8) by expanding the exponent in a 
series near its maximum (saddle-point method). 

To find the maximum we put the first derivative of the expression 
g(x) = { p(x) dx — px equal to zero: 


& = p(x)—p = \(2u{E-V(a)]}—p = 0. (9) 


The solution of this equation is x(p), that is, the coordinate as 
function of the momentum in the field V, or the function which we 


considered sub (1). 


+ We denote this function by G to distinguish it for the moment from the semi- 
classical function in the momentum representation which we found sub (1); our problem 
is to prove the identity of these two functions. 
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For the second derivative we find: 


ao nV ——__ (dp at) (x) 
dx? ([2n(E-V)]) ple) 


To find the value of »” at the maximum we must take x(p) for x, 


and we thus find p[x(p)] = p, so that 


dp 
dx? max a . Pp 
The expansion of g(x) near its maximum is thus of the form: 
dp 
= ( 
os) = [Vp - Vy] dv—ps(p) + pS [ea 0)P 


If we substitute this expression into G(p) and vie out from under 
the integral sign the slowly varying factor 1/,/|p(x)| at the maximum 
x = x(p) we get: 


Ge) = aso g [[ VemE-V i de—px(n)|| 


“p 
x fas exp Hea 
= genta [J vee Vera] / (2 apa) 


= Tau) ae exp f | [PP veme- V)} a— px(p)| . 


We prove now that the expression within square brackets may be 
written as — { x(p) dp. 


To do this we take its derivative with respect to p: 
d z(p) 
pl Veuve ie »)) 


7ACHE- V [x(p)]}) — rs — *(p). 


According to equation (9) 2 first two terms aa each other. 
Hence, 


p) 


p) 
[x—x(p)]? 


Sb) = — 0) 
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and thus 
Zp) 
{ \[2u(E—V)] dx—px(p) = — { x(p) dp. 


The function G is thus of the form 


~ c 1 2 
GP) = 5 Tap any OP | ~7 | 10) 2| 
() = Tui) slaplade] * | ~ a ) IP 
and is therefore the same, apart from a multiplying constant, as the 
function G(p) of equation (7): 


G(p) = const G(p), 
as had to be proved. 


32. The Hamiltonian of a free plane rotator reduces to the operator 
of the kinetic energy which has the form 2/2], where M, is the operator 
of the component of the angular momentum of the rotator along the 
axis of rotation, the z-axis. 

The Schrédinger equation for the stationary states of the rotator 
takes the form (we replace M, by (h/i)(c/ég) where ¢ is the angle of 
rotation of the rotator around the z-axis): 


The general solution of this equation which satisfies the condition of 
uniqueness (which in this case is the requirement of periodicity in ¢) is 
obtained by putting /(2E//%?) equal to an integer m(m = 0, +1, +2,...) 
and has the form 

bn(~) = ¢,sin mp +c, cos my, 


where c, and ¢, are arbitrary constants, and the corresponding energy 
levels are according to the considerations of a moment ago equal to 


_ hm? 

m II : 
As could be expected, each level for m#0 is twofold degenerate with 
respect to the direction of rotation. The normalised wave function of 


the stationary state corresponding at the same time to a well-defined value 
of the angular momentum (M, = mf) is clearly equal to 


1 : 
trl?) = (am) °*P (img). 


33. Y(¢, t) = }A[1 — cos 2pexp (— 2rht/T)], 


where J is the moment of inertia of the rotator. 
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34. The tension 7 in the wire is related to the energy E of the 
systems by the usual thermodynamic relation T = —dEF/da. The energy 
levels of the particles are given by the equation (compare problem 32 of 
section 1) 


n? h2 
"= Dual? 
and we have thus for the tension 
nh? 
2 ae 


35. The Hamiltonian operator has the following form for the given 
potential: 


| ry , 0 
H= a Vyexp (or =| +43V,exp (-m5). 
Since 
exp (or =) a(p) = a(p+bh), 
the Schrédinger equation can be written as a finite-difference equation 


Pap) + IMoalp-+bi)-+ 1%sa(p— bn) = Ea(p). 


B +0 
36. s k2a(k) + EV, a (k+=5"| = Ea(k) 
ag 20 


+00 ] 
i; =f V(x) _ pe exp (-=). U = vs,| : 


37*, The wave function in the region of the well (0 < x < a) is of the 


form 
2pE 
yb = c, exp (ix, x)+c,exp(—7k, x), Ky = se?) 
and in the region of the barrier ~b<x<0 
pb = Cgexp (tkgxX)+c,exp(—1k,%X), Kg = ue 10, 


Since (x) = const.Y(x+/) (the constant has an absolute magnitude of 
unity and is put equal to exp(—zk/), / = a+; for a discussion of the 
reason for this choice see the answer to problem 35 of section 1) in the 
region of the next barrier (a<x<a+b) we have 


ys = exp (tk) {cg exp [t«.(x —1)] +c, exp [ —ik,(x —/)]}. 


120 Answers and solutions 137 


The requirement that the wave function and its derivatives are con- 
tinuous at x = 0 and x = a leads to the following four equations: 


Cy tly = Coty, 
c, exp (tx, a) + cg exp (—1x, a) = exp (zk!) [c, exp (— ix, b) + c, exp (tx, 5)], 
(Cy — Cy) = Ko(C3— C4), 
[cy exp (t«, a) — c, exp (— 1k, a)] 
= K,[C, exp (— ik, b) — c, exp (tK, 5)] exp (tk). 
This set of equations has a non-trivial solution only if 


Ke 
cos kl = cosx,4@. COS kg b — t= 
ag ea 


a aii K,@.SiIN ky. (1) 
We investigate two cases: 
(a) E<V, xp is purely imaginary. 


Introducing the notation x, = ix, we can write equation (1) in the form 


2_ 2 
cos kl = cosx,a.cosh xb + 5 "t sin x, a.sinh xb. (2) 
Ky, 


The allowed energy bands are thus determined from the relation 


Ke = Ke F . 
—1<cosx,a.cosheb + —~-)sinx,a.sinhkb<1. 
2K, k 
To discuss the general regularity in the position of the allowed bands 
we consider the limiting case 


VHT) 5 1, a>b, E<V. 


We write (u/fi?) ab = y. Equation (2) is thus approximately of the form 


sink, a 
cos ka = gee Ky, a. (3) 
In fig. 26 we have plotted the function (ysink,a/K,@)+ cosk,a@ as a 
function of «,a. The allowed energy bands are indicated on the x, a-axis 
by heavy lines. 

To the right of each point «, a = nz there is a forbidden energy band. 
From the figure it is clear that the forbidden energy bands get narrower 
with increasing number of the band. One can easily estimate the width 
of the forbidden bands. The left-hand side of expression (3) takes on 
the values (— 1)", when 


cos(x,a—y) =(—1)"cosgy, tang = os 
ma 
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which is possible for «,a = mm and for kx,a=n7+29. It follows thus 
that the width of the forbidden energy bands is equal to 2y. For large 
values of n 


a SIN, @-|- COS it, 2 
Ka 


Ap 


KN ARF he I 
FN aS eal ee a 


Fig. 26. 


(b) E>V,. In that case the energy bands are determined from the 
relation 


24 2 
K K 5 . 
—1<cos«,a.cos x, b —-+—_* sin, a.sink,b< +1. 


2k1 Ke 


38*. Let us consider the general problem of the motion of a particle 
in a periodic potential. The Schrédinger equation can be written in the 
form 


p+ fla) p = 9, (1) 
where f(x+na) = f(x). 
Let y, and ys, be two linearly independent solutions of (1). It then 
follows easily that 


142 — Pav = 0, 
or that the Wronskian W (= ib, ,— 2) is independent of x. 
As f(x) is a periodic function %,(x+a) and ¥,(x+a) must also be 
solutions of (1) and can thus be expressed as linear combinations of 


$y(x) and (x): 
wy(x + a) = c, Y4(x) + €o$2(x), 
Pox + A) = Cy yhy(x) + C4 ol). 


From (2) it follows that the Wronskian at x +a is equal to the Wronskian 
at x multiplied by c,c,—c,¢, which must thus be equal to unity. 
We now look for solutions (x) and (x) such that 


y(x+a) = Ay x(x), Yo(x+a@) = Ap¥2(x), 


(2) 
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or, from (2), we must find solutions of the equations 
C1 f(x) + Co fo(x) = Ads(x), 
€3Yfy(x) + C4 po(x) = Ap-(x), 
which leads to an eigenvalue equation for 2: 
M—(cey+c,)A+1 = 0, (4) 


where we have used the fact that c,c, = cgc3. In order that (x) and 
(x) are physically acceptable solutions the absolute magnitude of A 
must be equal to unity. This occurs when }(c.+¢,)< 1 and in that case 
A, and A, are each other’s conjugate complex so that we can write 


,(% + a) = exp (tha) },(x), 
(x + a) = exp (—tha) },(x), 


¥4(*) = exp (kx) u(x), 
Yo(x) = exp (—tkx) u,(x), 


where u,(x) and u,(x) are periodic functions. To see the significance of 
(5) and (6) it is useful to consider the case where f is constant.f From a 
consideration of that case it follows that for certain energy values (5) 
holds while for other energy values we do not have physically acceptable 
solutions. 
Consider now the potential energy 
R2P +2 
V(x) Sia pe et na). (7) 
As V contains singularities we have instead of the usual requirement 
that ’(x) be continuous a boundary condition which we obtain by 
integrating the Schrédinger equation over a short interval including the 
singularity (from —e« to +e, where «¢ is positive and tends to zero); the 
result is 


(3) 


(5) 


or, equivalently, 


(6) 


c / i 
#'(0+)—¥'0—-) = 7 (0). (8) 
Using (6) we can write the solutions in the regions 0<x<a and 
—a<x<0 as follows: 


$,(x) = Aexp(ixx)+Bexp(—ixx), x= J(2uE)/h, O<x<a, 
n(x) = exp(—tka) {A exp [ix(v+a)]+Bexp[—ix(x+a)}, —a<x<0, 
+ For a detailed discussion we refer to H. Jones, The Theory of Brillouin Zones and 


Electronic States in Crystals. Amsterdam: North Holland Publishing Company, 1960. 
See also H. A. Kramers, Physica 2, 483 (1935). 
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and from (8) and the requirement that % be continuous we have 
A+B = exp(—ika)[A exp (ixa)+ Bexp(-—ixa)], 
ixLA — B]—ix[A exp (—tha+ixa)— Bexp(—1ka—ixa)] = (P/a)(A+B), 


from which follows the equation (compare (3) in problem 37 of section 1): 


Psinxa 
ka= = 9 
cos ka = cosxa+ 7 —— (9) 


In fig. 26 we had plotted the right-hand side of (9), which we shall 
denote by f(xa), as function of «a. The width of the energy gaps was 
evaluated in problem 16 of section 1. 

The band edges occur when coska=+1 or —1, that is, for 
k=0,7/a,27a,..., or R= k, =mm/a. ‘Yo find the effective mass at the 
band edge, we must expand F (or x) in powers of k—k, at the lower 
edge or in powers of k, —k at the upper edge. 

At the upper edges 


K,@ = Mn, 
or 
hi? (an\? 
Par 2u\a)’ 
and writing 
nt nt 
K=—-—Kk, kR=—-R', 
a a 
we find 
, kana 
K sey ae 


h2 hk’? 
E = £, 2p* 
that 
x _ baP 
B 27 n3° 


The situation is much more complicated at the lower band edges, 
as the values of « corresponding to those edges are the solutions of a 
transcendental equation.t 


t See H. Jones, loc. cit. 
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39*, As the potential is periodic it follows that there must be solutions 
of the Schrédinger equation for which 


(a +a) = syh(x). 
If | s|#1 the wave function increases unrestrictedly in one direction or 


the other. The condition from which the allowed energy bands are 


determined is thus |s| = 1 or s = exp (79). 

Let us now consider one period of the potential (see fig. 27). It can 
be divided into three regions: x,<x<%, X.<*X<%X3, X3<x. In the first 
region the solution can be written in the form: 


vam Soom a [a] +sponr (“a LP) 


or, oe ; 


= feao[-( ee) Gen fll 2-9) 
where 
d= egexp [i(a—9)]. Cy = C2, exp |-i(«-3)]. a= 5 Pde. (1) 


Using the boundary conditions of the semi-classical case we obtain 
a solution in the second region: 


ba poten p(; ‘eld x45 ser xp (-; ; {,lel4x) 


or 
cexp(—; |} |pld ” 
oe, +e (5 ik \elas), 
where 


=(4-eep (B= (c+eiexp(-6), B= 7 [ lalae 
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Using again the boundary conditions, we get for x >x,: 
(ci — ¢g) exp (— 77) (; ii 
akg exp(= | pdx 
Pr Jp p p 


Za 


_ (at ier (477) exp (-5 [fs as) 
The condition that the solution is quasi-periodic is of the form: 
— i(et — cf) exp (— ri) = acy 
~ (cf + 4c) exp (Ji) = zey, 


Expressing cy and c; in terms of c, and c, we obtain the following set 
of equations: 


c, exp (ia) [exp (— 8) + 4 exp (8)] + 2c, exp (—za) [exp (— 8) — 4 exp()] 
= 42z¢,, 
c, exp (7a) [exp (— 8) — 4 exp (8)] + 4c, exp (— 7) [exp (—8) + 4 exp(A)] 
= 412). 
The value of z is determined from the condition that this set can be 
solved (that is, by putting its determinant equal to zero): 
s?—2zfexp(8)+}exp(—§)]cosa+1=0, 
so that 
2,2 = [exp (8) + exp (—)] cos + /{[exp (8) + 2 exp (—f)]? cos? a — 1}. 
(2) 
If the expression under the square root is positive, then 2 is real and 


different from unity. In the opposite case, z is complex and its modulus 
is equal to unity, 


21,2 = [exp(8)+ 4 exp(—f)] cosw+7,/{1 — [exp (8) + } exp (—f)]? cos? a}, 
|21,2[? = [exp (8) + 4 exp (—B)]? cos? « 
+ {1—[exp (8) +3 exp (—8)]? cos? a} = 1. 


Thus the equation which determines the allowed bands follows from 
the condition that the expression under the square root in equation (2) 
is negative, 


[exp (8) + bexp(—A)]®costa< 1. (3) 
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The condition that the semi-classical approximation can be applied is 
that the expression {pdx is large compared to h, that is, 


a> 1, B>l. 


If, in accordance with this, we neglect the term with the negative 
exponent we can write equation (3) in the form 


exp (28) cos? < 1 
or 
cos? < exp (— 2). (3’) 
To a first approximation, we have 
cos*ta=0, or a=nr+4n (=a,). 
From (1) we thus get 
( ode = whi(n+}). 


This is the Bohr—-Sommerfeld quantisation rule. 
From the solution of this equation we get a set of levels in a well 
which is a hole in a periodic potential with impenetrable walls: 


Foy Lys Eas +++) Ens 


We now expand the left-hand side of equation (3’) near the value a, 
corresponding to the ath energy level 


cos*a ~sin?a,(Aa,)? ~(Aa,)?. 
From the definition of « we have 


AE cay: Op, AE (tdx AET 
Aa === dx = 


- »2E” ly oh 2! 


where T is the period of motion of the particle in the corresponding 


well-level. 
If we note that exp(— 28) is the probability of transmission through 
the barrier, W(E), we can write equation (3’) in the form 


4h? 
(AE, P< ape W(En ), 
so that we get for the band-width: 


AE, = FALM Ey) <i 
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41. If we choose as a (normalised) trial function 


fb = ¥(2a/7) exp (—ax?), (1) 
we find that the ground state energy E, must satisfy the inequality 
By< |p| 3 Sat V(a)| eae, (2) 


where V(x) <0. 
Substituting (1) into (2) we obtain E< E, with 


E, =5i+ J/@) | exp (—2ax2) V(x) dx. (3) 


The minimum value of E,, E™™, is obtained by finding a from the 


condition 
OF, ,_ @ 1 5 
a 0 = 5+ l(a) Jexp(- Zax?) V(x) dx 


— a (=) [2x exp (— 2ax”) V(x) dx. (4) 
Combining (3) and (4) we find 


Emin — 7 (=) | exp (— 2ax2) (1+ 4ax2) V(x) dx <0, 


from which follows that E,<0, as was to be shown. 

42. If X is small, we should expect (i) only one bound state and 
(ii) a wave function corresponding to the ground state which is varying 
only very slowly. In the region where the potential vanishes this wave 
function is of the form 


y= Aexp(ax), x<0; f= Bexp(—ax), a<x, (1) 

where 
iv, 2 
Ea (2) 


We may expect aa to be small compared to unity so that continuity 
of the wave function will (approximately) mean that we have 


A=Bz=Ja and p= Ja for 0<x<a. (3) 


To find the value of « we take into account that aa<1 so that to a 
first approximation the potential may be replaced by a 6-function 
potential V’: V’ = —bd(x), where 


pas [ive de (4) 
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We can then find a from the condition (compare problems 38 and 17 of 
section 1) that 


P'(0+)—p(0-) = “a b4(0), (5) 
and using (1), (3), and (4) we get 


b Au [a 
am f= oa, V(x) dx, 


7 r? a 2 


and thus 


Tunnel effect 


1. In the region of the metal (x <0) the general form of the wave 
function corresponding to the eigenvalue E is the following: 
ty = bet ce te, c= y[2u(E+%)| Ih. 


In the region x>0 the eigenfunction has the form of a travelling 
wave emerging from the metal 


ory = ae*?, where k= J(2pE)/h. 
- On the metal boundary the wave functions ¥, and w,, and their deriva- 
tives must be continuous: 

¥r(0) = ¥(0), or a=bdte, 

¥qx(0) = ¥4(0), or ak = (b—c)x. 
The ratio of the current density of the reflected wave to the current 
density of the incoming wave gives us the reflection coefficient 


Rx (=) - (eo) = eee eee 
0 Meth} W(E+V)) + JE) [W(E+V)+ JE} 
If the electron energy is zero the reflection coefficient R, is equal to 
unity, while with increasing energy R decreases rapidly; for E> 
ioe 
AGE 


R 
In the other limiting case E<M 
Ryx1-—4)(E/Y). 


For normal metals %~10eV. The reflection coefficient for 0-1 eV 
electrons is then 


Ry = 0°67. 
2*. In the Schrodinger equation 
i? Y 
EE ES _*o = 1 


we make the substitution 


E=—e2/2, y= €-ou(é), where k= \(2pE)/h. 
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For the function u(€) we get the hypergeometric equation 
&(1— &)u"+(1—2tka)(1—€)u’—-n2a®?u=0 (kg = V(2uM)/h). 


The solution of equation (1) which for x oo (€--> 0) is finite and behaves 
asymptotically as a travelling wave ce’** has the form 


bb = cetkt Ffi(x—k)a, —i(k +h) a, 1—2ika, —e-7/7} 
{i = f[2u(E + %)]/A}. 


To find the reflection coefficient it is necessary to determine the 
form of the wave function inside the metal («> — co): 


['(1—2ika) 1(—2ika) 
T'[—i(x +k)a]l[1—i(k+«) a] 
T'(1 — 2ika) T(2ika) 
* Phil —R) a] [1+ i(«— Ayal” 


UKE 


bre 
TRE 


Hence we find for the reflection coefficient 


R= | P(2ika) PL —i(e +k) a] PEL —i(e+hk) a]? sinh? a(x —k) 
a | P(—2ika) Pi(e—k) a] fl +i(k+k)a]i sinh? ra(x +h)’ 


To evaluate R, one must use the following relations: 
(z+ 1) = 2I(z), 
P(2z) (1-2) = a/sin zz, 
I*(ix) = P(—2x) 
(x real). As a+0 the equation for the reflection coefficient goes over 
into the expression for R, in the case of a rectangular potential wall (see 
preceding problem). 

It is easily verified that R, < Ro, that is, that the reflection coefficient 
in the case of a smooth change of the potential is less than in the case 
of a sudden change. For a=1A, %=10eV, E=O0-1eV we find 
R,, = 0-23. 

3. We consider a flux of particles with energy E < Vy moving from 
left to right. In the region III the wave function is an outgoing wave 


tin = Ce, k= \(2uE)/h. 
In region I we have both an incoming and a reflected wave 


py _— etke 4 4 e—tkz, 
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22 
In region IT the general solution of the Schrédinger equation 
i? n 
~ Dp 1 (E-NY)br1 = 9 


has the form 
n= Bye*+ Bye, « = V[2u(%—E)]/h. 


The coefficients A, B,,B,,C are determined by the condition of con- 
tinuity of the wave function and its first derivative. 
At x = 0 this condition leads to the relations: 


1+A = B,+ Bz, 
ik(1— A) = «(B,~ B,). 
Similarly we have at x = a 

By ett + Bye? = Cet*s, 

«(By e**— By e-**) = ikC et, 
From these equations we find 
e+ 
4ikk 


2uY ext — e-Ka ia 
i? 4tke ; 

B, = C.4(1 + ik] x) eo", 

B, = C.4(1—th/x) et#otee, 

ao La eR 

“K &%(1 —ik/«)?— e*4(1 + tk/K)?” 

Since we have taken for the expression for the incoming wave in ¢; the 

form e?**, the transmission coefficient is D = CC*. Evaluating this we 

have 4h? 2 


D = Gay apsinh®xat 4h? 


We note that the transmission coefficient tends to zero when we go over 
to classical mechanics, that is, as i> 0. 

If xa>1 (that is, W—E>h?/2ua?), the expression for the trans- 
mission coefficient simplifies 


Dx16y (1-7) exp [ese | ° 


We consider two concrete cases: 

(a) An electron with E = 1 eV passes through a potential barrier 
with VY, = 2eV and a=1 A. We find for D the value 0-777. 

(b) Now let a proton with the same energy fall on the same 
potential barrier. In this case one can show that the transmission 
coefficient becomes vanishingly small: D = 3-6.10-!9. 


A=C 


etka (er = e**) ae GC 


Cas 
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4. (k*— «?)* sin? ka (: J(2uE) ra fee — Yall) 
ee = oe —, kk = OS. 
h h 
5. We have V = a6(x) and we must match the solutions for x < 0 


and x>0: 
by == etka + 4 ether k = cue) x<Q; 


Wry = B etka, x> 0. 
The boundary conditions are (compare problem 38 of section 1) 
; i 2pa 
(0) = y1(0) and 71(0) — 7(0) = (0). 
We thus find 


_ te Soll cu He 
~ 147C" ~ 1+7C’ Rh?” 
and for the transmission coefficient we find 
k2h4 
os a = 
D=|B RAS pa? 


6. The wave function has the following form: 
1= Asinkx, O<x<a, 
$y = B,e*+ Bye, a<x<at+b, 
bin = Csink(2a+b—x), at+b<x<2a+b, 
where 
k= \(2uE)|h, «= J[24(Y—E)]/h. 


The requirement that both the wave function and its derivative are 
continuous leads to the following relations: 


Asinka = B, e**+ B,e-*2, 
Ak cos ka = «(B, e*— B, e-*2), 
B, ek(a+) 4. By e-*(at+b) — Cin ka, 
«(B, ex(e+d)_ By e-*(4+0)) — _ Ckcos ka. 


Eliminating B, and B, from these equations, we find: 


(; tan ka + i} Ae = (; tan ka— i) C, 


(; tan ka — i Ae") = F tanka+ 1) C. 
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From the requirement 


F tan ka+ 1) ex — (; tan ka— 1) 


G tan ka — 1) en (jan kat+ 1) 


we get 


is Ko iS — 
(;tanka+1)e = + (jan ka 1). 


This equation determines the energy levels. 


Fig. 28. 


Using the inequality 
Kb>1, 
the last equation can approximately be written in the form: 
k 


k 
tanka = —~F2-e~*®, 
K K 


The right-hand side of this equation is a small quantity. In zeroth 
approximation (k<x) we get 


which is the value of the energy of a particle in an infinite potential well 
(see problem 1 of section 1). In the next approximation we have: 


k =_ um Ry = 2 Ry e—*ob (n = 1, 2, 3, see) 
a akg aky 
= _ F(0) 
B= Be gg Ee aad, ep = VI2MVO~ En) 
akg ako ah 


The first two terms E@ = EF) —2E) /axg do not depend on b and give 
the approximate values of the energy levels of a particle in the potential 
well depicted in fig. 28 (b > ©). 
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In the zeroth approximation the levels are twofold degenerate; this 
corresponds to the possibility of finding the particle either in region I or 
in region III. If we consider the case of finite b, we find that the 
possibility of transmission through the barrier leads to a splitting of the 
levels. This splitting is exponentially small. Let us find in the present 
approximation the coefficient A, B,, B,, and C. The lowest level 


Eo) 
Ez = EX) —4 =" em 


ako 
corresponds to the following coefficients: 
k 
B, _ (— a ae A, 
C= A, 
_1 Ro 
B, = (— 1)? 1 =e"? A. 
Ko 
The upper level 
E+ = EW gen Kd 
n= fy + aK 
corresponds to the coefficients 
B, — << ( ee 1)°-* ko e—Kolatd) A, 
Ko 
C=-A, 
B, = (-1)"" Ro eke A, 
Ko 
The value of A which follows from the normalisation condition is equal 
to 1//a (in evaluating the normalising integral the contribution from 


region II can be neglected). 
We find thus for . lower level the following wave function: 


iy = sin kx, 
1k 
wry = : _ 1) 7 i [e-Kolx—a) oe en Kola+b—z)), 
vr = Ja sin k(2a + b— x). 
For the upper level we find similarly: 
by = asin Rx, 
du =(-145, 
I jax 


von = -5; sin k(2a+b—x). 


k 


_9 lens — e-Kolatb—2)) 


2.7 Tunnel effect 135 


In fig. 29 we have drawn the wave functions form = 1 andn = 4. 


Antisymmetric wave functions 
(upper substate) 


Symmetric wave functions 
(lower substate) 


Fig. 29. 


7*_ The potential energy V(x) is equal to %(1+-x/a) for -a <x <0, 
to V,(1—x/a) for 0<x <a, and to zero for |x|>a. If we use the notation 
(E is the particle energy) 

ko = RF? Ki = Te (1) 


we can write the Schrédinger equation in these regions as follows: 


TS +ky=0 ((x[>a), (2) 
Ti (3 — Ret ne =\ y= 0 (~a<x<0), (3) 
Te (8-4 ie \ p= 0 (0<x<a). (4) 
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Making in equations (3) and (4) respectively the following change of 


variable, a\%s Fe 
c= (3) (s-84 87), ©) 

a\"b x 
= (4) (4-"-142), (6 

these equations become 

d* , 
an ns = 0. (4) 
d? , 
oan Cys = 0, (3 ) 


The general solution of equations of the form (3’) or (4’) is a linear 
combination of two Airy functions v and u. 

Assuming that the particle falls onto the barrier from the left (that is, 
there is only an outgoing wave for x >a) and taking the coefficient of 
the incoming wave equal to unity, we have thus the following wave 
function: 

yp = eet 4 Aether (x < —a), 
pb = Bu(<)+Cv(t) (—a<x<0), 
~ = Du(n)+ Eo(n) (0<x<a), 


f= etka (x >a). 


(7) 


Connecting (x) and d}/dx at the points x = —a, x = 0, and x = a, 
we get the following six equations for the six unknown constants 
A,B,C, D,E,F: 

e~toa 4 A etka — Bul —X)+Cv(—d), 
i f(A) (e704 — A ett) = Bu'(—A)+ Cv'(—A), 
Bu(p) + Co(u) = Du(u) + Ev(u), 


, , , 8 
Bu'(u) + Co'(u) = — Du'(u)— Eo'(u), (8) 
Du( — A) + Ev(— A) = Fea, 
Du'(— 2) + Ev'(— 2) = —1 (A) Fe, 
We have used here the notationt 
2 
A= k2atuot = (x, a)t (*) ‘ (9) 
Ko 
BiH 2— Re Ro 
pad wsMh—A8) = (soa)? (1-2). (10) 


+ One should not confuse the mass » and the dimensionless quantity » defined by (10), 
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Since the velocity outside the barrier is the same to the left and to 
the right, the required transmission coefficient y which is defined as the 
ratio of the current densities for x>a@ and «< —a is clearly equal to 
|F|?. Solving equation (8) and assuming the Airy functions u and v to 
be normalised to satisfy 


u’(t) v(t) — u(t) v(t) = 1, 


we find 
=|Fl? = a he Sg os 
an ~ [o(e) u'(— A) — a(n) o'(— AD]? + Alo(H) u( — A) — un) o( — A)? 
1 
*[o'(u)u'(— A) — w(u) o(— ANF Afo'(u) u(— A) —u'(n) (DP 


(11) 

Equations (11), (9), (10), and (1) together solve our problem. The 
functions u(t) and v(t) which are real for real values of ¢ and their 
derivatives u’(t) and v’(t) have been tabulated. 

We shall now find the limiting expressions for the penetrability of 
the barrier in the semi-classical case. 

It is well known that one may consider the motion to be semi- 
classical provided the particle wavelength 


fe eee Leen 
V{2n[E— V(x)]} 
changes little over a distance Ax~ A. 
In the regions x < —aand x >a the motion is free and thus also semi- 
classical (A = 1/ky = const, so that dA/dx = 0). In the regions —a<x<0 
and 0<x<a we have respectively from equations (1), (5), and (6): 


a- (2) 1 dX dxdt 1 


Ke) ijl’ dx dldx — 2if?’ 


and 
2 (5) 5 dX _dXdy_ 1 
Ne?) id? dx dn dx 2int 
The condition of semi-classicism |dA/dx|<1 leads thus to the 


requirement 
[f|>1 and Jy[>1. (12) 


We consider a range of energy E< \ (that is, Rj < kg, p> 0). 
We denote the barrier width for an energy E by 2/ and we have 


clearly: 
W-E _ ke _ RS 
Vy, = (1-3), ssa aa (13) 


Ko 


l=a 
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Condition (12) is, of course, violated near the classical turning points 
x = +1 (where [= 0, 7» = 0). One can, however, formulate a condition 
of “integral” semi-classicism (semi-classicism in the important region) 
which ensures a ‘‘semi-classical” penetrability of the barrier. For this 
one must obviously demand that the sections of non-semi-classical 
behaviour Ax (corresponding to the sections AC~1, Ayj~1) are small 
compared to / and (a—1). 

We have 


AG ogo n fa\t 
A = ( >/non-semicl ( ) ; 
( X)non-semiel | df /dx| Ke 


From equations (13), (9), and (10) it follows that the condition 
(Ax)non-semic: </ leads to the requirement that 4 >1 and the condition 
(Ax)non-semiel <(@— l) to A> 1. 

We note that to satisfy the inequality A> 1 it is in any case necessary 
that k, a=a/A,>1, which can be seen from the definition (9) of A if we 
write it in the form A = (kya)! (Ro/K)?. We can convince ourselves in 
exactly the same way that for E> V, (that is, Rg > «9, u <0) the condition 
for semi-classicism is the inequality |4|>1, and if that condition is 
fulfilled we have automatically A>1. It can be seen from equation (10) 
that the inequality | u|>1 for ky 2 x) requires in any case that the above- 
mentioned “‘trivial’’ condition for semi-classicism k,a=a/A)>1 is 
satisfied. 

Thus, both for E>V, and for E< VY, the semi-classical transmission 
coefficient y can be obtained from equation (11) for | |>1,A>1, that is, 
by using asymptotic expansions for u(t) and v(t). 

These asymptotic expansions have the following form (we take 
everywhere only the leading terms; f>0 and t>1, x= &t): 


u(t) tt e®, u'(t) att er; 3 
u(t) ~4ht-te, Laren (14) 
u(—1)xt-400s (+7), 
u’(—t)xttsin x+=); 
(+9) i 


v(—?t) xt sin (»+3) ‘ 


v'(—t)x —t*tcos («+9). 
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We evaluate the semi-classical barrier penetrability for two cases: 
I E<V, p>, A>I1. 
Il. E>, pwl>1 (and thus A>1). 


In case I replacing u(),... by equation (14) and u(—A)... b 
equation (15) and dropping in the sums the exponentially small terms 
~ e-* (note that taking these terms into account has in general no sense 
since we have neglected even exponentially large terms ~(1/x)e* with 
respect to terms ~ e*) we find easily 

8a l(2 
yvexp(—S$ut)= exp [-FO (EH. (16) 

As should be true in the semi-classical case y <1 (and y>0 as 4-0). 

Exactly the same result as equation (16) can, finally, be obtained also 
by using the well-known semi-classical formula 


y = exp (- 2f Ge [V (x) - E}}de). 


In case II replacing u(y) = u(—|p|),... and u(—A),... by equation 
(15) we get in our present approximation the obvious result y~1. 

We note in conclusion two rather trivial limiting cases. 

If for fixed a and E, V0, we find A-> 00, p->— 00, so that according 


to case II y->1. 
If for fixed a and VY, E>0, we find A->0 so that always 


p—>(k,a)ty>0 
[see equation (11)] as in the case of a barrier of any other shape. 

8*. For the case E < Vy the wave function can be obtained from the 
expressions for the wave functions of problem 14 of section 1 by 
changing the sign of E and . 

The general form of the wave function corresponding to an energy 


E 1s 


x\—24 tha tka : x 
f= e,(cosh 5} F(- a4, Anas ~ sinh*) 
x\—-22 | | x ika ika 
+¢,(cosh’) sinh F(-A+"y +h +4 4,3; sinh? =), (1) 


where 
d= |VU—-8uKa2/h2)—1], k= \(2nE)/A. 


The coefficients c, and c, are determined from the condition that as 
x —> +00 the wave function has the asymptotic form 


yw etke, 
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To find the asymptotic form of expression (1) we use the relation 


Flo B.vs 2) = pyre (Ay TF (wat 1— rat 1-855) 
PYT-B)_ 2 -er(ppsi—y,841—-as! 
+ F(a) Ty =f) z) F(p,6+1 y,B+1 3): 
We find thus: 
Wp ao ~ (— 1)” [(cy Ay — 9 Ay) (— 4)-* eth 


+ (¢, By — ¢z By) (— 3)" e-™), (2) 
hx + 4.00 © [(€, Ay + Cy Ag) (5) e+ (cy) By + cy By) ($)** 7], (3) 
where for the sake of simplicity we have introduced the notation 


(4) (ska) 


a I'(—A—ika/2) P(A + $—tha/2)’ 
A= — —_F@)T(- tha) 
2 P(=At $= tha/2) P(A+1—tka/2)’ 
B=, 2) PGha)_ 
1 T(=A+ tha]2) P(A+ $+ tha/2)’ 
B, T'(3) ka) 


~ (A+ d+ tka/2) P(A + 1 + tka/2)° 

The difference in sign of the coefficient c, in equations (2) and (3) is 
explained by the fact that sinh(x/a) is an odd function and the second 
term of expression (1) changes sign when we change from positive to 
negative values of x. 


The requirement that at +00 there is only an outgoing wave leads 
to the following relation between c, and ¢,: 


€¢,A,+¢,A, = 0. 
The transmission coefficient will then be of the form: 
De |c, By +c, BoP 
|c, A,—¢, A, |?” 


Substituting in this expression the values of the coefficients A,, A,, B,, 
and B, and performing a simple transformation we find finally: 
sinh? zka 8 VY, a? 


Os anh’ hae aii aeaiayny aE 
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and 
sinh? ka f 8uV, a 
™ sinh? ka + cosh? (37 J[(8uKa2)/h2—1]P OR 
9. If we denote the mass and the energy of the particle by uw and 
E (E<V) we have for the transmission (penetrability) coefficient in the 
semi-classical approximation the following well-known expression: 


Deexp ( — 2" e ‘[V(x)- E}} dx), (1) 


where x, and x, are the coordinates of the classical turning points, which 
are determined from the equation V(x,,) = 


m= -»-/(1-J). (2) 


Substituting the potential V(x) and equation (2) into equation (1), 
changing our variables in the integral by putting x/x, = t, and using the 
fact that 


Soli, 


[a —P)dt =! 


ooea[-o ff)" 


The criterion for the applicability of this formula is that the exponent 


is a large quantity, 
2u\ a(V—E) 
nl GE) ar ae (4) 


One can easily verify that if for the barrier under consideration 
condition (4) is satisfied we can at the same time validly put the factor 
which multiplies the exponential of expression (1) equal to unity. 

Indeed, this factor is equal to unity in the case where the field V(x) 
satisfies the condition of semi-classicism over all sections of the barrier, 
except those in the immediate neighbourhood of the turning points. 
This condition is of the form 


we find finally 


as|=|as eE—Vo) 


where A is the de Broglie wavelength. 


<1, (5) 
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Inequality (5) can be transformed to 


. t = i (V, ) t 
with f = Xx) x9. 


From equation (4) it follows directly that the condition for semi- 
classicism (5) or (5) is violated only near f = +1 (that is, x = +%,), 
while the width of the region of non-semi-classicism is of the order of 
magnitude 


afi 
u(y — EB) Ve °) 
For the required “‘integral’’ semi-classicism of the field (x) we 
must clearly have: 


| Ax] =|x— x, 9] ~ 


|Ax| <a. (7) 


Using equations (6) and (4) we can easily check that condition (7) is 
satisfied, and thus that the factor in front of the exponential in equations 
(1) and (3) is equal to unity. 

10. The potential energy of the electron is of the form depicted in 
fig. 14. The transmission coefficient is 


D xexp |—F [“V2H|E|-Fs)] dx| 


where the points x =0, x =x) =|E|/F limit the region which the 
particle according to classical mechanics cannot reach. Evaluating the 
integral in the exponent, we find 


4 y(2u) 
D ~exp }-5 een]. (1) 

To ascertain the limits of the applicability of this result, we note 
that semi-classical considerations cannot be used near the classical 
turning points x) over a region x—x)<(h?/2uF)'. Equation (1) is 
applied when that region is less than the width of the barrier, x, = | E|/F, 


h? \t | E| (2) ) 
(5) <P or ar |Fl > 1. 


This requirement is thus equivalent to the requirement that the 
transmission coefficient is small, D<1. 

The transmission coefficient D decreases steeply with increasing | F 
and increases with increasing F (see table 1). 
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TABLE 1 
Transmission coefficient 


F 108 5 x 108 | 107 2x 10? 3 x10’ § x 107 108 V/cm 
Without the electrical image force 
&= —-—2V |10-8 | 1-3 10-!7 | 3-5x 10-9 6x10-§ | 15x 10-9 0-02 0-14 
F= -—3V |10 4) 1:3«10 9 | 3:55x103% | 19x 10-8 7x108 8x 10-4 0-029 
f= —5 V | 10-33 4 ~ 10-§ 6 x 10-34 | 2:5 x 107!" 10:1! 25x 10-7 5%10 4 
With the electrical image force 

k= —-2V /]10°% 8 «1045 | 13x 10-6 0-013 1t 1t 1t 
E= —3V |] 10-15 5 x 10-8 7~ 10°14 | 2-3 «10-5 7x10°4 0-07 1t 
E= -—-5V 1/108 8 » 10° 10-3) 2x 10°15 6~10°7° 10-5 0-01 


+ When the transmission coefficient is equal to unity, the electron can leave the metal even 
according to classical mechanics. 


11*. The total potential energy is equal to: 
2 


é 
V = —Fx-7. 


One must note that this expression is incorrect for small values of x 
(of the order of magnitude of atomic distances). However, to evaluate 
the transmission coefficient, the exact shape of the potential in that 
region is inessential. 

The transmission coefficient is 


Deexp|-5 | V[2H(|E|-Fx—e/4) as] = exp (-; b dx). 


The turning points x, and x, follow from the condition that the classical 
particle momentum must vanish at x, and x, 


P = V[2u(| E|— Fx—e?/4x)] = 0, 


the integral 
[Fede = Qu) [M(B] —Fe—et/4x) ds 


is a complete elliptic integral. T aking as the independent variable 
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F\E|)x = & this integral is reduced to a function of one parameter: 
- 212, El 
“pds = (2H) Gr 0) 
_ (Ff) 
IE 


A aa 


and the limits of integration £, and &, are the roots of the expression 
under the square root sign. Introducing the notation 


Here 


Ry tat #12 EL ’ 


we get D = exp[—fy9(y)]. 

We note that the transmission coefficient becomes D = exp(—Ap) if 
we neglect the electrical image force (y = 0; see problem 10). The 
values of 9(y) are given in table 2. The influence of the electrical image 
force on the coefficient of transmission through a barrier can be seen 
from table 1. 

TABLE 2 


yy) | 1-000 | 0-951 | 0-904 | 0-849 | 0-781 | 0-696 | 0-603 | 0-494 | 0-345 | 0-000 


12*. For the wave function in the region x < —b we have 


b= Tae? (- an ‘|pl4s) 


(the solution must tend to zcro at infinity). In the region —b<x<—a 
we have 


1 im 2 
v= ipo? (- 7 4 +f bax) + pera an Pas) 
c in 2 (74 ae 
= pr (Ty | eae g | pe) 


c im 2 (72 1 f-4 
«oni [oad fv) 
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In the region —a<x< +a we have 
J i 1 ft 
b= ape ate | Pe) [bese (—F-5 [ole 
+exp (+ + * Iplas)| 
1 ft 
taper (Fa | eae) [bexe (F-5 J Jol) 
+exp(-T+5 |” Ipldx)| 
= ain (5 [ pas) exp(—z [“lplar+g [“laide) 
-a 1 fte 1 fte 
appre a Jed) oe lg [lelee-alel4s) 


For +a<x< +5 we find similarly 
-—a 1 fte 
b= Fsin(5 ie pas) exp(—; | Ip| dx) 
« [beso (-F-§ | pas) tdemn (Trg | 2)| 
2 A a 1 
+Feos (= { pdx)exp(; { "\plas) 
x |exp(-F+3 [ pax) rexp(F—5 “pds)| 
ee: . [1 ds] ~; {_leld-¥) 
= 5 [sin (5 |<. x exp ( p 
+2c08(5 | “pax) exp (5 ie \p| dx+- 7) 
x exp (-; i dx+5 [ ax) 
yp [bing [ pe) (-9 | clelee+ 5) 
+2cos (; [ as) exp (; [lela -*)| 
i ote i ote 
xexp(; | pd -# |, pdx). 
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Finally, extending this solution to the region x > +5 we have: 
+= sel, oeon( rool [ie 

+2cos (; [. pdx) sin (; i pas) exp (; [-"lelas)| 
x zai ld. 

exp (5 | lela 

+75) |~sin (. i pas) exp (— : i |. lela) 
Te a 
+ 40s" (| i pdx) exp (; i lela) | 
1 fz 

x EXp (; if |p| ax). 


In order that this solution tends to zero as x ++00 it is necessary that 
the coefficient 
1 fz 
exp (; [, |p| ax) 
tends to zero, that is, 
Scat bare 1 ¢te 
— sin? (; [? as) exp (-; [el ax] 
+403" (7 [ pas) exp (; { ‘\plas] = 0, 
cot (5 [ pax) = 43 exp (—; “iplas). 


Assuming the transparency of the barrier to be small, we get the 
following condition to determine the energy levels: 


or 


1 de = 7 rel 1 fte d 
i "? x= a(n+h)+ bexp(—5 | Jel x). 


We shall denote by E‘°) the energy levels of a separate potential well 


; { vl2u(Ee—V)} dx = n(n 9) 
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The energy levels in a double well, E,, = E+AE,, are found from the 
quantisation rule found a moment ago by expanding J[2u(E, —V)] in 
terms of AE, and breaking off at the term linear in AE,: 


En |, ance vy)~ * bP (-a | lela 


Rw 1 fte 
AE, = +5 exp (-; | “iplas), 
where w is the angular frequency of the classical motion in a separate 
well: 


or 


2m 5, fh dy 
w a P ; 
The splitting of the level Z, is equal to 2|AE,|. 


7 1 fte 
13. r= Texp (5 | lela): 


14*. We write the wave function in the region of the mth potential 
barrier b, <x <a,,, in the form 


Cc. 1 z 
b= ppyexr (5 f,lolas) + asjene (5 fol) 
C, ] feast On+1 
ore “a, eral eles 
Qn+1 
+optiewp (j is \pldx— plas) 


if we extend this function into the region of the (z+1)th potential 
barrier 5, ,,<x<d,,., we get 


vm gaye (af, lel) [arene (a [Vel] coe [24 
. {1 fens 
mPa |. lle) ity 2) 
exp \p| x) sin i a: Xx 
pine Gf |p| az) |-¢. ex (- if, elas) sin (5 = dx) 
Mel? i Joi . Bic 


+2D,, exp (; cs \p| ax) Cos (; [" dx)| : 
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We introduce the following notation: 


1 f% 1 [4% 1 fen 
j J, lelde= 5 [ple =.= 5 | Iplae = 


1 1 f% 1 fox 

al =e ae aa see =o. 
The earlier expression for ys in the region of the (2+ 1)th barrier is then 
transformed to the form 


b= aes -_lelas) B exp(—7)coso+ D, exp (r)sin | 


+I ee (; {le | dx) [—C,, exp (—7)sino+2D,, exp (r) coso] 


— Cay (-5{- dx) + Dar (; i dx) 
Sel k Bic) aye 


Cii1 = $C,,e-7 cosao+ D, e sino, 


Dns = —C,e7 sing + 2D, e7 cosa. 


The connection between the coefficients C,,, and D,,, and C, and D,, 
can conveniently be written in matrix form: 


eae _ (se-7coso e’sing (7) _A ed (1) 
Day)  \—e-Tsino 2e*cosc/\D,) ~ \D,)° 

Applying relation (1) N times in succession we get a connection between 
Cy, Dy and Co, Do; 


i _ ze" cosa e‘sina \" (CG, _ AN Cy . 

Dy —eTsina 2e7’cosa}/ \Do Do 

The wave function of a stationary state must decrease for both x<a, 
and x>by so that we must require that C) = Dy = 0. It is easily seen 
that this entails that the matrix element (A%),. is equal to zero. The 


condition (A%),. = 0 determines the energy spectrum of our problem. 
To evaluate this matrix element we consider the matrix 


S=et= 14144 ay ees * D4. + AN + 


2! 3! 
It can easily be shown directly that the matrix S satisfies the equation 
dS 
—=- = AS (2) 
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with the initial condition 


S(0) = 1. 


We write equation (2) in more detail 


alse Sie =(; A & 2) 
dt\S,, Sz, y 8) \S, Sop, 


or 
dS dS. 
a = aS,,+B8So1, a7 = aS1+ BSo9, 
dS. dS. 
7a = y81,+ 5S), ae = ySy_+ bS4p. 


Since the condition which determines the energy spectrum can be 
written in the form 


avs 
A®)o9 = ( #) =0 


it is sufficient to consider the second pair of equations. 
If we put S,, = fe", So. = ge, we get 


fA= of +g, 
BA = yf + dg. 
The value of A is determined from the equation 
a-A  B | _ 2 rale- = 
: 5_) =0, A?—A(2e7+4e-7)cosa+1 = 0, 


which gives two roots A, and A. Since A, A, = 1 we can write A,. in the 
form 
di2 = ett, 
where 
cos u = (e’+4}e) cosa. 
If 4, #A,, the solution which satisfies the initial conditions S,,(0) = 0, 
S,.(0) = 1 has the form: 


Sie = Ble! — eM) /(A, — 3), 
S.. = (A, — x) e4# — (A. — a) e*# 
ae oe an 


The condition which determines the energy spectrum of our problem 
can now be written as follows: 


dN Soo 
(4% en = (“Ge = yey) NY p— a) MF = 0. 
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We can substitute in this expression the values: 
Are = extu 


and neglect e~7 in the equation which determines cos u (this is equivalent 
to assuming that the penctrability is small): 


COS u~e™ COSa. 


Under this assumption the condition determining the energy levels 
becomes very simply: 


SUG ae, 
sinu eis 


This equation has the following roots: 


_ oan 
e= ET 
with u = 0,7, 27 forbidden. 
Thus, cosu has N different values, 


nt 
= —_——- DW T = woe . 
COS u 608 7 e’cosa (n= 1,2,...,N) 
More explicitly, 


le Nee eer cs ea 
cos {5 ae x) = exp|—; : p|dx COS 7 e123 JV): 


Since 4 pi 
exp (—j |, Plax) 


is a small quantity, this last equation can be rewritten in the form: 


7M 


1a ; 1 fa 
j |, Pav = alm 2) +exp (— [“lalae) COS Sy 
(m=0,1,2,...) (2 =1,2,...,N). (3) 


This is the condition which determines the energy levels in the field V(x). 
It is very similar to the quantisation condition for the field of a separate 
well. By considering equation (3) we can conclude that the energy 
spectrum in the field V(x) is, roughly speaking, the energy spectrum of 
a separate well, with all its levels split into N sublevels. Let us determine 
the value of the shift, AF 


my? 


1% (0) wp dx 
i [veues > V)) dx + h I. W(2u(EO = V)] AE.,, 


TH 


1 (% 
= m(m+4)+exp (-;[, [plas] C08 FF (n= 1, Zhe dV)S 
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if we Now introduce the notation 


uv pf Sy by ax 
a, P a V2 EO —V)) 


w 


we find ‘ 
Yas) a2 ni 
AE = — exp (-5 | iets) COS AG (n = 1,2,...,N). 


The distance between the highest and lowest sublevel is equal to: 


2hw 1 7 
— exp (-; |\elas) COs FST: 


15*.In the region x <—b we have under the circumstances of our 
problem only a wave which goes to — oo, or 


y= ~ ex (; iz ax) 

poe 
If we extend this solution into the region x >b, we get the following 
expression for the wave function: 


+ jr) [tn (-F oe) ["p 
2c ei) oo( fr] 
joe (-a fe 
volo) 
sano te) (674). 


The quasi-stationary level is determined by the condition that there is 
no wave coming from +00. 
If we put the second term in the last expression equal to zero, we get 


cet (; [“eae) = i| pexp (~; [ lalax) +2exp (; [lelax)|. 


Considering 
2. f° 
exp (-; [ lelax) 
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to be a small quantity, we find that 


an Pads = a(n+})- exp (- ; [ lelas). 


from which follows the condition to determine the quasi-stationary 
levels E{ and their width I, 


Ree V)]dx=(8+2)0 (n= 0,1,2,...), 
Nan (-2 flv) = 


atelier" 


We find the following value for the transmission coefficient: 


D(E) = 4 exp (; [ie | dx) cos? ( [ dx) + sin? (; iz dx)| Pe 


For values of E coinciding with one of the quasi-levels we have 


D(E£%) = 1. For |AE|<|£®| we have 


where 


2 


Tr 


The behaviour of D(E£) near a quasi-level is depicted in fig. 30. 


Fig. 30. 


16. G) We consider a one-dimensional barrier of arbitrary shape (see 
fig. 31). Let a particle of energy E+ Vo (VY is the barrier height) fall onto 
the barrier from the left. For x +00 we have only an outgoing wave 


w= Act [hy = 5 \2mE—-K]}, (1) 
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and for x->— oo a superposition of an incoming and a reflected wave 


= eters Betts |i = F\(2uE)). @) 


Fig. 31. 


To prove the required relation we use the law of conservation of 
number of particles (equation of continuity): 


a|YP div = 0, (3) 
where 
j= -7 0" Vp —¥Vy*) (4) 


is the probability current density. 

In the stationary problem under consideration we have 0|y|?/dt = 0, 
so that also div j= 0. This equation is for our one-dimensional motion 
of the form 

Ya _ or j=j, = const (5) 
dx sf ; 

The law of conservation of number of particles means thus that the 
current density j=/, is the same for all x. 

We evaluate 7 for x = +00 and x =—oo. Using equations (1), (2), 
and (4) we find easily: 


hk,| A|? 
pe 
If we equate these two quantities, by using equation (5) we have: 


3(+00) = 


| TR i cia 
Fe is area oad 


2) A+ [BP = 1. (6) 
1 


The first term of equation (6) is nothing but the ratio of the current 
density 7 in the outgoing and incoming waves, that is, by definition the 
transmission coefficient D. The second term is equal to the ratio of 
the values of 7 for the reflected and the incoming wave, that is, it is the 
reflection coefficient R. This concludes our proof. 
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17. The proof of the integral equation follows by using the fact that 
2 


axl | = 28(x). 


The reflection coefficient R isto lowest order in V given by the expression 
2 


yu? . 
R= yi | Viy)e™ dy 


Commutation relations; Heisenberg relations; spreading 
of wave packets; operators 


1. ABC-—BCA = ABC—BAC+ BAC- BCA, 
or (4, BC]. = (4, B]_C+ B84, CL. 


We emphasise the similarity of the equation obtained to the formula 
for the differentiation of a product of two functions, which also retains 
the order in which the operators which form the original product 
[B and C] occur in the different terms. 


2. by 4, DB )_=(z A) (ZB) —- B,)(x Ai) 


2LA,B,—> =B, A; a a lA By) 
4, 
as had to be proved. 
3. By induction one can prove that, forn > 1, 


[B, 2"). = nih"), [%, p")_ = nihp"’. 


The given relations then follow by expanding f(x) and g(p) in Taylor 
series. 
4. Let us consider the operator 


d(s) = exp(sL) dexp(—sL), 
where s is an auxiliary parameter, and let us find the differential equation 
which is satisfied by d(s): 
da(s) i P P 
Fa Lexp(sL) dexp(—sL)—exp(sL) dexp(—sL)L = [L£, a(s)]_. 


We shall differentiate this equation once more, 


7 - E a = [L, [£, a(s)]_]. 


One sees easily that the derivative d” d(s)/ds” is equal to m successive 
commutators of the operator £ with the operator d(s). 
If we now write the operator 


exp(L) dexp(—L) = a(1) 
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as a Taylor series, 
a) 1 d?a(0) 


) Oe | ries 


and express the derivatives with respect to s at s = 0 in terms of succes- 
sive commutators of the operator L with 4(0) = d, we get the relation 
which had to be proved. 

5. Let ¢(A)=exp(AA)exp(AB). We then have 


a(1) = a(0)+ 


4) = Aexp (AA) exp (AB) + exp (AA) B exp (AB) 
= (4+ B) GA) + [exp (AA), B]_ exp (AB). (1) 
For [exp (AA), B]_ we find 


Sa aon KA’ = \Kexp(AA), 
(2) 


where we have used the fact that [A, B]_ is a c-number and thus com- 


mutes with A. 
Combining (1) and (2) we have 


fexp(r4), BL. = | S14 BL = ¥ 


oe) = (4+ B+AK) ¢(A) 


with the general solution 
¢(A) = exp [A(4+ B) +442 KIC, 

where C is a constant, arbitrary operator. By letting A->0, we find that 
C is the unit operator, which concludes the proof. 

6. The proof follows, as both the left-hand and the right-hand sides of 
the equation satisfy the same differential equation 
5 rr a oe 
ae he -aB 
Fa = B+ 14, Ble, 
and both sides vanish for a = 0. 

7. We consider first of all the case of a discrete set of wave functions 
ys,. The average values of the operators A and B in the state characterised 
by the function wp (% = Za;,) are equal to 


i a 
A= 2a; Aix, Ay, 


B = > a; By, ay. 


t,k 
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We consider the non-negative quantity 
H(A) = E [Eder Abia’ [Eat ABa)al a 


where A is a real parameter. 
Collecting terms of the same power in A and using the fact that A 
and B are Hermitean (A, = Aj, Bu, = By), we find 


J(A) = X Lai, Ani Anat tray A,; By — By, Ay) a 
+ ax By; Bya] = A?-AC +B 
Here C is the Hermitean operator 


C =} (AB- BA). 


The quadratic form J(A) is non- negative and thus 442 B2> (C)2. If we 
note that the operators AA = A— A and AB = B-B 
commutation relations as A and B, 


AAAB-ABAA = iC, 


satisfy the same 


we get 


(CARER > Cl. 


The proof of this relation for a continuum set can proceed along similar 
lines. The expression 


J(A) = [c4+as) ys]* [(4+i.B) yp] dr 
with real \ is non-negative and can be transformed as follows: 
J(X) = |{(Ay)* — iN Bp") [Ay + iABY) dr 
a fi [u* A244 iy*(4B— BA) p+ 2Y* BP yi] dr, 
where we use the fact that, as the operator A is Hermitean, 
[4m dr = v Ag dr. 


The rest of the proof proceeds as before. 


8. (Ag)? (AF)? Pe ae ci 


4 | op 
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9. The energy of the oscillator in a stationary state is 


2 pee 
E= fue) «(FE at) (x) dx = f rae 
since a 
PP = (BBY + (3)? = (ODP + (BY 
# = (AZ) + (5), 
and 
p=0, #=0 
we have Et ARG 
p OOF , HO 
From the Heisenberg relation (Af)? . (A#)? > A?/4 it follows that 
i? k(A&)? 


E>—_~ 
8(hae 2 
The expression on the right is minimum for 


h / 4 


h [(k\ fw 
Enin~3,J/ (2) = 3”? 


where w = J(k/j) is the oscillator frequency. 

10. In the case under consideration we can neglect the screening of 
the field of the nucleus by the other electrons. 

The energy of a A-clectron is 


so that 


Since p ~H/r, where r is of the dimensions of the region of the localisation, 
we have 
hn? Ze? 

mat ee (1) 
This expression is minimum for r = h?/Ze? uw = a/Z (a = 0-529.10-8 cm 
is the radius of the first Bohr orbit). 

We have thus for the energy 
Z? pe 


PD Pr ee =>—_— 2 ° 
E~ —", By =—2Z4.13-5 eV. 
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If we take into account the relativistic correction due to the change in 
mass, expression (1) will be of the form 
E> (nies ep) pyets (Wt SE) — Spek 
We find thus for the energy 
E>p.ce((l1-a?Z*)!-1] where «= e*/he. 
11. Let the regions of localisation of the first and second electron be 


of the dimensions 7, and 7. Using the Ileisenberg relations we have 
then for the momenta of the electrons 


so that the kinetic energy is of the order of magnitude 


gs 
2 (3 7) 
The potential energy of the interaction of the electrons with a nucleus 
of charge Z is given by 
-ze(* +2) 


ry 1. 


and the mutual interaction energy of the electrons is equal to e?/(7;+1.). 
To find the energy of the ground state, we look for the minimum of the 


total energy, 


A2 (1 1 1 1 e 
Pees! Bete eee peas ef 4 br ats 
E(ry 2) aa seta ie (+5) ter 


1 


The minimum is realised for the values 


Az 1 


TT, = 7,5 = —: =... 
1 2 pe? Z—4 


The ground state energy of an ion with two electrons and nuclear charge 
Z is thus equal to 


4 
E~ ~(Z—-3) Sy = -UZ-3) Ry, 
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A comparison with experimental data shows excellent agreement in view 
of the extreme simplicity of the calculation: 


12. It is not possible. 

13. The error in the reasoning given lies in the identification (as to 
order of magnitude) of the precision Ax with which the particle is 
localised in space with the dimensions of the potential well a. In reality 
the precision of spatial localisation of the particle is determined by the 
“width” of the coordinate probability distribution |(x)|?; (similarly 
the indeterminacy of the momentum is given by the width of the 
momentum probability distribution |G(p)|?). From a consideration of 


the normalisation integral ||y%|?dx it follows that the probability to 


find the particle inside or outside the well is respectively «a and (1—«a), 
where xa = pa*? Vi /[h? <1. 

Using a rough classical analogy one can say that the particle spends 
by far more of its time outside the well than inside it. This is a typical 
quantum effect since the region outside the well is classically inaccessible. 
We can use the deuteron as a three-dimensional example; its radius is 
appreciably larger than the range of the neutron—proton interaction, so 
that the particle spends a considerable part of its time outside the 
potential well. 

The effective width of the coordinate distribution is of the order of 
magnitude (compare problem 7 of section 1) 


1 
(AX)oq~ 5 > 4. (1) 


On the other hand, one can show that the effective width of the 
momentum distribution is equal to (compare problem 3 of section 1) 


(AP ors wh. (2) 

Multiplying equations (1) and (2) we get, as should be the case, the 
Heisenberg relation, 

(AP )o (AX) og ~h. (3) 


Let us now evaluate more precisely the coefficient of i, in equation (3), 
by evaluating the product of the average square fluctuations in momen- 
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tum and coordinate: 
Ap=[(p—p)?] and Ax=/[(x—*x)?]. (4) 

We have, of course, 
(p—p)® = p*—(p)’, (5°) 
(x — x)? = x? —(%)?. (5") 


From the known wave function it follows that 


ee [° store =0 


; (6) 
B-{ pl(e)ltap = 0. 

If we assume a? <h?/uV, one can easily show that 
= oo ] 
ee | Racor (7) 


The quantity 
p= |" pIO(eyl dp 


can also be readily evaluated in the cordinate representation, that is, by 
using the equation 


p= [” way peme)dx = [" oy (FZ) ved = 18 ("yay hae 
is [790 


Integration by parts simplifies this equation to 


pie he i) is 


and by substituting the wave function we find, to the same approxi- 
mation, 


Pre? 2, (8) 


We note that this value of p? does not at all correspond to the kinetic 
energy in the classically accessible region (that is, inside the well), 


Y-|E| 2%, 


but to the much smaller value |£|. This result could have been expected 
qualitatively since the particle spends most of its time in an inaccessible 
region (where its ‘‘kinetic energy’’ is negative), which leads to a large 
negative contribution to the average kinetic energy (E—V) = (1/2) p?. 
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From equations (4) and (8) it follows that 


1 
Ap=fhx, Ax =—2—, 
. *= Tx 


and thus 


hi 
Ap Ax = Ap 

It must be remembered that the least possible value of ApAx is 
equal to 4/2 corresponding to a “Gaussian packet” ys ~ exp (— bx’). 

14. The ratio of the momentum component perpendicular to the 
trajectory to the total momentum is in this case very small: Ap/p~ 6.107. 
Under such conditions the concept of a trajectory is completely reason- 
able and one should not expect any deviations from the laws of classical 
mechanics. 

15. From the Heisenberg relation for the azimuthal angle y, 


Ag. AM 2h, 


with M the angular momentum, we find that » becomes completely 
undetermined (Ay 2 7) if AM/M < 32% (see also next problem). 
16. It seems that we can violate the Heisenberg relation 


AM,.Ag>hi (1) 


as follows. We can choose an eigenstate with a well-defined value of 
M, so that AM, = 0. As Ag <7z from physical considerations, it looks as 
if (1) is violated. 

There are two ways out. First of all, we can argue (see problem 15 
of section 3) that Ag >a means that 9 is completely undetermined and 
thus essential Ag > corresponds to Ag = 00. This is a physical argu- 
ment, but it does not completely remove the difficulty. This difficulty 
is removed when we bear in mind that (1) is derived by assuming that 
M, and ¢ are Hermitean operators (see problem 1 of section 3). How- 
ever, M, is not a Hermitean operator, since the relation 


us 


2 2 Qn < 

He) Mae) de = ["e(e) MES(@) de 

only holds for f(g) and g(v) which are periodic functions of g, but not 
for all functions f(g) and g(¢). For a more detailed discussion of this 


problem we refer to short notes by Judge and by Judge and Lewis 
(Physics Letters 5, 189 and 190, 1963). 
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17. The wave function W(x, f) of a free particle depends on W(x, 0) 


as follows: 
a ; 1 = Pp ‘) d 


a(p) = tp U(x, ay x) de 


: ay, { ola) exp (? 7) dx 


The function a(p) differs appreciably from zero only for those values of 
p which satisfy the condition 


\Po—P Sl. (A) 


where 


If x varies within the interval 
—d<x< +4, 


the oscillating factor exp [?(p)—p)x/h] changes little provided condition 
(A) is satisfied, and y(x, ¢) can thus approximately be written in the form 


day [aor (oF) 


2 


, 2 
clio) 


(x, t) ~ (27h)# eT ap + Po) 


<oo{ silo) Lal 


From the last equation it follows that the wave function (x, t) will be 
appreciably different from zero only when the oscillating factor 


voile) 4 


varies little when p varies within the interval —f/8<p<+h/5. The 
dimensions of the wave packet at time ¢ are thus of the order of 
magnitude: 


or 


jit 
26 

18. To solve this problem, it is necessary to determine the wave 
function (x, 7), which satisfies the Schrédinger equation 


wy OY 
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and which at ¢ = 0 has the given value (x,0). If H does not contain 
the time explicitly, equation (1) has the solutions 


Wolx, 2) = Yn(x)exp 77% (2) 
where y,,(x) is the time-independent eigenfunction of the operator 


Ayp,,(x) = En Yn(x)- 


If we find the coefficients of the expansion of (x, 0) in terms of the set 
of functions y,,(x), 


W0) = Sandals), aa = [a (9) W(x, 0) a, 


the function &, a, 4,,(x) exp [—7(E,/h) t] will satisfy equation (1) and is 
at ¢ = 0 equal to ¢(x, 0). 
We have thus 
E, 
h(x, t)= 7 2 Oy Hn(*) EXP ts t 
or 
He,t) = [O(E, x) 4, 0) a8, (3) 


where 
Gi(és8) = D5 (Opal) exp (—i 524). 


To solve our problem, it is thus necessary to evaluate the so-called Green 
function G,(&, x) and to use equation (3). 
(a) In the case of a free sani the eigenfunctions are 


b(t) = pu exp 29), 5, =-P 


and the corresponding Green function 


ciee) = [ffeaanse let] 


t ; 
ss de A dy Soe 
7 (>a) ae E =P) |. 
Since the initial function was 


w(r, 0) = e . exp Aeon) _ Fl. 


we have: 


wein= [[llataa) cam exp [gant PTE (re P| ae, 
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whence we find: 


exp] HE (1 itt) _sP8t en 
25-(14 75) pe?) Qh h 
pe? 38 
For the probability density we find: 
( Po ‘) 
1 saeTe 

P(r, ort) = —— sn xP | - a 

§7( 1 une 2 n't 


From this expression it is clear that the centre of gravity of the wave 
packet moves with a velocity p/1. The dimensions of the packet 6, 
which originally were of the order of 6 increase with time according to 


the formula 
hi? £2 
a 3 /(1 ss ae) 


but the distribution in r remains Gaussian as before. Let us estimate 
the time ¢ during which the dimensions of the wave packet change in 
magnitude by an amount of the order of magnitude of its original 
dimensions, 

8? 


TH~->. 


i 


For t>7 the linear dimensions of the wave packet increase linearly with 
time 
h 
oF ed po t. 
Let us consider some concrete examples. 

For an electron initially localised within a region 6~ 10-® cm, 7 is of 
the order of 10-1* sec. For a “‘classical”’ particle of » = 1 g, 6 = 10-° cm, 
t+ = 101? sec ~ 3000 million years. 

(b) The wave function for the one-dimensional motion. of a particle 
in a uniform field V = —Fx is of the form (see problem 19 of section 1), 


Pe(x) = Al exp (5-4) du, q= (»+5 a, 


| 
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where 


Let us evaluate the Green function: 


GAE, x) = [ae i ( -iZ) bn() bu(x) 


-a{" dE exp ( —i iz) {. du dvexp| ~i(F~vn) +i(¢—ua) |, 


where 
“(08 


Let us first of all integrate over E: 


00 3 3 
Gé, x) = al [auae exp (-i5 +15 + iofa—iusa) 


«| ab exp| — i> (uF »)| 


+00 
- a{ [audvenp (-15 +i) +ioa—iuxa), 2 a(u +57): 


If we use the properties of the 5-function we can integrate over v; we 
can then put the expression in the exponent in a form convenient for 
the integration over u, 


Gié,x) =F a Fel” “duexp | - Plats a a) ae ey 


12 
:F ah 
erg (x— a). 


We finally get for the Green function: 
s(e eget 
GE) = (o-ina) exp| 12 (a) +55 att x+ +i (x— £) | 
As F->0 this expression goes over into the Green function for free one- 


dimensional motion. Using expression (3) we can determine the change 
with time of a wave function jel att = 0 


(xe, 0) = i jexp (- At 2a *). 
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The result of this evaluation is 


f= Pot a 


tht 
u(x, t) exp} —-———>— (1 = 33) 
het? ht? po? 
}3"(1 +R ] 28*(1 Ee a) 
1 (Pot at 
+ i, (py t Ft) x -; | oe 


In the general case of a threc-dimensional motion in a uniform field with 
an initial wave function 


1 r> i(po-t 
Hr, 0) = se exp| apt (Po |! 
we get 
(+ el | 
1 2 ht 
U(r, t) = exp| — —_ (1 — i) 
pe 


Ae * (py Ft. r)—;, | SPor dt 


From this expression it follows that the probability density distribution 
remains Gaussian and that the centre of mass of the wave packet moves 
according to the law of classical mechanics with a uniform acceleration. 
The change with time in the size of the wave packet is the same as in 
the absence of a field (see above). 

(c) The eigenfunctions of the Schrédinger equation 


are of the following form: 


W,,(x) = ¢, exp (-" +] FH, (xx), 


where 


ll 
, ee. 
iE 
1 
“ae” 
‘S. ae 
A 
ea) 
ll 
} 
=|" 
+ 
by 
3 
I 
1 
Vvv— 
z 
+ 
wl 
ee” 
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The required wave function (x,t) satisfies according to equation (2) 
the relation 


E 
He 1) = Za dq(s) exp (—i5%4), (4) 
where 
= p+ (x—x5)? ipypx oa = 
a, = eye] Halo) exp |-3* aor, Sa a, Se dx. 


In order to evaluate the a, we use an expression for the generating 
function for the Hermite polynomials, 


a jn 
exp(—M+2dq) = Boy Aa(n)- (5) 


One sees easily that a,,/c, ¢ is the coefficient of A"/n! in the expansion in 
powers of A of the expression 


+o dpa weAt = 2 2 
| exp (—¥ + 2ax—- SE Au, Pot OE) ae 


From this it follows that 
‘ib\n 2 2 *. \2 
a, = C,¢\(7) (a5 +22) exp |= P+ ao + Be) | 


After substituting this expression into equation (4) it turns out that one 
can perform the summation over n, using again equation (5). If we use 
the notation 


t ' 
+725 = Qexp(—i8), 
we get: 


(x, t) = cexp - 7 [x — O cos (wt + 8)]? —7xQa sin (wt + 5) 


202 
+e £ ifsin 2(wt-+8)~sin25]]. 
In this case the wave packet does not spread during the motion. The 
centre of gravity moves as before according to the laws of classical 
mechanics, performing a harmonic oscillation with amplitude Q and 
frequency w. From the expression we have obtained for ¢ it follows 
also that the average value of the momentum at time f¢ is equal to 


P(t) = 4Qo* sin (wt + 8), 


that is, to the classical momentum of the particle in the oscillator. 
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The expression 


. 202 
exp{—“St4" 2 7[sin 2(wt + 8) —sin 28}} 


can be written as follows: 


exp | | al]. 


19. The Schrédinger equation for an oscillator with a perturbing 
field is of the form 


ih = esa. 


Introducing a new coordinate x, = x— in we have 


ine = ind Ea tks OVS (n + Oi 


If we put 


b= exp (#8) (mt) 


we get for 9 the equation 


. e h2 o? - 
ine = FFE iuatate + (ub wet Ef) p—Lp, 
1 


where L is the Lagrangian, L = Lyf — lw? £24 f(t)é. In the last 
expression the term (wE+ pw? £—f)x, 9 is equal to zero, if we require ¢ 
as a function of time to satisfy the classical equation of motion of an 
oscillator acted upon by a perturbing force: 


pet pur é = f(t). 
, ort 
If we introduce still another function y by g = yexp (; [z at) , we get 
) 


for the function y an equation which is the same as the equation of 
motion of a free oscillator 


pox — WP Ox , potat 
ot none 2 * 


The wave functions of the oscillator acted upon by a perturbing force 
can thus be put in the form 


u(x, t) = x[x— €(2), t]exp E (x — €) + iE L a . 


170 Answers and solutions 3.20 


20*. We shall write the solution of the Schrodinger equation 


op Wh eee he 2(t) eh 
(a ee (1) 
in the form 
Y(x, t) = foo. t; x’, 7) W(x’, 7) dx’. 
One can easily show that the Green function G(x,t; x’,r) must satisfy 
equation (1) and the initial condition 


lim pCa x’, 7) = &(x—x’). (2) 


b> rt 


We shall try to satisfy these two conditions by putting 
G(x, t; x’,7)~ exp lh [a(t) x? + 2b(t) x+ c(t)]). (3) 


Substituting expression (3) into equation (1) we get the following 
equations to determine a, b, and c: 


lda_ a 


tics es AE ee 
db a 

de _ a b 
dt a py 


The solution of the set of equations (4) is of the form 
t 
yes conEe c= ihinZ—~ [Bde (5) 
faz 
where Z is a solution of the equation 
Z = —u%(t)Z. 


We try to satisfy the initial conditions (2) by suitably choosing the 
integration constants. To do this we use one of the possible expressions 
for the 5-function, 


d(x —x’) = et eel exp Es (x—x)| (6) 


(see problem 18a of section 3). 
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In order that expression (3) for t->7 goes over into expression (6) it 
is necessary and sufficient that 


Z=0,Z=1 for t=z, 


Bed 
b= Zz 
c=thlnZ+ px’? a 


where Y is a solution of the equation Y = — w(t) Y with the boundary 
conditions Y= 1,Y=0 for t = 7. 
We note that since ZY — YZ = —1, we have 


Y dt 


Z Z 
We thus find for the Green function of our problem the following 
expression: 


G(x, t; x’, 7) = (sez) exp ES (Zx® — 2x’ + Ys") : 


For the case where w = constant, we have: 
1. 
Z= — on w(t—7), Y =cosw(t—7), 
and the Green function in that case is equal to: 
er ae | eee oc ene (Poe) ee 2 
CGE ea) z Ee w(t— 5 one aR sin w(t—7) 


x [cos w(t — 7) x2 —2xx’ + cos w(t —7) x} , 


21*. 
1 a*[x%— QOcos(wt + 5)]? 
(x, t) P= —~ TA \ 2 Pe « \ ina 
Te ) a (costwt + znd 2 sin? wt) =A? cos? wt + 2 n 5 Sin? wi 
Ww 
where 


2+ Po O exp(—78). 


In the case where a =,/(uw/h), we get the result of problem 18c of 
section 3. 
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22: 
G(x, t; x',7) = F — -)exp aint [Z(x — £)?— 2(x— £) x + Yx'?] 

oe 2mihZ 2hZ 

H tay(x—eyat (Lat! 
+ &(t) (x a)+z | Lat. 
In this expression é satisfies the equation pé = — pw? E+ f(t) and the 
initial condition &(7) = 0, (7) = 0, and L is the Lagrangian 
L = hyd? — hye? + f €. 


23*. The probability of a transition from the state n to the state m is 
given by the relation (we use the system of units where # = 1,yp = 1, 


w = 1) 
Prn(ts 0) = | Gnn(t, 9)/?, (1) 


where 
Ginn(t, 9) = [Jeaeo G(x, t; x’, O)ub,,(x") dx dx’. 
Using the generating function 
exp [— }(22? + x? — 4zx)] = oy J om 2" Wy, (x) 
we can construct a function G(u, v) 
G(u,v) = [exe [ — 3(2v? + x? — 4ux) — }(2u? + x’? — 4ux’)] 
| (en 


nim! 


x G(x, t; x, 0) dx dx’ = 5 > 


m=0 n=0 


)omu" Gya(ts0). (2) 


From expression (2) it follows that the quantities G,,(t,0), the absolute 
squares of which determine the transition probabilities, are apart from a 
factor j(72*+7/i!7!) the coefficients in the series expansion of G(u, v) in 
powers of uw and v. 
Let us evaluate G(u,v); to do this we substitute into equation (2) 
the expression for the Green function G (see problem 22 of section 3). 
After this substitution we get 


= l .' ee iZ 22 5 Pox oie 
Oma (i [1 ae—iee+ 57 6 —u?—7t 


_! 1) 2, 2 ry 12”) we 
x | exp} —5 Zp) era xx a 


— 2(22 Ee E+ i x— 2(2u+7) | | dx dx’. 


3.23 Commutation relations, etc. 173 


When w = constant, £, Z, Y are of the form 
&(t) = [singer f(t’) dt’, Z=sint, Y=cost. 
To evaluate the integral we use the formula 


+00 
{ [a dy exp [— $(ax* + 2bxy + cy* — 2px —2q¢y)} 


_ 2r = 2bpq + cp | 
* 2(ac — 6?) 


After some simple calculations we find the following expression for the 
function G(u, v): 


G(u, v) = (7) exp [7F(2)] exp (—w/2) exp (-+ uv+ Aut Be), 
where 
A= i [ew see ar’, B=e*#A, 2w=|A|.|Bl = 2+, 


and F(t) is some real function of the time. 
To expand G(u, v) in a power series, we use the relation 


ad («+8-%) 2 mn= 2 elm, 00) n\’ 
where 
min (m,n) min! 
c(m, n| w) o 2 i@=pl@e w)-, 
Expanding, we now get 
Glu 2) = emperor” F cfm, n|o) SAAN) 


From equations (2) and (3) it follows that 


beg e Ub 2 Ke 


Ginn(t, 0) = (Fain c(m, n| w) &F, 


and the required transition penn is equal to 
Finn(t, 0) = enw {o(m,n| w)} 


For the particular case m = 0 the transition probability is given by 


Pro(t, 0) = = 


mm 
— since c(m,0|w) = 1. 
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After we have evaluated the transition probability we can determine the 
average value of the energy and the square of the energy of an oscillator 
at time f. 

These average values are given by the equations 


E = ¥ Punlts0).(m+9), 


B= ¥ Pan(t, 0). (m+ $2 
m=0 


To evaluate the two sums which are similar in character we consider the 
expression 


(1 -2) ex = O(m, «| w). 
One shows easily that ae 
®(m,a|w) = ¥ — em, n| w). 
n=0 : 
From the equation 


rc One Sis 
= ~O(m, «| w) D(m, B| w) = e 


m=0 


it follows that 


ee : 

x ae c(m,n|w).c(m,n'|w) = 5,,.n!w, 
m= : 

so that the physically obvious relation 


[oa] 


> En =1 


m=0 
follows directly. Consider now the equation 
aD —wWw mM 

S m—* &(m, a| w) (m, B|w) = [wap Sl ena, 

m=0 mm! Ww 
and differentiate its left-hand and right-hand side times with respect 
to a and m times with respect to 8 and after that puta =8B=0. We 
thus get 


wo 
p> MPrin =nN+W. 
m=0 


In this way we see that the average value of the energy of the oscillator 


at time ¢ is equal to E = E,,+w. In this expression w is the work done 
by the force f(t) over a period f, 


w= [10 édt = [e+ £) édt = (24+ 2)_,- H+ 2) 


In a similar manner we find 
E* = 2wE,. 
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24*. The Hamiltonian of the system is of the form 
B= FEE eal 
Our problem is to find the wave function (x, f), satisfying the equation 
._ Op 
Ay = tha (1) 


and the boundary condition 


(x, 0) = fo(x). 


Let U(t, t,) be the operator transforming y(to) into ¢(t): 
H(t) = Oy(ty). 


Substituting this equation into the Schrédinger equation (1) and taking 
into account the fact that $(f,) can be any function, we get 


AU = nee, 
Taking the Hermitean conjugate of this equation, we have 
e0t 
+ ey ees 
O+H = —ih ran 


We now introduce the operators ¢ and f in the Heisenberg 
representation, 


A(t, tp) = O+(t, ty) £0 (t, to), 
A(t, to) = O+(t, to) PU(t, ty). 


We easily get the following equations for £(t,t)) and A(t, t)) (the dot 
indicates differentiating with respect to ft): 


%(t, to) = : O+[H, £]_ 0, 


A(t.) = £0+(, p_0. 


Evaluating the commutators we find a set of equations for £<(t, fo) 
and A(t, ty): 


. 
~ 


p, p=—pw{k—x,(t)] or F+w2£ = wx. (2) 


These equations have the “‘classical’’ form. 
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Since they are linear we can solve them as if they were c-number 
equations, 
& = sin w(t —t)) + €, cos w(t — ty) +x, 
p = pwr, cos w(t — ty) — pwé, sin w(t —f)+ pr, 
where x, and p, are the solutions of the inhomogeneous equations (2) 
which are zero at ¢ = ty: 


x,(t, tg) = w [a) sin w(t—t’) dt’, 
lo 
t (3) 
Pilt, to) = pw? { x(t’) cos w(t — t’) dt’. 
fo 


From the definition of the operators in the Heisenberg representation, 
it follows that 


H(t, to) = £, Alto, to) = A. 


Satisfying the initial conditions we get 


R(t, ty) = £ cos w(t —ty)+ £ sin w(t — ty) + x, (E, fo), 


(4) 
P(t, to) = pcos w(t — ty) — pw% sin w(t — to) +p,(t, to). 


From these equations we easily get the solution of our problem. 
We write down the equation satisfied by the initial function, 


Ay fo =, Ey ho. (5) 
Here 
pt pate? 
A, = Day i 
To determine U(t, tg) we can write 


Y(t) = O(2,0) Yo or Yo = U(0, 2) Y(t), 


where s(t) is the function we want to find. 
Substituting this expression for %, into equation (5) we get 


O+(0, t) Hy O(0, t) Y(t) = Ey (2). (6) 


The Hamiltonian in this equation is the Hamiltonian H, which is con- 
structed from our operators £(0, t), A(0, ¢), 


20 w? £2(0, 
0 +(0, t) A, 0(0, t) = me 4 ae 
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Using the relations following from equations (4) and (3), 


ee 


& = £(0, t) cos wt + sin wt + x,(t, 0), 


p = B(0, t) cos wt — ah t)sin wt + p,(t, 0), 


or, by a simple substitution, we can verify that 


a t) , pen? 10, t) _ [B—A(2, OP , po® [4 — a(t, 0))? 
(Ty ny Z ; 


Equation (6) for y(#) is thus of the form 


[b—-pilt, OP , , pe*[4—x,(t, OP » _ 
a p+ pb = Ey p 


with the solution 
(x, t) = exp {ip,(t, 0) [x — y(t, 0)]/A} Polx — x,(2, 0)]. (7) 


(Since in our equation ¢ is a parameter, y can contain a phase factor 
which depends in an arbitrary manner on ¢t. This will, however, not 
affect the required probability.) 

We could have chosen a different way of determining y(t), for 
instance, by finding the Green function of the Schrédinger equation 
(compare problem 20 of section 3). 

We chose the method used above since the initial state was a state 
with a well-defined energy value. 

The function (7) which we obtained is the previous, zeroth order, 
distribution of the classical position of the particle [see equations 
(2) and (3)] in a system of coordinates connected to the moving 
particles. 

To find the probability w, that the mth state is excited, we must 
expand (Zz) in terms of the eigenfunctions of the Hamiltonian at time 
t(t>T). These normalised eigenfunctions are of the form 


bale) = (EY Tory exPl— nolo —)'/20} Hy] [(H2)(x—-x9)]. @) 


where 


H,(E) = (— Drexp (gy APE) (9) 
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are the Hermite polynomials. The coefficients of the required expansion 
are equal to 


calt) = [$e R(x) de. 


Substituting (x, t) from expression (7) and %* = ¥%, from equations (8) 
and (9) and integrating over £ = (x— x9) /(uw/h), we find finally 


Ze 1 -Pilt, 9) (%9 — %1) 
> rar? [| 


Foo ES lool Alejo imo 


ee a ae perl, — Xo)? | .Py(%o — ¥1) 
~ V2" nln) - oe or peu 


« [aeontt ig tag ta (F) a0] RO 


ae a ee Ha(x,—Xo)?  .pi(X— %,) 
~ \(2"nta) OP eer saeniiees sae 


« [bay al (GF) -s0]” 
x [eee fies | (GE) e-a0]} a 
= Farah ee (eam +, (4 Y)e-aa]” 


Be: 2 = 
ie | 7 sel a n jPrlto— si) 


ee ee) 
LG) esas en 


Pi fe poa?(xy —%X)° 
x exp | — 


= .- we. 
~ \(2*nl) 


2p 2 = jPil™ SS s) 
2hiw 2h 
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22 w(x 1%)? - PL, peot(ory — ao)! 
1 es Z ep _2u 2 


Wy =|enP = fiw fics 


and thus 


We note now that [p?/24+ tuw(x,—xp)"] is the energy transferred 
to the classical particle which was initially at rest, during the process 
considered. If we denote this quantity by e, we get 


wo, = —— exp (— «/hw), 


that is, a Poisson distribution with an average value of » equal to 


fi € 
hw’ 


We now consider limiting cases. 
If the point of suspension is changed fast, x, and p, are approximately 
equal to 
X,= xX (1—coswt), p, = pwxysinwt. 


If we substitute these values into the expression for c, we get 


= n n 23 2 
c= Tomo |* E J) exp (—inor PP cs sin wt cos at), 


This result differs only by a phase factor exp [(iuwx@/h) sin wt cos wt] 
from the result obtained by expanding the initial function in terms of 
the eigenfunctions of the Hamiltonian for #>0. (This expression can be 
obtained by putting x, = 0, p, = 0, in the general expression for the c,,.) 

If the change is slow we have in zeroth approximation x, =X», p,~0, 


and thus 
(x, t) ~Wolx—x,(t)]. 


This method can be applied to solving the oscillator problem when 
other parameters vary with time. 

25*. Classically the equation of motion of a particle described by the 
given Hamiltonian is 


wX + wyx = F(t), 


so that we are dealing with a particle under the influence of a time- 
dependent force F(t) which is subject to friction. 

We now proceed as in problem 19 of section 3 and introduce a new 
variable 


x, = x— &(f), 
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and a new wavefunction 
i t 
y= xexpz{ubere7™+ | Lends}, 
where L(r) is the classical Lagrangian, 
L = e[hye? + F(t)e). 
We can then find for x the equation 
h2 a d*x . ax 
oe baer: = ha (A) 


which is the Schrddinger equation for a free particle subject to friction. 
Separating the variables we find the following solution of equation (A): 


ink? _ : 
X, = Aexp Toe : 


In the case when F(t), we have x, = x and the x, form a complete 
orthonormal set with the normalization constant A = L~“, where L is the 
one-dimensional volume. Expanding Wo» in terms of the x,, we find 
finally 


hk 1-—e yy]? 
W(x, t) = B(t) exp| B pe ss re, 


where B(t) is a (time-dependent) normalizing constant. We see that the 
centre of the wavepacket moves like a classical point particle with velocity 
Ako/ in a viscous medium. 

As t > ©, we get 

7 {x7 (Akg/yu)? 
Wace) bexo| oF + 7 [u2y2G? | 

We refer to a paper by L.H.Buch and H.H.Denman (Am.J.Phys., 42, 
304, 1974) for a general discussion of the problem treated here. 

28. We shall denote the operators under consideration by A and B 
and the Hamiltonian of the system by H. We have then 


d.. ee ee eae 
7 (AB) = 5,(AB) +5 (H, 4B}_. 


After an obvious transformation, using the results of problem | of 


section 3, combining the corresponding terms in dA/dt = Aand dB/dt=B 
we find the required rule for differentiation 


© (AB) = AB+ AB. 
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29. In the Heisenberg representation we have 

&(t) = exp (tAt/h) £ exp (—iHt/h). (1) 

In our case [7 = p?/2p, so that 
f(t) = exp [i(P* ¢/2uh)] exp [—i(* ¢/2yh)]. 
We shall work in the momentum representation. In that case 
& = ih (0/0p) 
and 
Kexp(—ip?t/2ph) = th exp(—if?t/2uh) = exp (—1f?t/2uh) ine 
a exp (—if?t/2ph), 

or 


a 


&exp (—ip*t/2uh) = exp (— ip? t/2yh) (« +t f) ; 
fag 
Substituting this in equation (1) we get 


a(t) = 44+ 


= Ik» 


which is the same relation between the operators as exists between the 
classical quantities. 
30. The equations of motion for the operators are of the form 


dp 1 (1) 
a 5 (4, d)]_- 


The derivatives on the left are in the Heisenberg representation taken 
as derivatives with respect to the time coordinate which explicitly enters 
in the Heisenberg operators. Since the operators exp(+iHt/h) com- 
mute with the Hamiltonian we can write equation (1) in the form 


“ = : exp (iHt/h) LH, #]_ exp (—iHt/h), 
(2) 


oP = * exp (iAt/h) (A, p]_exp (—éAt/h). 
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After having evaluated the commutators we get 


=) 


_ p 

. (3) 
Oe es oe 

dp HOP AZ) 


Because these equations are linear they can be solved as any other set 
of equations for ordinary, c-number quantities. We get then 


R(t) = &, coswt+é, sin at, (4) 


t) = @, pw coswt—é, pw sin wt. 
A(t) 2 1b 


The constants of integration é, and é, are only constants as far as the 
time is concerned. They can be determined from the initial conditions. 
Indeed, from the definition of the Heisenberg operator it follows that 


L(t)|-0 = exp ((Ht/h) L exp (—iAt/h)|,_, = L. 


Hence we have 


We have thus finally 
&(t) = ¥cos dpe sain wt, 
i (5) 


A(t) = pcos wt — pw sin wt. 


These equations are valid in any Heisenberg representation. In 
particular, for the coordinate representation we get 


‘ — 
£,(t) = xcoswt+ Faas sin wt 


Ox’ ; 
p(t) = Wie joe. sin wt " 
PAL) = ; w ax LWX wt. 
ovat Para -—ry r 
31. ih = (A, Jint Wint> IAL int — [L ints Hy)_. 


33. The operator corresponding to the time derivative of a quantity A 
which does not explicitly depend on the time is of the form 


= 1 (A, A\_= ‘ (HA- AR). (1) 
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The average value of A in a stationary state of the discrete spectrum 
with a wave function y, is equal to the corresponding diagonal element 
of the matrix of the operator (1), 


A= [Ut Ap, dre Ayy = 5 (HA-AH)an (2) 


By virtue of the fact that the Hamiltonian is diagonal in the energy 
representation and that the matrix elements of A are finite in the case of 
the discrete spectrum, the right-hand side of equation (2) will tend to 


zero identically, which proves the required relation 4 =0. (The 
classical analogue of this property of A is the fact that the time average 
of any bounded quantity A vanishes.) 

A concrete example of this equation can be found in problem 16 of 
section 5. 

34. The virial theorem in classical mechanics states that if the 
potential energy of a mechanical system is a homogeneous function of 
its (Cartesian) coordinates, and if the motion of the system is bounded 
to a finite region of space, the time averages of the kinetic energy J and 
the potential energy V are connected as follows: 


nV = 27. (1) 


The bars indicate here time averages and z is the degree of homogeneity 
of the function V(x,, xy, ..., xj, ...,%3y), where N is the number of point 
particles in the system, so that we have from Euler’s theorem on homo- 
geneous functions 


3N OV 
nV Phe Bes (2) 

Theorem (1) remains valid also in quantum mechanics if we under- 
stand by averaging the quantum mechanical averages (over the wave 
functions); we shall denote them here by <). 

It is convenient for a proof to use matrix methods. (We note that a 
proof using the Schrédinger equation in the coordinate representation 
is appreciably more cumbersome, the same applies to the proof of the 
sum rule in problem 83 of section 7.) We have 


3N / #2 i 
-ape> Pg Sr) 
a at (: Ox) ©) 


Using the operator relations 
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we write equation (3) in the following form: 
~ -« 3NV . ; 
2T—nV = ¥ (Xp; + &:b,)- (3’) 
t=1 


This operator relation is, of course, valid in any representation. 

We now go over to the energy representation, and use as a base the 
orthonormal set of eigenfunctions %,, of the Hamiltonian H = T+ V. 
Since the motion is supposed to be bounded these functions refer to a 
discrete energy spectrum so that we are dealing with matrices all of 
whose matrix elements are finite—this is essential for our proof. 

Let us write down the diagonal matrix element (m, m) of the operator 
(3’) or, in other words, the average value of the operator (3’) with 
respect to the wave function of the stationary state y,,. 

From the rules for multiplication and addition of matrices we get 


3N 
<2T—nV),,, = (2T—2V am = pe [(¥)mat(Pidim + (*2)ma(Piiml- (4) 
We have also the well-known matrix relations 
(Xi)ma = 5 (En—E) (%:)m» (Pim = 5 (Ei— En) (Pidins 


where E,, and E, are energy levels of the system. 

The expression under the double sum sign in equation (4) is thus 
equal to zero and we have found the required quantum mechanical 
generalisation of relation (1), 


n(V> = 2¢T)Y. 


In particular, if » = 2 (harmonic oscillations) we have <V> = <T) 
and if 2 = —1 (Coulomb interaction) <V> = —2<T). 
35. The quantity po is the average value of the momentum of the 


particle. 

36. For the proof we use the following operator relation which is 
valid when the Hamiltonian does not explicitly depend on the time and 
when there is no magnetic field: 


p= = (Ar— rf). 
The average value of p in the state ¢ of the discrete spectrum is given by 


p= te b* (Hr — rH) bdr. 
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Since H is Hermitean, we have 
p= [aero ris) dr. 


Since for a stationary state 
Ay = Ey, H*p* = Eye, 
we find finally _ 
p=0. 
tho 


7.. (a) &(t) = ard re 


th . 0 
(b) £(2) = #c0swt— sin wl. 


38. ay = Gah + 2 1p) Ga) +) Ge)he+ 5 OPE 


Note. From the relation we have derived one can easily determine 
the moment + when the quantity (Ax)? has a minimum value. The 
function (Ax)? is symmetrical with respect to the point 7. In the case 
where the wave function at ¢t = 0 has the form (x) = 9(x) exp (1p) x/h) 
[p(x) is a real function] we have 7 = 0 (see problem 18a of section 3). 


39. (a) Gay = GaSe [7 (Yas 


es, ee 2 = [t+?/dg\? , 
(b) (Ax)? = (afhig cost ata | () sin? wt dx. 


40. The equations of motion for G(t) and 4*(t) are (see problem 27 
of section 3) 


ita =[4,A]_, ihat+ = [4+,A]_, 
and using the expression 
A = fiw(4* 24-4) 


for the Hamiltonian and the commutation relation 


[4,@+]_ = 
both of which follow from the equation of ene 8 of section 1, we get 
thé =hwd, that = —hwdt, 


from which follows 


G(t) = de-t,  G+(t) = dt ei, 
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41. The Hamiltonian of the system, 
Pe a 249 
A= 5 + ine & f(t) %, 


can be expressed in terms of a and 4° (see problem 8 of section 1) as 
follows: 


A=A,+H, 
where 
Fy = head 444), A, = f(t) (h/2pu) (4-+4*). 


We look for a solution of the Schrédinger equation in the form 


Y(t) = exp (—iHg t/h) ot). (1) 
In that case ¢ will satisfy the equation 
ihe = H(t)¢, (2) 


where (see preceding problem) 
Hi,(t) = exp (iff, t/h) A, exp (—iHy t/h) 
= —f(t) \(A/2uw) [a4 exp (—iwt) + d+ exp (zwf)]. (3) 


From (2) and (3) it follows that we can write 
g(t) = exp 5 Lf el (aes) Gexp(—iwt’) dt’ 
+ [10 lz) a* exp(—iwt’) ar'| | g( — 00). 


At t = +00 we have 
p(co) = exp [?C(d+ *)] o( — 00), (4) 


c= flake) aera 


which is real because f(#) is an even function of ft. 
If we now use the result of problem 5 of section 3 and the com- 
mutation relation [d, @’]_ = 1, we get from (4) 


(co) = exp(—4C%) exp (iCa*) exp (iC) ( - 00). (5) 


If the y, are the oscillator eigenfunctions, we have (see problem 8 of 


section 1) 
(47) by = V(n!)bn, diy = 0. (6) 


where 
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At t = —oo the oscillator is in its ground state, and it follows from (1) 
that we can thus write ¢(— 00) = yo, and using (5) and (6) we find 
(icy 


PACD) CAB rg) 2) can vt 


and the probability W,, that at t = +00 the nth excited state is occupied 
is thus given by a Poisson distribution 
yr 
W,o = rea 
with 


Ls Tia [210 ett 
(a) For f(t) = fo exp (— 27/7?) we find 


- 7 ~ exp (— dw 7?), 
(b) For f(z) = (in aBtTi we find 
2 fer ae 
2Zhpw 


42. We shall denote the first of the required operators by Mw) and 
have thus: 


in the r-representation (; = *): “u(r) = 9(r), (1) 
in the p-representation (- = My): My 8(P) = f(P), (2) 


where g(p) and f(p) are the Fourier components of the functions y(r) 
and g(r) (the wave functions in the p-representation) which are connected 
to them as follows: 


#(P) = aap [rvexe |-85-)| aor, (3) 
AP) = Grays fede) exp | -“F7] avr. (4 


Apart from here, it is also necessary for other problems to know the 
Fourier transform of 1/r. We shall find it in the simplest possible way. 
We write: 


me fac) exp [i(k.r)] dk. (5) 
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Operate on both sides of this equation with the Laplacian V2. We 
have clearly the identity 


V2 exp [i(k.r)] = —R exp [i(k.r)], (6) 


and also 


ve = —4rd(r), (7) 


where d(r) is the 6-function. Equation (7) is easily proved by writing 
V* as div grad, integrating both sides over a small volume and using 
Gauss’s theorem. Applying the Laplacian operator on to equation (5) 
leads then to 


~478(r) = — fe a(k) exp [i(k.r)] d3k. 


From the Fourier theorem and the definition of the §-function it then 
follows that 


1 1 
A a(h) =o x5 [4n8(r) exp [—i(ke.r)] dr = a, 
so that 
1 
a(t) = a(k) = 553 

and finally 

1 exp [1(k.r)]d?k (8) 

rT Qn? =f" k2 


To determine the form of M,,, we substitute expression (1) into 
equation (4), use equation (8), substituting k = p’/h in it. We then 
get 


f(p) = a j er [2-9 i 
JOP) oy 


= Oar atk lea xp | - 5 (p—p’. rap dr. 


Integrating over r and using equation (3) we have 


1 [e(p—p')d*p' 
f(P) = ain | (p’ ian : 


Choosing p—p’ as a new variable of integration and expressing 
f(p) through equation (2) we get finally: 


1 (g(p')a?p’ 
My) 8(P) = a-37, opt 
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(it is clear from the derivation that the integration is over the whole of 
p’-space). 


a 


1 ‘ ; 
We see thus that == Mo) is an integral operator with the kernel 


; 1 
OPP) TaD PE 


In a completely similar way we find for the operat in the 


r-representation, which we denote by £,,), the equation 


Le) X(r) = —_ ae 


“a 


that is, (5) =[,,) is an integral operator with kernel 


1 


On) = Farry 


I 
43*. Let W(x) be a function, acted upon by . (we shall here and 
henceforth drop the index x of p). Let v(x) be the result of this operation. 


| 
ae (1) 


Our problem is now to find a way to determine ¢(x) for given (x). 
To solve this problem we go over to the momentum representation. Let 
f(p) and g(p) be the functions corresponding to % and ¢ in the 
momentum representation, so that equation (1) can be written in the 
form 


2(P) = 51) 1’ 


Equation (1’) shows that the function g(p) has in general a pole at p = 0, 
so that it does not satisfy the general requirement asked of the wave 
functions in quantum mechanics. In order that this requirement is 
not violated, it is necessary that f(p) tends to zero for p = 0: 


(0) = 0. (2) 
Since f(p) is the pth Fourier component of the function s(x), we can 
write this condition in the form 


[Pera = 0, 2’ 
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We shall assume in the following that condition (2) is satisfied, 
because only then can the operator > be determined uniquely. 


To solve the problem it is necessary to transform equation (1’) to 
the coordinate representation. We multiply thereto equation (1’) by 
exp (ipx/h)/,J(27h) and eee over all values of p: 


ai f PD exp (ipx[h) dp. (3) 


Ae) om 


It is now convenient to consider the integration in equation (3) as an 
integration along the real axis in the complex p-plane. Since the function 
under the integral sign does not have a pole at p = 0 by virtue of con- 
dition (2), we can displace the contour of integration in the region of this 
point downwards (to the region Im p<0O): 


1 ee 


(2) = Toc | exp (ips) dp. 3’) 
We now express in this equation pes in terms of (x): 
1 a i , 
HP) = eaaay |_ oe exp (— ips) de’ (4) 
Changing the order of integration, we have 
— 1 fP ynaee (exp lee] 
oe) = 55 [wax [SPURL EN ap (5) 
Evaluating first of all the integral over the momentum in equation (5) 
we have rip( Ih] 
exp [tp(x — x 


The value of this integral will depend on the sign of x—x’. For x> x’ 
we close the contour by a semicircle of infinite radius in the upper half- 
plane. The integral over this half-plane is equal to zero, so that the 
integral (6) is equal to 27z times the residue at the only pole p = 0, 
which lies inside the contour. The residue is equal to unity so that 

| Pepe El aon GS). (7) 

~) 

For «<.x’ we close the contour with an infinite semicircle in the lower 
half-plane. As there are no poles within the contour we get clearly 


sl cL oa On 
i* ? dp=0 (x<x’). (8) 
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Substituting expressions (7) and (8) into equation (5) we find 


ols) =F |" Wa'y de’ (9) 


which is the solution of our problem. 


Similarly - is an integral operator of the form 


ae “ade (10) 


This result is natural since we looked for the inverse of the momentum 
operator p = (f/t)(0/0x). Indeed, letting the operator # act upon 
equation (1), we have 


po(x) =p ; W(x) = W(x). (11) 


Verifying this result by using equation (9) we find 


pols) =F x [i [eas] = 46). (11) 


It is necessary to note the following regarding equations (9) and (10). 
The contour of integration in equation (3) can be changed also in a 
different manner, for instance, displacing it into the upper half-plane. 
In the corresponding evaluation we are then instead of equation (9) led 
to the equation 


a) =| | Wa") dx’ ' 


Expression (9’) for g(x) differs from expression (9) by 
i | vee a (12) 


which vanishes for functions satisfying condition (2’). The definition (9) 
of the action of the operator 5 is thus the same as (9’) and is generally 


unique. 
When condition (2’) is not satisfied, the definitions (9) and (9’) are 


different which shows the non-uniqueness of the action of the eg 
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a 


i : 
Similarly we find easily for the operator 7 in the p-representation 


the following expression 


S| — 


i? ,, 
=~; |" a (13) 


This operator is thus also an integral operator; the operator equation (13) 
is equivalent to the relation 


" ((p) = -i[-. f(p') dp’. 


44. We choose our origin at the left-hand edge of the well; the wave 
functions of the stationary states of the particle inside the well are then 


of the form 
mee JG sin (n= 1,2,3,...) (1) 


where a is the width of the well; outside the well »=0. 
The required matrix elements of the coordinate x are equal to 


Sn = [PRC Ha(9) de = | smn Q) 


Substituting expression (1) into equation (2) we find after a simple 
calculation 


cae i [cos Maas =e — Cos am: qe “| dx 
0 a a 


x 


mn — a2 
_@ f —cos[m(m+n)] 1—cos[m(m— a _ 4a[(-1)"™ — 1] mn 
og? (m+n)? (m—n)?* nm (mn)? 


(3) 
From equation (3) it is clear that the only non-diagonal (m+n) 
matrix elements of the coordinate which are different from zero are 
those with an odd difference (m—~), that is, the elements corresponding 
to transitions with a change of parity. [We remind ourselves that all 
wave functions (1) have a well-defined parity (with respect to the centre 
of the well), namely m = 1,3,5,... correspond to even and n = 2,4, 6,... 
to odd parity.] The diagonal elements (m = n) are different from zero. 
One can find their value, for instance, by letting (m—)-—> 0 in expression 
(3), and using the fact that 1—cosx =3x*. The result is 


Xmm = ¥4. 
mm 2 

(This result is immediately obvious, since x,,,, is the average value of x 
in the mth stationary state which is equal to 4a.) 
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The selection rule obtained can be visualised by the following 
simple considerations. The matrix of the coordinate x is the sum of the 
matrices of the quantities x—4a@ and 4a. The elements of the first of 
these matrices are different from zero only if the product y,,, ,, is of odd 
parity, that is, for odd m—~n since x — 4a is an odd function with respect 
to the centre of the well. The elements of the other matrix are clearly 
equal to 4a6,,,, that is, it is a diagonal matrix. The selection rules 
found follow thus immediately. 

To find the matrix of the momentum (f,)mn=Pmn We use the well- 
known relation, 


Pn = HX) mn a Be (En 1 E,,) Xmn» (4) 


where p is the particle mass, and E,, = (7?h?/2a") n? are the energy levels 
of the particle in the well. 
Using the result of equation (3) for x,,,, we get 


_ 2h ((-1)"—"— 1] mn 


a (m? — n?) 


(5) 


™mn 


One can easily verify that now the diagonal elements are equal to 
zero; this should, of course, be the case since these elements are the 
average value of the momentum in the corresponding stationary states 
which should be equal to zero, since the motion is bounded. The 
selection rule for the non-diagonal elements of p,,, is clearly the same 
as for Xpn- 

We note finally that it follows from equation (5) that p*, = p,,,, that 
is, that the momentum operator is, as it should be, Hermitean. The 
same is true for x,,7- 


45. In the formula 
|v LE? bdr 
ferwar 


the denominator is, of course, positive so that we must prove that the 
enumerator is positive. 
Since L is Hermitean, we get 


[ur ttpar = [epceyya = {I2yiedr>o, 


as had to be proved. 


i= 
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46.(1) It is not linear. Indeed, denoting the operator of complex 
conjugation by K, we have 
K (cy 1+ ¢o2) = cf Ki, + ck Ky, # cy Kip, + ¢, Kip. 


(2) It is not Hermitean. 
Any Hermitean operator satisfies the condition 


[vo Lg dr = fot» p* dr. (1) 
In the present case we have 


fur keds = foro a 


[eRe ys dr = ow dr, 


so that condition (1) is not satisfied. 
(3) The operator K is its own complex conjugate, that is, it is real. 


Indeed, 
Kis = p*, 
so that 


Denoting %* by g we have 
K*9 = 9* = Kg, 
or 
K* = K. 
(The operator of complex conjugation changes 7 to —7, and its complex 
conjugate changes —? to 7, which is the same.) 


47, T = e4?/_ The proof follows by using a Taylor expansion for f(x). 
48. Let us write the required expansion as a power series, 


SL, 


n=0 


where L,, is an operator to be determined. 
We have thus 


(4-rB) = | ME, 
n=0 
Multiplying by A—AB, for instance, from the left we get 


1= 3 A(A-dB)L, = AL,+ ¥ (AL, - BL.) 
n=0 n=1 
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Comparing the coefficients of the same power of X on the left and on 


the right we get: . 
GE 25 All 26 


L,-A4, £,-ABL 


whence 


n—-1° 


We have thus 
(A-AB) = A3449BA44 2 44 BAIBAAG.... 


In the case where A and B are numbers, this expression goes over 

into the usual one 
eck a NEE i: 
A-dB A A? A3 

49. It is, generally speaking, impossible to give a definite answer to 
the question on the basis of commutability or non-commutability of the 
operators A and B only. 

Indeed, on the one hand, commutability is, strictly speaking, not 
necessary in order that the corresponding quantities have simultaneously 
well-defined values. For the motion in a spherically symmetric field, 
for instance, we have simultaneously well-defined values (equal to zero) 
of all three components of the angular momentum for all states where 
the square of the total angular momentum is equal to zero, although 
none of these three operators commutes with the others. 

The non-commutability of the operators A and B (first case) does 
thus not exclude the simultaneous realisation of some of their eigen- 
values. 

On the other hand, from the fact alone that A and & commute 
(second case) it is, generally speaking, impossible to conclude that the 
quantity B has a well-defined value in the state wy. 

The fact is that commutability of A and B is sufficient only for the 
existence of a complete set of states with simultaneously well-defined 
values of A and B (we shall denote the wave functions of such states by 
#4), but not to guarantee that any given wave function y¥, belongs to 
the set of functions 4,,. This is connected with the phenomenon of 
degeneracy, where one value of A corresponds to a number of values of 
B so that the wave function ys, is in the general case a linear super- 
position of functions #4, of the form 


Oy 2 Cy Paps 


which reduces to #4, only for a very definite choice of the coefficients 
(Cy = Syn). 
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We shall consider two simple cases: 

(1) For the motion of a system of particles in a spherically symmetric 
field in a state with a well-defined value of the square of the total angular 
momentum M7? the value of its z-component ™, can either have a well- 
defined value, or not. 

Indeed, all non-zero values of M?* are degenerate with respect to 
different values of M, (this is connected with the existence of the 
operators M, and M, which commute with 172, but not with ™,); 
yy, is thus a superposition of the form 


tue = Cy, bana, 
M, 


In particular, one can find such states Y,,, where M, has definitely 
not a well-defined value, notwithstanding the fact that the operator M, 
commutes with 172; such states are those with well-defined values of M, 
or M, (except for the state where M/? = 0, when also M, = M, = M, = 0). 

(2) Each energy level F, except the ground state level, of the hydrogen 
atom corresponds to several values of the square of the angular 
momentum M? so that the states with a well-defined energy are, 
generally speaking, not characterised by a well-defined value of 2, but 
are a superposition of states with different values of M?, and only for a 
definite choice of the coefficients of this superposition do they reduce 
to the functions %_ 44. From the fact that E is well defined it does not 
therefore follow that 14? is well defined in spite of the commutability of 
M? with the energy operator H. 

The commutability of 4 and B therefore does not in general yield an 
answer to our original question. To solve it we must let the operator B 
act upon the function %,. If the equation 


Boa = Aba 


is satisfied (A is a number), ¥, is a wave function of B and the quantity B 
has in the state , a well-defined value (A); in the opposite case B has 
in this state no well-defined value. 

Only in the particular case of no degeneracy (for instance, for a one- 
dimensional motion bounded at least at one side) it follows automatically 
from the commutability of A and B that any eigenfunction of A is at 
the same time an eigenfunction of 8, and vice versa, so that for any state 
either both the quantities A and B or neither of them have well-defined 
values. 

50. Let us denote the totality of the coordinates (or, more generally, 
the totality of the independent variables of the chosen representation) 
of the system by one letter x, the Hamiltonian of the system by H(x) 
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and its wave function by (x). Let the transformation under considera- 
tion change the set of coordinates x to the set x’: 
x> x". (1) 
Let O be the operator of the transformation (1). The invariance of 
the Hamiltonian with respect to this transformation means that 
7 H(x') = A(x). (2) 
Let O act upon Ay. 
From the definition of O and equation (2) it follows that 
OF (x) (x) = A(x!) x") = A(x) oe!) = A(x) O4(H), 


which is equivalent to the operator equation 


OH = HO. (3) 
We introduce the operator O-1 which is the inverse of O, 
00- = i, (4) 


where | is the unit operator, that is, the operator of the identical trans- 
formation. Multiplying equation (3) from the right by O-1 we get 
OHO- = FH. (3’) 

This relation, which is identical with the commutation relation (3) 
expresses the invariance of H under the transformation O in operator 
form. 

51. We are concerned here with finding the combined integrals of 
motion (excluding parity) of a system of interacting point particles in 
given external fields. In classical mechanics this problem is solved by 
finding the coordinate (or time) transformations under which the 
Lagrangian of the system under consideration is invariant. 

In quantum mechanics the solution of this problem is formally even 
somewhat simpler: the integrals of motion are those mechanical 
quantities, the operators of which commute with the Hamiltonian of 
the system (and also which do not depend explicitly on the time). The 
commutability of those operators among themselves depends in general 
not on the form of the external field. The pairs M, and M,, M,, and 
py pr and I (I is the inversion operator), and so on, do not commute, 
while M, and I, M, and f,, and so on, do always commute. 

We shall restrict ourselves to the case where the external field can 
be derived from a potential (excluding thus magnetic fields, and so on) 
and we shall number the particles by an index 7 = 1,2,...,N. We can 
then write the Hamiltonian of the system in the form (1,k = 1,2, ..., N) 

2 


N 
H= D> (— 7 V8) + Une (dre rab we) + Uae (Pay oo Py) = Ay + Uoats 
i=1 By 
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where U,,,; 1s the potential energy of the interaction between the particles 
in the system. 
All operators of interest to us, namely: 


P(P, P,P), M(M,,M,,M,, M?,_ I, 


o*y 
commute clearly with H, (which corresponds to a bound system of 
point particles; the non-commutability of the operators M,,M@M,,... 
among themselves leads clearly to the degeneracy of the energy eigen- 
values and the total angular momentum eigenvalues with respect to 
these quantities, /Z,,...) and we thus have to evaluate only the com- 
mutability with the operator of the potential energy of the external field, 


N 
Uoxt = x U; ext (1:)- 


We shall write down A = const for every integral of motion A. 
(1) Usx, = 9, dH/ot = 0. 


The integrals of motion of the total system are: the energy E, the three 
components of the angular momentum M,, M,, and M,, the total 
angular momentum M?, the three components of the linear momentum 
P,, P,, and P, (that is, P), and the parity J. The energy levels are 
degenerate so that each state of the system is characterised by a complete 
set of a smaller number of (commuting) mechanical quantities, for 
instance, by 
| a BP; FE 
or E, M*, M, and so on. 


A similar situation also holds when external fields are present. 
(2) ‘Take the z-axis along the axis of the cylinder. 


N 
Uext = & U{{p:); 
t= 
so that the operators 


os N A ; N 
pukka aN a 


SoS ny =-7 
v4 t=1 Oz; tizl Op, 


commute with U,,, (and thus with #2). 
Since df] /dt = 0, we get finally 


E=const, P,=const, M,= const, J = const. 


(3) ‘Take the xy-plane in the plane. 
x oH 
Oar = > U(|2;])5. OF = 0. 
i=l 
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The operators 


. AX O -»7 ANA 
129 Be v= 7 by,’ 


AN a nh N r) o 
M,= 3 2 a 72 (x -y.5¢) 


and also { commute with U,,, (that is, also with H). We have thus 
E = const, M, = const, P, = const, P, = const, J = const. 
(4) ‘Take the origin at the centre of the sphere. 


N eH 
Uext = 2 Ux{r,); ae 0. 
t=1 


The operators M,, M,, M,, M*? when expressed in polar coordinates 
act only upon the variables 8;, 9; and commute thus with U,,, and H. 
Hence: E = const, M, = const, M, = const, M, = const, M? = const, 
I = const. 
(5) Let the half-plane be the xy-plane on one side of the y-axis. 
N -~ kN @Q 
Vert = ~ U(x:|2:|); 5 = Poa 
Thus we have 
E=const, FP, = const. 


(6) Let the points be along the z-axis. 
N “~, 
Uoxt = 2 U;( Pi 2;), M,= 


We have thus: EF = const, M, = const. 

In the particular case where both points carry the same charge (both 
in sign and in magnitude), U,; = U,(p,,|z,|) and parity J is thus also 
conserved. 

(7) Let the field be along the z-axis. 

Denote the field intensity by &(t) and the charges of the particles in 
the system by e,, so that we have 


N 
Uext(t) a &(t) ~ €, 2; 


(the same expression holds for the gravitational field, if we replace & by 
g and the charges e; by the masses iat 


<a 7) 
U,,, commutes with MM, =-— > (3 By —4; m=) 


) 
Gia mG 
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Hence 
M,= const, P,=const, P, = const. 


(8) ‘Take the z-axis along the axis of the conductor. 


W h § 
Ue) =f) & Ue) Me=F Ba, B= FS 


ae 
tig 109," 1 03; ; 


ime 


In this way we get 
M,=const, P,=const, andalso J = const. 


(9) Take the origin at the centre of the ellipsoid, so that we get 


N 
Uoxt = ~ U(| |, |v [| 22{); 


since the ellipsoid possessed three, mutually perpendicular, planes of 
symmetry. 

The Hamiltonian H commutes thus with the reflection operator f 
(and does not contain the time explicitly). 


Hence, 
E=const, J = const. 


(10) Take the z-axis along the axis of the screw, let its pitch be a 
and denote by ¢ the angle of rotation around the axis. 


N 
The function U,,, = > U,(p;,¢%,,2;) is invariant under the trans- 
i=1 
formation 


%;>9,+59 (t=1,2,...,N), zoat sla 
: 77 


because 6g = 27 should correspond to 6z = a, with p;, fixed, 


a 


6U pe 0 ext 5 west § 
ext — Ln Be ot Pe Ps 


t=1 Py By 
N @ a N og 
- 80( 3 an, ts Pp) aa, Uext = 0. 


In other words, the operator U,,, (and thus the Hamiltonian 7) 
commutes with the ee 


ry 
mae a Bae = 5 (+5 soe “P). 
4 OP; 

We have thus 


a 
M,+ ae P, = const, 


and also E = const, since 0Hf/at = 0. 
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(11) Take the lateral edges of the prism in the z-direction. 


~ oH AN 8 
U esi = > Ui(%ssVi)s OL = 0, P, = i bz,’ 
so that 
E=const, P,= const. 


In the particular case where the cross-section of the prism is a 
regular polygon of order 2n (with m an integer) the prism possesses two 
mutually perpendicular axes of symmetry so that 


Ue = py Ux|*:|,|¥e]) 


(the z-axis is taken through the centre of the polygon) and because Tand 
H commute, parity J is conserved. 

(12) Take the z-axis along the axis of the cone. 

If the cone is a single one, 


N 
Uext ra, »» U(Pis 2%); 


so that E = const and M, = const. 
If the cone is double we have (the origin is taken at the vertex) 


Uext = 2 Ul pis | 24|), 


and therefore also J = const. 

(13) Let the z-axis be along the axis of the torus and the xy-plane 
in its equatorial plane. 

We have in cylindrical coordinates 


N 
Uext — x Us(pis | z,| )s 
i= 
and thus 
E=const, M,=const, J = const. 

52. Let us consider two inertial systems of reference, K(x, f) and 
K'(x’, t') (we shall only consider one-dimensional motion for the sake of 
simplicity; it is clear how one can generalise the result to a three- 
dimensional case), which move with a relative velocity u (see fig. 32). 
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Let the potential energy of a particle in the field of a force acting 
upon it be V’(x’, 2’) in the system K’. From the Galilean transformation 


x= x’ +ut’ 


t=t' (1) 
we find the potential energy in the system K 
V'(x—ut, t)= V(x, t). (2) 


The Schrédinger equation for a particle of mass p» in the system K’ 
is of the form 
Pb age op OY 
“5, oxet t Y = tha. (3) 
We must show that in the system K the Schrédinger equation 


ft dy 
Qu ox? 


Vi (4) 


is also valid, with V defined by equation (2) while the function y is 
because of its physical meaning completely analogous to ’; the quantity 
| (x, t) |? = w(x, t) is the density of the probability of finding the particle 
at time ¢ at the point x; this follows from the initially defined connection 
between & and y’. 

Indeed, the fact that the particle is found at a given time at a given 
point in space does not depend on the choice of the system of reference. 
We can thus put the two corresponding probabilities equal to one another: 


w'(x’, t’) = w(x, t), (5) 
or, using equation (1), 
w'(x—ut,t) = w(x, 2). (5’) 


It follows thus that the wave functions can differ from one another only 
by a phase factor of absolute magnitude unity, 


Wo, t) = exp (2S) p'(x’, ’) = exp [S(x, t)] b'(x—ut, 2). (6) 


Moreover, a particle velocity v’ in K’ corresponds to a velocity 
v=v'+uin K, so that we get for the momenta, p = mz and p’ = mv", 


p= p+ pu. (7) 


From this connection between p and p’ it follows that we must have a 
relation analogous to equation (5), 


w'(p’,t’) = w(p,t), (8) 
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or, using equations (7) and (1), 

to'(p— yu, t) = w( 6, 0). (8') 

We now introduce an equation for the function y(x, t) determined by 


equation (6). 
Substituting into equation (3) 


yp’ = exp [—2S(x, t)] W(x, t), (9) 
using equation (2), and introducing by means of equation (1) the 
independent variables (x, t) we get 


h? op nee e+ + [Ve je ee as 


Fp Ont Nn Oe 2a ox® 
h? (aS\? aS 0s nee, 


Up to now the function S(x, ¢) {or rather exp [zS(x, t)]} played the role 
of an arbitrary phase factor. We choose this function now in such a way 
that equation (10) goes over into the Schrédinger equation (4). For this 
it is necessary, as can be seen by comparing equations (10) and (4) that 
S satisfies the equations 


ade t=O (11) 
Wes fh (aS\* oS ,dS | : 


These equations can easily be integrated. From equation (11) it follows 
that 
so x+¢o(t), 
h 

where ¢(t) is an arbitrary function of ¢. 

We determine ¢(t) by substituting this expression into equation (11’), 
and we get 

aa al 
S= gt ae t, (12) 

where we have omitted an arbitrary additive constant in S, since it 
would only lead to an inessential phase factor in & [see equation (6)]. 


From equations (6) and (12) it follows finally that the wave function 
in K is equal to 


U(x, t) = exp [i( wax — hunt) /h] "(x — ut, t). (13) 
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As should have been expected this wave function is the product of 
the wave function in K’ and the function exp (iuux/f —ipu? t/2h) which 
describes the free motion of a particle fixed in the system K’ with respect 
to the system K. 

We note that the wave function we have found satisfies condition (8’) 
automatically. Indeed, the momentum probability density at time f is 
equal to 

w(p,t) =|¢(p, t)/, 
with 


(Pst) = Jeary [__ oles t)exp (— ips) ds (14) 


Substituting here x(x, t) from equation (13) we find easily 
1 
c(p, t) = exp [?(} uu? — pu)t/h). (anh) 


. i “ve #) exp [—i(p — pu) x" ffi) de’. 


The integral on the right-hand side is clearly [see equation (14)] 
c'(p—pu,t). We have thus 


c(p, t) = exp [e(}pu? — pu) t/h] c'(p — pu, t). 
By taking the absolute square of both sides of this equation we get the 
required relation (8’). 
We have thus shown the invariance of the non-relativistic 
Schrédinger equation under a Galilean transformation. 
53. From the Schrodinger equation 


a: 
ih Ot = Ad, 
it follows that any state changes with time according to 
¥(E, t) = exp — (iHt/h) W(E, 0), (1) 


where the set of independent variables on which the wave function of 
the system depends is denoted by &. 
The operator A in the Heisenberg representation is of the form 


A(t) = exp (tHt/h) A exp (—iHt/h), (2) 


where A is the operator corresponding to the physical quantity A in the 
Schrodinger representation. For our problem we have 


Ay(£,0) = Ad(, 0). (3) 
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Substituting here ¥(£, 0) = exp (iAt/h) (E, t) and operating on it from 
the left with exp (—iHt/h), we get 


exp (—7Ht/h) A exp (iAt/h) ¥(€, t) = Abté, t). (4) 


Comparing the operator on the left-hand side of this equation with 
expression (2) we find 
A(—1)¥(§,t) = Ap(é, 2). 

Our proof is valid for the case where the Hamiltonian H of the 
system does not depend explicitly on the time. To generalise it for the 
case of a time-dependent Hamiltonian it is necessary to replace in this 
proof exp(—iHt/h) by the operator U(t, t)) which transforms the wave 
function at time ¢, into the wave function at time ¢. 

54. The states of the system are described by wave functions W(t) 
satisfying the wave equation 


ince = A(t). (1) 


We have also 

H(t) pa(t) = En(t) tal). (2) 
Since the motion is bounded the spectrum of the “‘levels” £,, is discrete 
(the concept of an energy “level” has here a purely formal meaning, 
since the energy is not conserved for a time-dependent Hamiltonian), 
and since we are dealing with a one-dimensional case, there is no 
degeneracy. This last fact means in turn that the functions #,(f) are 
real (apart from an inessential phase factor). 

In line with the problem we are considering we shall expand the 
wave function (Zz) in a series of the instantaneous eigenfunctions of the 
Hamiltonian y(t). Assuming that we know the wave function at t = 0, 
we can write its expansion for ¢>0 in the form 


b= Deal batdexp |—F | Ea(tar |. (3) 


The coefficients c,(t) of this expansion also represent the wave function 
in the required representation. To write the wave equation in that 
representation means to find a set of equations which connect the 
coefficients c, and their time derivatives ¢,. 

Substituting expression (3) into equation (1) we get 


iY (En bat Gata jan Ea) exP [3 [zac ae" 


= HY Cn Wn EXP E E(t) ar| : 
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By virtue of equation (2) the right-hand side of this equation cancels 
against the last term on the left-hand side. Multiplying both sides from 
the left by {* = Y, and integrating over the coordinates of the system q 
we find, using the orthonormality of the y,, 


iy =~ Zener |i | Ex E,)at'| [edn de (4 


0 


We shall transform the last integral in that equation. First of all we 
have for 2 =k, 


; ld 
[Yededa = 3 a {veg = 0, 
since 


[yea 


Further, by differentiating equation (2) with respect to the time, 
multiplying it from the left by Y* = ys, and integrating over g, we have 
for n#¢k: 


[eT ada [tathinda = By (asin de (5) 


Because the HI{amiltonian is Hermitean and real we have, using 
equation (2), 


[Yctidn da = {Ma uiida = Bx [Yin de 


Substituting this result into equation (5) we get 


| [vs G20) tn dg 
[vs p, dq = — a (n#R). (6) 


Finally, substituting expression (6) into equation (4) (we remember that 
the analogous term with n = k is equal to zero) and also introducing the 


notation 
oH 0 
Ey—Eq= Teo [be (Ge) onda = (Fe), (7) 


we find the required set of equations 


; , Cy, {OH .[* ; 
= 2 Fa (at) ag 9? fome o 


where the prime on the summation sign indicates that there is no term 
with 2 = kin the sum. The quantity (¢H/ét),., is according to equation 
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(7) the matrix element of the time derivative of the Hamiltonian corre- 
sponding to the transition k>n, 

It is clear from our derivation that the equation (8) is completely 
equivalent to the original wave equation (1). 

Let us compare the equations we have obtained with the original 
equations of the usual time-dependent perturbation theory. Then we 
have A(t) = H,+H,(t), where H, is the time-independent part of the 
Hamiltonian with the eigenvalues FE) and the corresponding eigen- 
functions #'(q). The latter can be chosen as the base for our repre- 
sentation [expansion (3) is clearly the natural generalisation of this 
expansion], 


= Saq(t) $i exp (- 7 B94). (9) 


Substituting expression (9) into equation (1), and so on, we get for 
the coefficients a, the following set of equations: 


; 1 . 
ay, = ih ps Ay, (Hy) un EXP (tw) 2), (10) 


where 
(Hin = [HOF da, Haig) = EYE. (11) 


In contradistinction to the analogous equation (8) the summation 
includes now also a term with n=k, and the frequencies of the 
transitions w{®) do not depend upon the time. 

As with equation (8), the set of equations (10) is also completely 
equivalent to the original wave equation (1). It is clear that the exact 
solution of either of these sets is in general just as difficult as the solution 
of the original equation (1). Equations (8) and (10) are, however, very 
convenient for approximate solutions if there are small factors on their 
right-hand sides which make it possible to obtain the unknown c, or 
a,, from their unperturbed (or initial) values, that is, from the given 
quantities, up to second-order quantities. 

It is obvious that equation (10) is an adequate set of equations when 
the matrix elements (,),,, are sufficiently small, that is, when the time- 
dependent term H,(t) of the Hamiltonian is small (“ordinary” per- 
turbation theory), while the “adequacy” of equation (8) lies in the 
smallness of the matrix elements (0H/0t),,,, that is, in a sufficiently slow 
change of the Hamiltonian H(t). The application of the method of 
successive approximations in the latter case is sometimes called the 
adiabatic perturbation theory (see next problem) which was developed 
in 1926-8 by Born and Fock. 
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55. We start from the exact equation (8) of the preceding problem. 
In general, if the Hamiltonian of the system does not depend on the 
time (0H/dt = 0) we get from equations (7) and (8) ¢,, = const for all . 
If the derivative 0H/ét is sufficiently small, though different from zero, 
we can put the c, in the right-hand side of equation (8) approximately 
equal to a constant, and for our problem put c, ~64,,,,. We have thus for 


allkAm 
, 1 (dH a i , 
Fae (og? (i rem) ( 


(for k =m we have, of course, to the same approximation, ¢,, = 0). 
Integrating equation (1) for the given boundary conditions we get 


1/' 1 (a fs = 
c(t) = ila (Fe) exPi| emma dt’ (k#m). (2) 


From the derivation it follows that this adiabatic formula is valid 
provided the probability amplitudes for the states which are different 
from the initial state are small, 


|c,{t)| <1 for k#Am. (3) 


To estimate the order of magnitude of |c,(t)| it is sufficient to assume 
Wym and (dH/dt),, to be approximately constant in equation (2); this 
equation then simplifies and we get 


| c | ~ (CH /ot) (1/w,.,,) 
k E, _ E, 


On the right-hand side we have the ratio of the change in the Hamiltonian 
over a time of the order of magnitude of the Bohr period 1/w,,, for the 
m-—>k transition to the difference in the energy of the states m and k. 
From equation (3) it follows that if that ratio is small, one may apply 
the adiabatic perturbation theory. 

Thus, if over a period of the order of the Bohr period, the 
Hamiltonian varies for some transition by an amount which is small 
compared to the “‘energy of the transition”, the probability for that 
transition will be small; this is sometimes called adiabatic invariance 
from the correspondence with its classical counterpart. 

56. The Hamiltonian of the oscillator is for ¢ 2 0 of the form 


ACs) = 509+ duet ald? (1) 


(R#m). 


where a(t) is the coordinate of the point of suspension which for our 
problem is equal to v,t, with vy = const, the velocity of the motion of 
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the point of suspension. The “instantaneous” eigenfunctions of the 
Hamiltonian (1) are of the form 


bn = (45) soma ex? [Sg aco lanl, [(42) aco], 


and the matrix elements of the operator 


oH 

apts pw?[x — a(t)} a = — pw? v,[x— a(t)], 
evaluated with these functions, are clearly different from zero only for 
the transition 2 = 0->n = 1 (we remember that the initial state was the 
ground state) and then they are equal to 


(3), —a0" (ap) @) 


It is clear from equation (1) that the spectrum of the oscillator levels 
for a moving point of suspension will in general not change, that is, all 
Wrm are Constant. 

Owing to this and also to the fact that the quantity (2) is constant 
we can completely evaluate expression (2) of the preceding problem. 
For the probability amplitude of the first excited state we get thus, 
putting w4) = w, 

eee ton (74) ot) 1] = ions} (5H 4 
cst) © 5g nor», | (p-) [exp (wt) — 1] = ivo,/ (sft-) [exp (lot) — 1]. 


The probability to find the oscillator at time ¢ in the first excited state 
is thus equal to 


2 _ BY 1 : 
w(t) = |ex(t) ? = 4°91 — cost); 
that is, it oscillates in time. The probability that excitation has taken 
place during the process under consideration (that is for ¢> 7) is 
equal to 


2 
w,(T) = a (1—cos wT). 


In order that the adiabatic approximation, which we have used, can 
be applied, the inequality w,(¢)<1 must be satisfied for all ¢, or 


0<,/ (‘“). (3) 
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Expressed differently, the adiabatic approximation can be applied 
provided the velocity of motion of the point of suspension is small 
compared to the characteristic velocity of the oscillator in its ground 
state. 

57. (i) The wave function W(x, f) satisfies the equation 


Op = 
iT aa He (1) 


and the boundary conditions 


¥(0, t) = o(a,t) = 0 


a=a(t)=a,f(t) (f(t) is a given function). 


while 


Introducing a new variable y = x/f(t), equation (1) is transformed to 


ab fa thy d 
anyone hs BY Spy, @) 
and i(¥, t) satisfies the usual boundary conditions for ee walls, 
Y(0, t) = (ap, t) = 0. (3) 


t 
Once again introducing a new variable 7 = [ait f(é)\?, with c a con- 
ce 


stant, and putting /f(t)=¢(r), we get 


inh = — Foe inS ln gly. (4) 


We have thus reduced the problem to the solution of equation (4) 
with a Hamiltonian which depends explicitly on the “‘time”’ 7, 


Ant) = 3, Fatih lingy (+ 


with the normal boundary conditions (3). 

It is clear that it is impossible to solve equation (4) for any arbitrary 
function f(t)= (7). An approximate solution can be obtained from 
perturbation theory, if f(t) depends only weakly on the time. The given 
problem of slowly changing boundary conditions is thus reduced to a 
small time-dependent perturbation of the Hamiltonian. 

We note that we must generalise the perturbation theory equations 
slightly because of the non-Hermitean character of the Hamiltonian (4’). 
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This question of the non-Hermitean character also arises because the 
integral of the function ¢(¥, ¢) or u(y, 7) depends explicitly on the time. 
Indeed, at any time ¢ we have 


a(t) 
i |Y(x,t)|?dx = 1, dx = f(t) dy, 
0 
so that 


(vo. 9Ba = 75° (5) 


(ii) From equations (2) and (4) it follows directly for what choice of 
f(t), y and ¢ (or y and 7) can be separated. This particular case arises 


= f(t) = J (1 +7), (6) 


where 7, is an arbitrary constant. (This choice of f(t) satisfies, in 
particular, the initial condition f(0) = 1 or a(0) =a.) Indeed, sub- 
stituting expression (6) into equation (2) and changing the zero of the 
time scale by taking t+ f,=1’, we get 


Oh Wty Op _ ih ay 


eM oe Di yk DON (7) 
In this equation the variables can clearly be separated and we have 
Palys t!) = ¥A() Trt), (8) 


where 7 is the number of the eigenfunction. 

We shall not solve here the equations for Y,(y) and 7,(t’). We note 
only that the Y, turn out to be superpositions of Hermite functions 
satisfying the boundary conditions Y,(0) = Y,,(a,) = 0, and that the time 
dependence of the absolute magnitude of the 7, follows easily from 
equations (5), (6), and (8). 


-t 
| 7,,(t’)| = const (¢’)-* = const (1 +7) : (9) 


Because of the orthogonality of the Y,() the time dependence (9) is 
also valid for the average absolute square [|y|?]* of the total wave 
function (x, ¢), which is a superposition of partial solutions (8), 


(x, t) = = CY, Fal T(t + to). 


It is clear that the eeeneating decrease of the probability density 
follows simply from the increase of the well-width using the equation 


Prive. t)|? dx = const. 


212 Answers and solutions 3.58 


58*, Let x, = 0 and x, = a(t) be the coordinates of the walls of the 
well. The “instantaneous” wave functions and energy levels of the 
stationary states are of the form 


2 7M 2 2 n2 


vn =f [ars] sin En= zane (ANAS) 


For computational reasons it is convenient to consider first of all a well 
of very large, but finite depth V, and only afterwards go to the limit 
Vo > 2 (compare problem 6 of section 1). If we take only the dominant 
terms of the expansion in 1/,/M of the solution of the problem of a 
symmetric well of finite depth, we find easily 


w(x) «I(-) sin ES (2 = — t) = rOAl (2) 


{for the levels we can directly use equation (1)]. Let us evaluate the 
matrix elements of dH/ét corresponding to the transition n>m. Clearly 
we have df /dt = aV,,/0t where V,, = V(x—a) is the potential of the 
right-hand wall. Furthermore, we have 


Vey 
ox 


Vey = OV, da = Ven 


ot da dt ox 


so that the matrix elements of 0H/dt taken between the “instantaneous” 
functions (2) are equal to («> 0) 


= Vy 8[x—a(t)], 


a = —V,8[x—a(t)] a, (3) 


(F)_= [va oH (2) dx = —Via ie Win(%) Yon(x2) 8(% — a) dex 
= —Vyap,,(2) $,(2). (4) 
Putting x = a in equation (2) we get 
2 Be Lad h 
#4(a)=,/E\(-19™ oh, 


which gives us after substitution into equation (4) 


0. _ sueay mh? a(t) 
(ar). ae ak ar 77) ©) 


We thus get for the coefficients c,, of the instantaneous functions in 
the first approximation of the adiabatic perturbation theory (see 
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problem 55 of section 3) 


; nm a 7h t dt’ 
bm = 2(—1)rtmH a3 g OXP E Oa (m? — n?) i =A (m#n). (6) 


Integrating we get for c,,(t), if we use the initial conditions c,,(0) = mn 
the expression 


nm f'a 7h t dt” 
Cpt) — 2( _ L)eaett m at [a a exp [ Op (m? _— n*) [, “| (m # ie 


Let us now consider the problem under what conditions expression (7) 
leads to a transition probability from the initial state » to the mth state 
which is well defined. We note first of all that there are two possibilities: 
(a) the motion of the wall stops at ¢ = T;; (b) the motion continues for all 
values of ¢. 

In the first case, equation (7) is only valid for t< T. For large values 
of ¢, after the wall has come to rest, the instantaneous functions are the 
exact ones and the coefficients c,, will no longer depend on the time. 
Since (x, 2) must be continuous at ¢ = T we have 


€,(t > T) = €,(T), (8) 


where the c,,(7') are the values of the c,, obtained from equation (7) for 
t= T. Since the probability of finding the particle in the mth state is 
equal to |c,,(¢ > T)|* and does not change with time, there is in this case 
always a well-defined transition probability. This probability is equal to 


a a i, ie 
[a Page 4 liz om nt) | a 


Let us now consider the other case where the motion of the wall con- 
tinues right up to too. We shall restrict our considerations to motions 
where the width of the well tends to a finite limit, a(t) a,, as to. 

The spectrum of the system at any time ¢ remains then discrete and 
the relative position of the levels does not change (no so-called crossing- 
over of terms). The transition probability is determined by equation (9) 
in which T will tend to infinity. To solve the problem of the existence 
of this probability we assume that the wall approaches its limiting 
position as follows: 


4n? m? 
Wn>m = lem(T) |? i (m? —n?)? 


a,—a(t)~* (y > 0). (10) 
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In this case we can everywhere replace a by a,, for sufficiently large 
values of t. We are thus led to an integral of the form 


© dt : 
| ti exp (iw. t), (1 1) 


where w,, = 7? fi(m? —n?)/2ua2,. We only gave the upper limit, to stress 
that the expression under the integral sign is valid for too. This 
integral will in our case (y>Q) always tend to an upper limit which 
ensures the existence of the transition probability. 

Let us discuss our earlier result (9) and find the conditions under 
which we can apply the adiabatic approximation which we have used. 
If T is much less than the Bohr period of the transition > m, that is, if 

Tee 


| mini’ 


the exponent in expression (9) is clearly 1 so that 


4n® m? Ta,\? 4n?m? (Aa\? ; 
eomint=aip (|, aM) ~out=mea)? 
where Aa=a(T)-— (0). 


The condition of applicability of the adiabatic approximation is 
Wn+>m <1 that is, in our case, 


2_ 2 
| Aa] | n?| 


a mn 
Of more interest is the case of protracted action, 
a 
fs. 
5 | m? — n?| 
In that case the exponent under the integral sign of equation (9) 
oscillates fast, so that the integral is of the order of 


le]__pa® 
a him? —n3| 
and 
n?m? /(paa\? ; 
om ora) we 


From equations (9) or (9”) we can see that the transition probability 
decreases steeply with increasing |m—n|. The condition of applica- 
bility of the adiabatic approximation, Wpm<1, is now of the form 


(m—n®)? 


|al< 
mm =a 
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For n~m~ 1 this last inequality means that the velocity with which the 
wall moves must be small compared to the characteristic velocity of a 
particle in the lowest level of the well [v~ (E,/) ~%/ua] (compare the 
preceding problem). 

We emphasise that the quantum number (m) of the initial state is an 
“adiabatic invariant’? when the wall moves, while the energy of the 
particle in that level (E,,) may change very strongly [see equation (1)]. 

We note also that equation (9) is symmetric against a permutation of 
the initial and final states 7 and m, that is, it gives also the probability 
W,>m for the transition m—>n. This happens because of the reversibility 
of quantum mechanics, that is, the symmetry of its equations with 
respect to a change in sign of the time. 

59. 12-3 A, 0-287 A, and 0-0186 A. 

60. 150 eV and 0-082 eV. 

61. Assoonas k/pu~d. 

62. E = h?/2ud? ~ 0-2.10% eV tol-3. 10°? eV. 

63. It is necessary that the dimensions of the regions or ‘‘obstacle” 
limiting the motion of the particles be appreciably larger than their 
de Broglie wavelengths (compare the situation in wave optics). We 
find thus that these dimensions must be >4.10-® cm for the electron 
and >3.10-!?cm for the proton. 

64. = hc/E = 2:07.10°3* cm. To study nuclear structure which 
has features of dimensions of the order of 101° cm, one needs particles 
with wavelengths much smaller than 10-2 cm. 
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LGV A) = As, VU, 51 = Fabs. 
(iii) J,{ Js la, b)}= (bt ANS. la,b)}, JJ. la, b>} = ad. |a, b>}. (1) 
(iv) Gj’, m' |i |i, m) = MAB yy Bmm'- (2) 
From (1) it follows that J lim) = cli,zm+ 1), and hence that 
Gj,m|J_J,lj,m) = |cl?. As JJ, =J?-J,(J,+1), we find that 
|c|?/a2 = j(j+1)—m(m+1), and hence, choosing the phase of c to be 
zero, 


Gj,mt VF, \j,m) = A+ 1)—m(mt 1}, (3) 
while all other matrix elements vanish. Similarly we find 
Gj,m—V\F_li,m) = AUG + 1)— m(m- 1)}4. (4) 


From the definition of J, we then find for the non-vanishing matrix 
elements of J, and J, 


Gj,m+ Jy li,m) = 4a/GG+ Y- mms 1)} = Gm li,m4 1) 
= ij.m+1\J, li,m) = —-iG, mI, li,mt 1), 


or in matrix form 


m™ j j-1 fea “jal ae | 

] 0 V7.1] 0 mae 0 0 

: V(2.1] 0 Vi(Z-1).2] ... a) 0 
ims 0 V¥(2-1).2] 0 Liss 0 0 

; ia aeons eae tanna nee oS 2204 : ae 

-j 0 0 0 . V{1.2z] 

mm 5 j-1 j-2 ~j+1 -j 

j 0 —i/(2) 1] 0 es 0 0 

; in/[2j 1] 0 ~in/[((27-1).2]... 0 0 
ine 0 iv{(27-1).2] 0 ais 0 0 

| yee Seats Pe a ee 

=} 0 0 0 eee BLT 5] 0 
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me F gat. fa? —j+1  -j 
j j 0 0 ee | 0 
: 0 j-1 0 ee 0 0 
ijn= 0 O' ge. .45- “O- 0 
7 0 0 0 af ae 0 
-j 0 0 0 0 -j 


2.The required operator (which we shall denote by R,) must 
transform any arbitrary function of the coordinates of the system 
PT, Ma) -++) Ty ..-) fy) into the same function but of coordinates which 
are rotated over the given angle. 

For a rotation over an infinitesimal angle dp around the direction 
n (where ft is a unit vector) the radius vector of the ith particle r, will be 
increased by dr, where 


dr, = dp [nar,]. 


Under a rotation over a finite angle [dp = g, around the same axis 
n we find for the finite change in r;, 


far, = [ae [nar,] = E A [rs ap] = 6r,. (1) 


Let us consider the most general operator R which is the operator 
of arbitrary finite displacements of the particles in the system. (Strictly 
speaking these displacements must satisfy the condition div 5r = 0.) 

To determine R we have 


RY (yy oe Nyy oy Ty) = WN + Sry, 0, TEA Oy «5 Ty + Sty): (2) 


We shall expand the right-hand side of equation (2) in a Taylor 
series; this expansion can be written in the form 


Y(1 + Sr), .... 7; + 4%, ..., fy + ory) 


= Hb( Ty) anny Mey very ry)+% (3r..5¢) +H > (3r..5--) ices 


=1 
N a2\ 17% a\72 
= f +z (5".-7) tay Pe (3r.-57)| + UP yy 0005 Ppp ory Ty) 
(3) 
Comparing equations (3) and (2) we can convince ourselves that the 
expression within the square brackets is the operator R. 


Since that expression is the power-series expansion of the exponential 
function we can write R in the following symbolic form [we introduce 
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4.3 
the operators of the momenta of the particles p,; = (h/z) (8/dr,)): 
2 N a iN . 
R= exp » (3r..5-)| = exp E = (5r.-B)) , (4) 


In the particular case of a parallel translation of all particles over a 
distance a we have 


or, = or, 10 or, =... bry = a, 


and equation (4) will be of the form 
R,=T, = exp (2.8) ; 


. N 
where P = > p; is the operator of the total momentum of the system of 
i=1 
particles. 


We can now go over to the required case of a rotation over a finite 
angle. 


If we take the m-axis along the z-axis of a system of cylindrical 
coordinates (p, , 2) and substitute 89; = @, 5p; = Sz, = 0, we have 


0 ) 0 "7 d 
(5.57) = Pig, ohio Fla: => 70 a0,” 


Substituting this into equation (4) and bearing in mind that 
(4/1) (0/Cp,) is the operator of the z-component of the angular momentum 
of the zth particle, we have 


. d er 
R,, = exp (>. 2 ie) =P (; Po m,) ; (5) 


‘ N 
where M,= > ae is the operator of the component of the angular 
i=1 1 OD, 


momentum of the system of particles along the axis of rotation. 
Finally we have in vector form [M,=M, = (n.M)]: 


~ 


i ‘ 
Ron = exp (; po(re. ID). 
3. It is well known that the wave function transforms as follows: 
W'(r) = (1+ i(da.D} o(r), (1) 


under an infinitesimal rotation of the system of coordinates. Here 
da is a vector directed along the axis of rotation and with magnitude 
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equal to the angle of rotation and I is the operator of the orbital angular 
momentum. 

Let us consider first of all a rotation over an angle dx around the 
z-axis. For such a rotation we have 


, re) 
U's 8,6) = Wr, 8, p+ da) = Yr, 8,9) 3 da. (2) 
Comparing equations (2) and (1) we find 
. Oo 
L = ap" 


To find the form of the operator /, in spherical coordinates we per- 
form a rotation around the x-axis. 
We have then 


dd 3 dp d 


W'(r, 8,9) = vr, 0+ 48, p+ dp) = {1 n (5 ott ie) aa\ iGe8.8). 


from which it follows that 


_ (dd 8 , dp g) 


Let us evaluate d6/da and dp/da. One sees easily that 
2’-—z=—yda, 
y’-—y = 2da, 

and since 2’ = rcos 6, y’ = rsin @sing we have 


dé ; dy 
Ae = —sing, da =-—cot 0 .cos 9, 


and thus 
i=i sing eats spauee : 
" 08 og 
Similarly we find 
[, = —i{cos ee sin ee 
yo ? BY!) : P Op . 
4. If the operator c9) changes a function y into a new function y, 
w= Ag, 
we must in the rotated frame have the relation 
y' — Q'y' , 
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and since [see equation (2) of problem 2 of section 4] 
Ry=w', Re=¢', 
the required relation follows. 

5. It can be shown (cf.problem 47 of section 3 and problem 2 of 
section 4) that momentum and angular momentum of a system are simply 
connected with the operators of infinitesimal translations and infinitesimal 
rotations of the system (more exactly, they are proportional to the 
difference of those operators and the unit operator). 

Any translation commutes with any other translation so that the 
operators of the different components of the momentum will also com- 
mute. Two rotations around two non-parallel axes will, however, not 
commute with one another which corresponds to the non-commutability 
of the operators of the different components of the angular momentum. 


10. [,, = [, cos(xz')+ f, cos(yz')+ §, cos(zz’). 


12. If we use the |j,m) representation (see problem 1 of section 4) for 
the spin functions and if the rotation is characterized by the Euler angles 


va 
3, W, and y, we can get the new spin function (v5 | from the old spin 
Wi Wey 
function | Wo | by three successive rotations: 


Wer 
V4 fH 
(¥ | = fiat vo ). 
ws W-1 


where R, corresponds to a rotation around the Z-axis over an angle y, 
R, to a rotation around the x-axis over an angle 0, and R, to a rotation 
around the z-axis over an angle yp. . 

In the representation used R, and R, are given by the relations 
[compare equation (5) of the solution to problem 2 of section 4 and the 
matrix representation of the angular momentum operators in problem 1 
of section 4] 


: ef? Q 0 ; ev Q 0 
R,= ( 01 0 ) R,={0 1 0]. 
0 O et? 0 O etv 


t See, for instance, H. A. Kramers, Quantum Mechanics (Amsterdam: North Holland 
Publishing Company, 1957) or A. S. Davydov, Quantum Mechanics (Oxford: Pergamon 
Press, 1965). 
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To find R,, we use the fact that R, = exp(i0M, /). Using the 
matrix representation of M, given in problem 1 of section 4, we find that 


Es 
cos*43 yazan’ —sin? 43 


a 


R,= asind cos? Gysind . 


—sin?40 Fqsind cos?43 


We thus finally get 


Wi el *¥) cos? 49 wae" sin? —el-9) sin24\ fy 
i, ae 

Wo |= vie” sin 3 cost pk sind Wo 
: ae ; 

Ws —e (Y~9) sin? £9 wae” sin 3 et t#) costAd/ \Wy 


13. Using the result of the preceding problem we find for the case 
M=1, 


w(+1)= cos*S, w(0) = 4sin?6, w(—1) =sin* 
for M = 0, 
w(+1)=4sin?@, w(0) =cos?6, w(—1) = 3sin?6; 


and finally for M = —1, 


3? 


6 
w(+1)=sint=, w(0) = 4sin26, w(—1) = costs;. 


14. 2 FO 1 ne (i Aes 
a= (7 4): om ( Ae ENG Sie 


Comparing this with the representation in problem | of section 4 we see 
that we can interpret 4%6 as the operator of an angular momentum with 


j = 4; that is, the operator of a spin- particle. 
16. Using the result of problem 2 of section 4 we find for the 


transformation operator T (compare problem 12 of section 4) 
pian. aca rily+p) ert -¥) ginko 
* _ shivdy ph0dy obiod, — (C7 cos} 3 ier sin4 
Eee ee Crees e HOY cosh 9)” 
17. The Euler angles 3, yp, and W are connected with a, B, -y, and ® 

through the relations 

cos} ® = cossdcosh(pt+ y), asind = sin}d cos$(y— yp), 

Bsind® = singdsind(p— yp), ysint ® = cos} Psind(yt y). 
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Hence, using the results of the previous problem we find 


T = cos4®+ i(ad, + BG, + y6,) sin} ®. 


19. w(+4) = igh w(-4) = sin? 


The average value of the spin component is equal to 3 cos 0. 

20. We use the matrix of the transformation of the components of the 
spin function under a rotation of the coordinate axes. This matrix was 
given in the solution to problem 16 of section 4. Using this matrix we 
find the spin function in the new system of coordinates 


oy = exp [427(9 +) + 2a] cos ; .cos +z exp [47(w — y)+ 78] sin ; .sin 6, 


wy = texp[ 4i(p—) + ia] sin 5 .cos 8+ exp [—42(9 + 4) +28] cos 5. sin 5. 
We find the probability that the spin is directed along the 2’-axis, 


7 . . ; ; P 
w, = Yd = cost .cos? 5+ sin? S. sin® 54+4sin @.sin25.sin(y+a- 8). 


From this formula it follows that the probability for the value of a spin 
component along the orbital direction depends only on the difference 
a—f and not on a and B separately. 

21. The spin direction is determined by the angles 


6=25, D=47+B-a. 


22. It is possible. In the case of a mixed ensemble for every direction 
of the inhomogeneous magnetic field one will always get a splitting into 
two beams. In the case of a pure ensemble by a suitable alignment of 
the instrument one can obtain the disappearance of one of the beams. 

23. The operator of the square of the total spin is given by the 
equation 


i, 
=a (5 1), 0 9), 4* Ll 
i (0 4) ue *) i 


where the indices | and 2 distinguish the two particles and the operators 


”A, 
nN 
{I 
A> 
tS) 
+ 
”) 
VN 
+ 
tO 
=~ 
heb 
tA, 
n 
— 
HI 
nw 
oF 
re) 
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+ 
nie 
ot 
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& 
nv 
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with index 1 (2) operate only on the spinor of the first (second) particle, 
] 

01 

We now introduce the unit spinors @ and B: 


=(). #90), 


The general spinor of asystem of two spin-} particles can then be written 
in the form 


while | is the unit operator 


W = aa,a,+ ba,B,+ cB, a, + dB, Bo , 


and one finds that W is an eigenfunction of Ss. = Si2+ So: = 4n(6,,+ 622)s 
provided b = corb =~—c. Solving the eigenvalue problem S*Y = AW we 
finally find the following joint eigenfunctions: 


VW, =a,a,, S? = 2h?, S,=h; 
W,=a,8,+B,a,, S* = 2n?, S, =0; 
W3 = BiB, S=2h?, S,=-h; 
W, = a, 8,— Bia, , S*=0, S, =0 


27. The possible wave functions for the two-particle system are 
1 
Wri = 1%, 1 =Pi Ps Yio = 2 (a Ba + By o2); 
1 
Poo = 2 (x, By —B, Op). 


The first three wave functions correspond to the triplet state and the 
last one to the singlet state. The dipole-dipole interaction energies 
corresponding to these wave functions are 


Via = Vaya = —24/d?; V1 9 = 44/d?s <V 09 = 9. 
The wave function at ¢ = 0 is /(2)[¥19+¥4%9] so that at time ¢ we have 


= ¥(2) [Yao exp (— 42At/d?h) + boo], 
and we see that after a time fid?/47A the wave function will be 


= —\(2) [¥4,0—Yo0], corresponding to a spin-flop. 
28. Proceeding as in problem 23 of section 4 we find four quartet 
state spinors: 


Vi = A, AX, Ay 4 S? = Bh? > Ss, = gh; 


WV, = a, 0,83+ a,8,03+B,a,03, S? = Bh, S, =4h; 
Ws = 06263 +8,0,83+8,B,a3, S* = eh?, S, =—-th, 
W, = 68283, S? = ABA? 3 S, = —3n; 
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and two, degenerate, doublet state spinors (A and yw are arbitrary 
constants) 


Ws = a, 0283+ Aa, B.a3—(1+A)Bia,a,, SS? = jn?, S, =4h; 
We = 018283 + uB)a283— (1 + u)B1 B20, S? = 3h?, S, =—th. 


31. By writing out explicitly the corresponding 4 x 4 matrices one 
finds that 
(6;,.6;) a 2P.4—Liy (1) 


where J,, is the 4x 4 unit matrix. 

Using (1) and the results obtained in the preceding problem, the 
proof follows in a straightforward way. 

32. Between the components of a spinor function and the components 
of a symmetric spinor there exists the following relation: 


1 12 _ a — 22 _ 
ip = ph, ip =o = 79% yp =p (1) 


where W,, Wo, and wW-, are the components of the spin-1] spinor 
(cf.problem 12 of section 4). A spinor of the second rank transforms as 
the product of two spinors of the first rank, that is 


YT = oP 8+ Zaft + By, 
P= coy + (a5 + By) l*-+ BOY, 
y’22 = yA yl 4 W/SY12 + $222, 
If we now replace the components of the spinor by the components of 
a spin function we get by applying equation (1) 
Py = a? fy + f(2) oPbo+ By, 
Yo = (2) ayy + (08 + By) ho + V(2) BSP, 
hy = Pb ty (2) yoyo t+ Oya. 


If we then substitute in this relation the values of the coefficients 
: 7] eh te : 
a=exp[}i(p+yp)]cos5, B=zisin>.exp[—2(p—¥)], 


ie isin 5. exp [}i(o—)], 5 = exp[—2(e+y)] cos, 


we find the result of problem 12 of section 4. 
33. To find the required probability we use a formal method which 
consists in considering instead of a particle with angular momentum j a 
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system consisting of 2; particles of spin 4. Since in our problem the 
angular momentum component of the particle is equal to j, all particles 
in the equivalent system of 27 particles must have a z-component of the 
spin equal to +4. The probability for a spin component +4 (or — 4) 
along the z-axis is for each of the particles equal to cos? (8/2) [or sin? (0/2)] 
(problem 19 of section 4). In order that the value of the z-component of 
the total angular momentum of these particles is equal to m, it is necessary 
that 7+m particles have a z-component +4 and the remaining j—m 
particles a z-component —4. The required probability w(m) is obtained 


by multiplying 
" Q@\j+m ae “" 
(cos 5) x (sin 5 


by the number of ways of distributing 2; particles into two such groups, 
that is, by (27)!/(7+m)!(j—m)!. In this way we get 


w(m) = GemiGaal (cost 3) (sin ) 


y 
One verifies easily that > wo(m) = 1. 
=J 


34. We shall consider the case s = 1. The wave function is then a 
3-component column matrix. 

(i) Yes. 

(ii) No, not all states correspond to the spin oriented in a definite 
direction. The reason is that if we wish to find the two angles character- 
ising the direction of the spin—if it exists—we have three equations to 
be satisfied, and that will in general be impossible. 

35*. The states of a system with angular momentum J can be described 
by asymmetric spinor of rank 2J, To solve the present problem we must 
establish a connection between the components 

fa ae ee 
yitnt VBR 8 yy. 1 22.2 


From Fig. 33 one sees easily that 


J+M’ J-—M’ 
a 22...2 _V+M’ !U- M' )! 
(27)! 
7, yy’ BM'-M+y yJ+M—» §J—M’-» as Zu 
* 22) ar Meo 


where a, f, y, and 6 are the Cayley—Klein parameters. 
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J—M' 


J+M' 
fldiiiiiiiiiisi Le cera ai 


| 
if } 44 
| | | | 
Peed iti itty? 2222)2222222 yA 


/e—J +. M — vy» «J — M—__o}e9-} 
Fig. 33. 


Since 


ya eee - {[eenie- mM) a), 


irae rt -/ che ‘eo ue | vi(M, 


and 4(M) = 1 we have 
p'(M') = J[(J+M')!(J-M')! (J+ M)!(J-M)!] 
y” BM’ M49 oJ -+M—v §J-M'—v 


mov! (M’—M+v)!(J+M—v)!(J—-M’—v)!" 


Xx 


It follows then that: 
ay 
P(M, M') = (J+ M'\!\(J-M’)!(J+ M)1(J-M)! (cos 5) 


| (—1) (tan5) —M+M" | 


In the summation we must put all terms which lead to a negative 
number in the factorials equal to zero, that is, in other words, we must 
sum over v in such a way that p satisfies the inequalities 


v>M-—M"’, 
v<J+M, 
v<J—M"', 
36*. We find first of all the eigenfunctions of the operator j,. Todo 
this we write the operator j, in matrix form 


. L+k 0 
j.=| 0 ea 


since /, = —i(8/), the equation determining the eigenfunctions and 
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eigenvalues of j, is of the form 


:) 
iptt 0 th __[t 
0 -i5-4 the te 
or 
—i = my 
thas mio. 


It follows that 


b, =f,(7,9) exp [t(m—4)e], te = falr, 8) exp [i(m + 3) 9], 


where f, and f, are arbitrary functions of r and # and m is a half-odd- 
integer. 
From all possible functions of the form 


ee 3) exp [¢(m— 2) ") 
o(7, 0) exp [#(m + 3) 9] 


we must select those which are at the same time eigenfunctions of the 
operator /?, Such eigenfunctions are of the form 


(") _ tek Yim; él 
7 R71) Yi mix ) 
The last stage in this construction will be to make this function an eigen- 
function of the operator of the square of the total angular momentum 


by suitably choosing R, and R,. To do this we write the equation 
J? =j(j+1)¢ in matrix form 


oe [,—ily Co °) = jG 41) ( 7) Yima(9, °) 
L+il, P+3—-L)\Rr)Yimual, 9) Ri(r) Yimsi(4 9) 
and take into account the properties of the spherical harmonics 

(i, +0) Yim = (E+ m+ 1) (=m) Yimin 

(L,—il,) Yim = V[(E— m+ 1) (1+ m)] Yom: 
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It follows then from the matrix relation which we have written down 
that R, and R, must satisfy two homogeneous equations 


[2+ 1-77 + I+ m+ a) Ri +yV[(l+3)—m"] R, = 0, 
VIGE+ 2)? — m7] Ry + [E+ 1)—7(j + 1)—m+ 9] Ry = 0. 


In order that these equations can be solved, it is necessary that 7 is equal 
to either /+4 or /—}. 
If we put 7 = /+4 we get 


Ry = VU+d+m)R(r), Re = y(l-m+ 3) RO) 


and thus 
dE) vent 
Ul,j = 144, m) = R(r) (= 0,1,2,...)3 
[55 m +4 V 
2/+1 hint 


similarly we get for j = /— 
2(1,j = 1—4,m) = R(r) (PS 12S): 
The factor 1/,/(27+ 1) follows from the normalisation. 
37. 
probability 


orbital ang. mom, 


m—% l+m+4 l—m+4 
a 2i+1 21+1 
orbital ang. mom. - 
m+ l-m+4 l+m+4 
ua) 2!+1 21+1 
ml 
L(j =1+4)= uae s(j =!+3)= eat 


Ty: 2m(1+1 ‘ 
LG = 1-4 = BY, get e-y 
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38. The eigenfunctions of the operator of the spin component in 


the direction ©, ® can be found from the relation 


(o-sin 8+ ays @xind+-0,6086) (3) = (3), 


from which it follows that 


asin © exp(z®)—fcos © = 8B. (1) 
From the last equation we find the ratio a/B: 
a © ; 
3 = cot 5 exp (-7®). (2) 


On the other hand, from the explicit form of the functions 


WLj=1+4,m) and (l,j =1—4.m) 
we find 
a Yim) __, Ppt-} (cos) 


B V¥,,.q(0,9) — ? Pr*¥(cosa) *P (—) 


(3) 


where 


es eel ee 
¢;= (ES for j;=I/1-}, 


If we compare equations (2) and (3) we find that ® = 9g, that is, the 
spin direction in the given point of space lies in the plane through the 
z-axis and the given point. The angle © is determined from the condition 

a0 - Pr-4 (cos 8) 
O°? — 4S Prt (cos 8)’ 

39. The wave function of the system W(J, M) has the form of a sum 

of products of functions of the separate particles, 


LI, M) = ee BaP at cob? dhe +e WP 


where the lower index on the wave functions indicates the value of the 
angular momentum component. 
The coefficients c; must be determined from the condition 


PY, M) = J(J+1)¥(J, M). (1) 
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The wave functions of the first particle can be written conveniently in 
the form 


1 0 0 
py = | 0}, py) =[1], 4 = [0 
0 0 1 


If we use that notation for the wave functions, the operator / will be 
a 3x3 matrix 


0 1 0 0 -: 0 10 0O 
1 1 

he= 1 0 14, hy = i O -il, £,={0 0 ; 

01 0 0 i O 0 0 -1 
and we find for the operator J?: 

J? = P+2+2(f,.1) 

Wl+1)+24+2h, (2) h- 0 
7 v(2) fo, + 1)+2 (2) 5 
0 V(2)4,  U14+1)+2-2h,, 


where 


ee Ne eae ee re 


If we use the properties of the operators /, and /_, 
in tn oa v[C+ m + 1) (i- m)| Wm+1 
Ym = Y[(L+-m) (I m+1)) bn» 


we find that condition (1) leads to two equations, 
[J(J+1)—U+1)-—2M]c, = J(2)J[+ M)(l-M+1)] e9, 


[J(J+1)-—114+1)+ 2M] c_, = ¥(2) V[U +4 M41) (1-M)] cy 


(the third equation is satisfied identically). 
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If we solve these equations we find for c(J, M): 


¢(1+1,M) e(I+1,M) ¢_,(1+1,M) 
o(hM) (lM) 4(,M) 
(1-1, 41) e(/-1,M) ¢,(I-1,M) 


joey) Beare ea) re M)(I— bu) 


2(21+ 1) (7+1) (214-1) (+1) ~2(21+ 1) (T+ 1)” 


(14+ .M)(I— M +1) M (1+ M+1)(I-M) 
-|-/ [Saas 21(1+ 1) | V+) JS 211+1) 4 
/ —~M)(I-M+1) (1+ M)(1— M) (i+ M) (+ M+1) 

ery | =| | male 21(21+ 1) | 

Since this matrix is orthogonal, its inverse is the same as its transposed 
and therefore each of the functions ¢{) £@ |, pO fe), PO) Ji, can be 
expressed as a linear combination of ¥(+ 1, M), YL M), ¥Yi-1, M) 
with coefficients which are in the columns of this matrix. 

40. The states with well-determined values of J (J? is an integral of 
motion) can be constructed from the states with L = J—}, L=J+}. 
An inversion (x>—x, y>—y, and z>-—2) will not “change the 
Hamiltonian operator of the total system (parity is an integral of motion). 
The parity is different in the states with L =J—}4 and L=J+}. It 
follows from this that in a state with given value of J the orbital angular 
momentum L corresponding to the relative motion of the particles must 
have a completely well-determined value. 


44. A, = p, = 0, 


(55 ee I(2l+ 1) 


B= M,|Hete)+He.-2) 2 at 

45. —0-26. 

46. —1-91. 

47. (a) 0-88; (b) 0-5; (c) 0-69; (d) 0-31. 

48. The weight of the D wave is equal to 0-05. 

49. The states 7P:,, ?P), and *P, can occur, the others are nonsense. 

50. The spin of the a-particle and the spin of the nucleus B are 
equal to zero so that the orbital angular momentum, L, corresponding 
to the relative motion of the a-particle and the product nucleus is equal 
to unity. It follows that this system is in a state of odd parity (the 
a-particle has even parity) if the original nucleus had even parity. 


t+ We refer to a note by R.S. Dorfman (AmJ.Phys., 40, 356, 1972) for a 
discussion of possible sign-ambiguities when using the method given here. 
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52. It is impossible. 

54. Using the laws of conservation of energy, momentum, and 
angular momentum and the fact that a photon has a spin 1 directed 
along its direction of motion, we find that the answer to (i) is no and to 
(ii) yes. 

55. Since for any of the particles there are possible (27+1) spin 
orientations, the total number of independent spin functions for the 
system of the two particles A and B is equal to (27+ 1). 

These functions, which are not symmetrised with respect to the 
spins, have the form x{4) y{2), where 7,k = —J, —I1+1,...,J-1,J. If we 
symmetrise them we get the following result: fori =k there are (27 +1) 
functions of the form y{4)‘{%) (symmetrical); for i#AA there are 
(22 4+ 1)?—-(22+1) = 27(22+1) functions of which one half, that is, 
I(2I1+1) functions are of the form y{4) x{3) + y{4)x{5) (symmetrical) 
and J(2J+1) functions of the antisymmetrical form y{4) x13) — y{4) y{4). 
In this way we get altogether ({+1)(2Z+1) functions which are 
symmetric with respect to permutation of the spins of the particles A 
and B and J(2IJ+1) antisymmetric functions, which leads to the 
required ratio (1+J)/J. 

56. —1. 


; 2i(i+ 1)— 6m? 
57. All (Qj) vanish except (Q,,). (Q,,) = I= NGI+3) 


58*.The averages of the off-diagonal elements vanish and 
(Oxx) = (Qyy) = —4(Q,,) with 
3m? 


= (y2 opel Ee 
(0.2) = (r?)4 I G+ | : 
60. The quadrupole moment is defined by the equation 
- fe cos? 8 —1)72|Pympesl? dr. (1) 
If 7 = 1+4, we have 
divas = ROY.) (9); 
and if 7 =/—4 


: _ qn (aie) 
ttomnd = 1214 1) \y(21) ¥,(8, 9) 


We thus get from (1) 


Central field of force 


where 
D = —i7V.. 
2. Putting R,; = x,/r the equation for R,, goes over into 
h? WIil+1 
— 5X [Bu V0) — FE | xn = 0. a) 


This equation is formally the same as i ee equation for a 
one-dimensional motion in the region 0 <r <0 with an effective potential 


Ril+1 
Verde) = Vins ED. 


Since y,,; = 7R,, vanishes for r= 0, we can assume that V = +00 for 
r <0 for this one-dimensional problem. 
3. We shall write the Hamiltonian operator in the following form: 


~ a 1) i? oa 7? ry 
H = A,+ a? where A, =-— 2p a (" Z)tVO) 


The smallest eae of the energy and the corresponding eigen- 
functions are related by the equations 


arn [or[ee BMD a 
Emin = [uta |Ao+5 jee a 1) da dr. 


The last expression can be written in ice form 


ERY = fons[a a2 i At | try ar +[ES a 2 Pia Yi. ar. 


Let us compare the first term in this expression with EP", Since ys 
corresponds to the minimum eigenvalue of the operator 


A? (+1) 
Hy+5, a 
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we have 
[ots{Ho+ allen S] tii4dr> [vv [+9 a oS | yo dr. 


As far as the integral vf — COD aa ,¥14147 is concerned it is always 


larger than zero. Beice - Epa < Emin, that is, we have proved the 
statement given above. 

4. The potential energy is V(r) = }yw??’?. 

The radial part R of the wave function satisfies the equation 


R42 R 4 + [ae pew? 7? AA |R = 0. 
r h h? 


If we substitute y = Rr and use the notation 


_V(2nE) poe _ 
at Tats A 


+[ie—ve Shy =o. (1) 


we have 


If we consider the asymptotic behaviour of x as r->0 and as r->co, we 
can put the solution for y in the form 


x = r+lexp(—4Ar’) u(r). (2) 


If we substitute expression (2) into equation (1) we get an equation to 
determine the function u(r): 


wt +2( ar) w — [2A(I+ 3) —A®] u = 0. (3) 


By introducing a new independent variable € = Ar? equation (3) goes 
over into the following differential equation: 


ee u qu, 
Sa t+ b—s dF: dé +[$(1+ $)—gs]u =0, 
where 
_R_E 
eee) Wane 7 


The solution of this equation its the confluent hypergeometric function 


w= FIMI4 3-9), 14 95 8. 
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Requiring that R vanishes as r->0o we get 
1(J+3-s)=—n, (n,=0,1,2,...) 


and hence we find that the energy levels are equal to E,, = hw(/+ 2n,+ 3), 
and the wave functions given by 


Wnt 7 exp ( = 3 Xr?) F{ Ny, I+ an dr?} Yin(P, ?). 
5. The wave functions are 


Da nang(% YX) = Pni(*) Ond I) Pn(2)s 
where 
1 1 é\" re 
Pal*) = Toe nl Wa" ox exp (— Ax’). 
The corresponding energy levels are (see problem 5 of section 1) 
Ean, = ha(ny+n,+ nyt 3). 


The connection between ,., and Dyn.n, for m, = 0,1 = 1 is of the 
form: 


1 ; 
You = 2 (Dyo9 +7 o 109); 


Horo =i Door, 
1 : 
bor—1 = 2 (Dioo— 1D p10): 
6. Z, = (n+1)(n+2), 
where n= 2n,+1. 


7. For He we have 


HO rataprol-HC)] 
t= (x): R=1. 


(r) = dost Os (1 +3) ex ae zy 
Pd od aye BPP 2 e | 
R= 1-94r,. 
8. The equation for the radial function is of the form 
Wd (dR), # 10+) 
2ur?dr\ dr} 2p Pr? 


where 


For 160 we have 


R+{V(r)—E} R = 0, 
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where p» is the reduced mass, » = M,M,/(M,+M,)~M/2, since 
M, ~M,, = M. 
If we put / = 0 and R = x/(r)/r, we find 
ax , 2H 
Gz + he 
Introducing a new variable 
& = exp(—1/2a), 


[E+ Aexp(—r/a)}x = 0. 


we find 
rx, 1 dy | k? 
Get eat (oa) x= 
where 
2 8H 402 
c = 32 ary 


The general solution of this equation is 
x = By J,{cl) + Ba I_x(cé), 


where J, is a Bessel function. As r— o (£ = QO) the wave function of a 
stationary state must tend to zero so that B, = O and hence 


R= a, {cexp(—7/2a)]. 


In order that R is finite for ry = 0 we must have 
Jie) = 
This equation gives us the connection between a and A. To obtain 
values for a and A referring to the ground state, it is necessary that c is 


the first root of the Bessel function (the radial wave function must not 
have any nodes): 


1 0-45 3-1 100 
2 0:91 3-7 36 
4-4 2:02 5:1 14 


9. The average value of the energy £ in the state described by the 
wave function (r) is given by the following expression: 


E = 3 [ (war [Vyrar. 
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According to the variational principle the quantity E takes on the value 
of the ground state energy if ys is the exact ground state function. If we 
take for % a function depending on one or more parameters a, §,..., the 
energy E will be a function of those parameters, E(a, 8, ...), and the best 
approximation to the energy and the wave function of the ground state 
will be obtained for the values « = a, B =8p,..., which satisfy the 


conditions 
; 0E(a, B, =) 
= 0; aa - =0,.... 


b=fe £=Bo 


The quantity E(a, By, ...) is always larger than the ground state energy 
and is the nearer to it the larger and more expedient the class of trial 
functions taken. 


In our case % = [1/,/(47)] R(r), where R(r) = cexp(—ar/2a). From 


the normalisation condition it follows that c? = a3/2a? so that 


a5 a = 2 dy — ¢2 —~——-)7? 
n= c wal (x) exp(—ar/a)r? dr—c Al exp ( 2 rs dr 


h* (a \? a \% 
= 34 (2a) ~4(zra) 


We find the minimum of E(a) 


Hence, 


4 2 
(a+ 1)* _ a = 722:3% A = 1-34, 


Mg 
The value of the energy for this value of the parameter is 
E = —2-14 MeV. 


The exact solution of this problem gives for the given values of A and a 
the value E = — 2-2 MeV (see preceding problem). 
10. The equation for the radial part of the wave function forr <a 


is of the form 
1d/,dR\ Uti), 5p 
a5 a) +) R+kR = 0, (1) 
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where 
2uE 


k? = qe”? 


while forr = a, R= 0. 
We introduce instead of R a new function y(r) through the formula 
x(7) 
7 7 RO. 
Substituting this into equation (1) we get for y(r) the equation 


1 (1+ 4?) 
tt “4! 2 01 2s a 
x" + 7x +{k 2 jx = 0, 


the solution of which are Bessel functions of half odd integral order, 
x(1) = Sizal’r), 


R(r) = 7 Ji. (2?)- 


The value of the energy E = i? k?/2y of the stationary states is obtained 
by requiring that the Bessel functions tend to zero at r =a 


Jis4(Ra) =0, 


while c follows from the normalisation condition. 
The simplest energy levels to determine are those for particles with 
angular momentum 7 = 0. In that case 


J,(kr) = ri (=) sin kr 


and the energy is given by 


h? n? 1? 
E65 = 2p ae 


11. The problem reduces to the solution of the one-dimensional 
problem with potential 
-K 0<r<a, 
Vir)=( O- r>a, 


co )60Ol or <0. 
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If we put in problem 7 of section 1 V, = », V, = Vo, we get the equation 
which determines the energy levels of the discrete spectrum 
: 2nE) 
ka = nv—arcsin--.——-, k= NEE : 
ee (enh) i 
These energy levels can easily be obtained using graphical methods 
(see fig. 34). 


The depth of the well for which the first discrete level occurs is 
equal to 


_ whe 
0 Spa? 


12. The wavefunction is Wy = f(r) cos with 


Piya sinar cosar < 
ryp= - . 
ay? ar |° 9 


6 1 ] 
= Be Ge pe ee es 


where a? = (2y/h?)(E+ Vo), 8? = —2uE/h?, and A and B are constants 
which are related through the requirement that f(r) be continuous at r = a. 

13. When the well edge is rounded off all levels are changed upwards, 
that is, AE >0. States with large values of / will suffer large shifts of the 
levels, since the particles in a state with a large value of the angular 


moment spent a relatively large part of their time near the edge of the 
well. 
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14*. The radial wave function satisfies the equation 
a 2 
x +55 (E- V)x = 0. 


In the region I, where V = 0, the solution which tends to zero for r = 0 is 


y= Asinkr, k= 7H 


In the region II (V = )) the general solution is of the form 


x= Byexp[x(r—r)] 4+ B_exp[—(r—ry)}, 2 = MF). 


The coefficients B, and B_ are determined from the condition of 
continuity of y and y’ at the boundary of the regions I and II, 
Asinkr, = B,+B8_, 


Akcoskr, = «(B,—B_). 
Hence 


B= a (sin mae cos kn) ; 
K 


(1) 
B= mal k k 
_ = 5 |sinkr,—~ cos kr}. 
The solution in region III, where again V = 0, is 
x = C,exp [zk(r—r,)] + C_ exp [—72k(r—1,)]. 
The condition of continuity on the boundary between regions II and III 
leads to 
B, exp [(r2—1)] + B_exp[—«(72—14)] = C+ C., 
«{B, exp [k(rz—1,)] — B_ exp [— «(r,—1,)]} = tk(C,— C_). 
We find thus 


K 


C, = 4B, (1+ 5) exp ix(r,—r 1+ 4B(1- 5) expl-H(ra—n 


« 


C= 1B,(1 -3) exp [«(r.—7,)]+ p(t +3) exp [—«(72.—7,)]. 
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Using equation (1) we can express C, and C_ in terms of A, 


hese 
C, = }Asin an(1 + 4 exp [«(72—17,)] (1+ sa exp [ — 2«(r.—1,)] 

14+— 

tk 
1a 
k tk 

+-cotkr,| 1— exp [—2«(r,—7,)] | }. (2) 

K 1 +z 


Expressions (1) and (2) determine the form of the stationary wave 
functions of the particle. The behaviour of the wave function depends 
essentially on the particle energy. Let us consider the dependence of 
C, and C_ on the energy. We will assume that «(r,—7,)>1. We can 
then neglect all terms which contain a factor exp[—2x(r,—7,)], and we 
have 
C A. K k - 
+27 sin rr,(1 +3) exp [K(72—7,)] F +~ cot kn}, C_ = Cf. 

If the quantity within the braces is not too small the coefficients C, 
and C_ are appreciably larger than A, that is the wave function is 
anpreciably different from zero only in region III (fig. 35a). For some 
values of the energy when the expression within braces in equation (2) 
is small C, and C_ can be anomalously small. Such energies will be in 
the neighbourhood of the values £,, which satisfy the transcendental 


Vir) 


ri 


ry 1% r 


(a) 


(b) 


Fig. 35. 
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EF. 2pLE,, 
1+ /(p25) oot |(PoE) n = 0, 


and which are the so-called quasi-stationary levels. 
One can easily show that the values EZ, are the true discrete energy 
levels of the problem with a potential depicted in fig. 36 (r, > ©). 


Vir) 
[ee 


0 Ts t 


Fig. 36. 


equation 


The values of the energy which are lying in a narrow band near the 
quasi-level correspond thus to wave functions which are vanishingly 
small in region III (fig. 35b). 

The probability to find particles with a strictly defined energy 
within region I is equal to zero. Indeed, the wave function of a particle 
with a well-defined energy belongs to the continuous spectrum and the 
integral over region III of |¥(r, £)|? diverges; at the same time the 
integral over region I is finite. This statement remains valid for states 
near the quasi-level. To find, therefore, the probability of emergence 
of the particle from region I it is necessary to consider states which are 
a super-position of a number of stationary states with nearly the same 
energy, that is a ‘‘wave packet’? which is localised in region I, and to 
investigate its ‘“‘spreading’’ with time. We shall take for the wave 
function at t= 0 a function y) which is practically equal to zero in 
region III and which in the regions I and II is the same as the wave 
function of the quasi-stationary state. 

We expand y,(7) in terms of stationary wave functions, 


xo?) = [ * o(E) xn (1) dE. (3) 


The functions y,(r) will be supposed to be normalised in the energy 
scale. The state of the particle at time ¢ will be 


xoltst) = [e(E) xe(0) exp (—iB¢[h) dB. 


We consider the probability that the particle during a period ¢ will have 
gone into the initial state x,(r), 


WOO) = | xo) xl 8) a 


rss (lee) exp (~ iB1/) dE). (4) 
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The problem is thus reduced to finding the distribution in energy of the 
initial state, | o(Z)|?. 
From equation (3) it follows that 


o(E) = i yal) Xu() dr. (5) 


In agreement with what we have said, one can take for x,(r) an 
eigenfunction of the auxiliary problem with the potential depicted in 
fig. 36 forr<7r,, 

| 


xXo(7) = asin kyr (13 =a 


and for r>r, 


ol?) = —“2aexp[—2n(r—r,)], x? = KBR. 
0 
The value of ky is determined by the condition 


. K 
sin kyr, = -%2, coskyr, = = 

and the normalisation constant is given by a = J[2«/(1+ «r,)]. 

The functions y,(r) are in regions I, II, III determined apart from 
a general multiplying constant A. We must now choose A in such a 
way that the x;,(r) are normalised in the energy scale. The asymptotic 
form of x;(r) is determined by the values of the coefficients C, and C_. 
The normalisation 


[e080 ar =8(E-E1 


-icjal /({+ 
ic.1=1C1= 5 /(4). 


We can thus determine the dependence of A on energy using 
equation (2). We noted earlier that the ratio 


1Cx| _ (lt) \(n/27k) 
A(E) A(E) 


leads to 


was large for practically all values of the energy and small only when E 
is near one of the quasi-levels. The function g(£) has thus a steep 
maximum near Ey = A?ki/2yu. In the region of the other quasi-levels 
because of the nearly total orthogonality of the function y,(7) to the 
eigenfunctions y,(r), which refer to the other quasi-levels, the integral in 
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equation (5) will be nearly equal to zero, even though A(£) will again 
increase. Thus, in expression (4) for the probability W(t) only the region 
of values E which are near to E, will give an appreciable contribution. 

After these preliminary considerations we can attack again the 
evaluation of o{E). First of all we find the dependence of A on E. From 
equations (2) for C, and C_ it follows that 


Cy = Ct = BB, (145) exp [ele —r] + 4B_(1- 5) exp [—«(ra—r)] 


Further, B, and B_ can be expressed in terms of A: 


B= é (sin kr, +" cos kr.) ; 


B_= o (sin kr, — : cos kn) : 


We can put k—k, = Ak near the quasi-level and assume that the follow- 
ing inequalities are satisfied: 


|Ak|<ky and |AR| <x. (6) 
The dominant terms in B, and B_ will then be 
Ax 
B= 5 9 (1 +«r) Ak, 
B_=-A Ro 
Ko 
Assuming = exp [—«(r,—17,)] <1, we have 


Ak 
ICLl= FR 


Re a1 + «7,) exp [«(72—7)] 


(AR (a exp 2x(ra- rn) 
+ 


and since |C,.| = (1/h) \(u/2mk), we ee 
Toor (tenet eva 


We can now easily evaluate the integral (5) which determines 9(E) 
if we assume that as before the inequalities (6) are satisfied. The function 
xz(r) differs in the regions I and II little from [A(E)/a]y,, and in 
region III is in general not of any importance for finding 9(£), since 
Xo(r) decreases exponentially for 7>7,. 


A(E) = 
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We have thus 
A(E) [” E 
o(E) = 24 a x2(r) dr = ae) 
a Jo a 


A simple transformation leads to 


h 1 


2 6 0 ar ee clea a 
OE) = Oe (EXE) ee 
j2 
where E-E,= mn k, Ak 
— Ko Dey 1 
and T Qh Ka k3 exp [ K(7, r1)] ( 5 KT}). 


If we perform the integration in equation (4) we find the decay law 
W(t) = exp(—#/7). 

The probability to find the particle still in the initial state inside the 
barrier W(t) decreases by a factor e during a period 
1h V2 \i 
= 160; (ars) exp [2(r,—7,)] (1 +«7)). 

15*. We write the Schrodinger equation for the stationary state of a 
muon in the field of a nucleus of charge + Ze (in this case the motion of 


the centre of mass of the system is of no interest and can be eliminated 
in the usual way) in the following form: 


T 


Ver) +s [E—V(r)] $(r) = 0. (1) 


(We note that the use of the non-relativistic wave equation is justified 
since, as we shall see in a moment, the kinetic energy of the meson is of 
the order of magnitude 10 MeV, which is small compared with its rest 
mass, pc? ~ 100 MeV.) 


Fig. 37. 


In equation (1) r is the radius vector of the meson with respect to 
the centre of the nucleus, »’ = uM/(uz+M) is the reduced mass of the 
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system of the meson and the nucleus, F is the energy of the relative 
motion (since even for light nuclei M,y./4210, »’ is practically the 
same as the meson mass yp; we shall, therefore, everywhere in the follow- 
ing omit the prime on the ,). 

The potential energy V(r), which we shall normalise by putting it 
equal to zero for r = o, will be of the form 


ae (2) 


[Expression (2) follows at once, if we take into account the relation 
V(r) = —e9(r) 


from the solution of the elementary electrostatic problem of finding the 
potential g(r) inside and outside a uniformly charged sphere. ] 

The potential curve V(r) and also the energy levels of the meson are 
given in fig. 37. 

We can see from equation (2) that the muon moves outside the 
nucleus in an attractive Coulomb field corresponding to a charge + Ze 
and inside the nucleus in the potential of an isotropic harmonic oscillator 


of frequency 
Ze* 
i i (ine) ©) 


This follows immediately by comparing the oscillator potential 
4pyw*r? with the expression (2) for the potential, Ze?r?/2R°; the term 
— 3Ze?/R in this potential is clearly an inessential constant term. 

We note that for all real nuclei this characteristic frequency is 
approximately the same. Indecd it is well known that 


R xr, At, (4) 
where 7, ~ 1:2. 10-13 cm and A is the mass number of the nucleus, so that 
cee 
R? A’ 


but the last ratio is approximately constant for all nuclei (and practically 
equal to 3). In agreement with this we shall assume that the ratio Z/R® 
is constant when we consider later the limiting cases of Z->0 and Z>oo. 
The solution of equation (1) for arbitrary values of R is rather cumber- 
some; we shall not obtain it, but restrict ourselves to consider two 
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limiting cases (and at the same time we shall restrict ourselves to the 
bound states of the meson which are of the greatest interest and from 
which clearly the discrete spectrum of negative values of the energy E 
follows), 


(a) R>0 and (b) R->0o (while Z/R® = const!). 


The first case (a) corresponds to a “hydrogen-like’”’ system of the 
nucleus + meson, so that the energy levels of the meson are given by the 
Balmer formula 


a See (n= 12,3, 22.) (5) 


and the wave functions have “‘a hydrogen-like” form (with the electron 
mass replaced by the meson mass). 

In the second case (b) the system is that of an isotropic harmonic 
oscillator whose energy levels are given by the equations, 


E° = fw(n+3) (n= 0,1,2,3,...), (6) 


where w is determined by equation (3). 
Let us now write down the normalised ground state wave function 


of the oscillator 
_ (po t _ per? 
Po = (4) exp ( 2h ) 


and also the average value of the radius r in this state, 


r= [Pridoltemear = 5 /(-). (7) 


One can easily verify that for real nuclei (for which R is finite) the 
region of applicability of the case (a) is determined by the inequality 
R<a, where 


h2 
a= Fog (8) 


is the radius of the first Bohr orbit of a meson of mass py in the field of a 
nucleus of charge Ze, while the region of applicability of case (b) is 
determined by the inequality R>a. 

The first of these statements is obvious; it means that the dimensions 
of the “oscillator” region are small compared with the distances which 
are of importance in the motion in the attractive Coulomb field. The 
second statement can be obtained as follows: ‘‘the oscillatory behaviour” 
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means that the limiting radius R is large compared to the dimensions of 
the region of motion, ~,/(fi/uw); this characteristic quantity which is 
the so-called zero point amplitude of the vibrations of the oscillator is, 
as can be seen from its meaning, the distance r over which the potential 
energy dyw?7r* is of the same order of magnitude as the zero point 
energy of the oscillator, 3fw: 


rf a) ~ ds) 
pw pw 
The quantity 7 is also, of course, of the same order of magnitude. From 
the inequality R>/(h/pw) it follows also by using equations (3) and (8) 
that R>a. 
We examine how far each of the limiting cases (a) and (b) are 


applicable to real nuclei for which we shall evaluate the ratio R/a. 
From equations (4) and (8) we have 


R_ ry AtZye* 1. bw 1 a 


where we have introduced for the sake of simplicity the electron mass 
He, and where 
2 


: 5%0°53. 10-8 cm 


Hey 


ay = 


and where we have also put A~2Z which is sufficiently accurate for our 
estimate. 
Substituting 79/@)~2-3.10-5 and p/u.,~210, we find that 


s 
a 


=1 for Z~45. 


For light nuclei, that is Z<45, we have thus the “hydrogen-like” 
case of the motion of the muon. The other limiting case Z>45 
(oscillatory behaviour) begins to be of importance and then only to a 
rough approximation for very heavy nuclei with Z~80-100. 

If we put A = 2Z and evaluate r by using equations (7) and (3) we 
find 7~7.10-!3 cm: this quantity is not small but approximately the 
same as the radius of a heavy nucleus from which it is clear that we have 
still not a limiting case but an intermediate one. 

Let us note that the solution obtained of the problem gives for 
nuclei of Z~ 80-90 a characteristic distance between the lower levels of 
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about 6 MeV (this result is independent of any approximation) while 
the oscillatory iw is approximately equal to 10 MeV, as can be seen 


from equation (3). That part of the normalisation integral [lol dV=1 


(for the ground state) which refers to the region r< R is approximately 
equal to 0-55 so that even for heavy nuclei the muon is roughly speaking 
about 55 per cent of the time inside the nucleus. 

Finally we see from the level scheme that our assumption about the 
non-relativistic character of the meson motion was justified. 

16. The probability for transition from a state characterised by 
the quantum numbers 7,, /,, m, (energy, angular momentum, and 
z-component of angular momentum) to a state 7g, /,, m, 1s proportional 
to the absolute square of the corresponding matrix element of the 
V operator, 


V Aina: ra [Pham Vilas, dr, (1) 


where dr = dx dydz. The matrix elements (1) are those of the gradient 
operator (or, apart from a multiplying factor, the momentum operator) 
in the E, M?, M, representation. 

According to the operator equation 


i, @ ¢ 
aa a 


the matrix element (1) is proportional to the matrix element of the 
velocity operator fF but it follows from a well-known matrix equation 
(see problems 42 and 44 of section 3) that 

-E 


: EF, te 
(7) nine =1 ar (T)rine 


where E,, and E,, are the energy levels, so that the matrix of the gradient 
reduces to the matrix of the radius vector r, 


E,, = E,, 
[Phim Vibn dams dr SS Cn SoH [Pim Tn dims dr. (2) 


It is thus immediately clear that in the matrix of the gradient (or 
momentum) only those elements can be different from zero which are 
non-diagonal in m, that is, in the energy, and the average value of the 
gradient or of the momentum of a particle in a stationary state of the 
discrete spectrum (which is the diagonal matrix element in the energy 
representation) will be equal to zero. (This fact is clearly connected 
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with the fact that the motion in the system is finite: if p,, #0 the 
particle would go to infinity.) In the case of the continuous spectrum, 
when the motion is infinite, that is, proceeds to non-bounded regions of 
space, the integral in expression (2) diverges and our conclusions do no 
longer hold. For a plane wave {~exp[i(p.r)/h] the average value of 
the momentum is given by 


Pav = p#0. 


If E,,#E,, the gradient matrix (V) obeys the same selection rules in 
l and m as the matrix r, namely: the only matrix elements which are 
different from zero are those for which /,—/, = +1, while m,—m, = 0 
(selection rule for z and 0/dz) or m,—m, = + 1 (selection rule for x, 0/dx, 
y and d/dy). 

17*. The wavefunction in the state considered can be written in the 
form 


= Xn(r) 


Wnim _ r Yim (9, ~) 7) 


where x,,(r) satisfies equation (1) of problem 2 of section 5 with 
V(r) = —e?/r. Putting p = r/ag where ag = A?/pe? is the Bohr radius 


and using the fact that E,, = —e?/2agn?, we can write the equation for 
Xn; in the form 
P 2 1 Kl+1) 
Xnit p nt pt xar= 0, (1) 


where the prime now indicates differentiation with respect to p. 
If we multiply equation (1) by p?*!x),,-—4(p+ 1)p? x, and integrate 
over p, we get after a few partial integrations the recursion formula 


p 


4 
“3 (p? )— (2p+ 1NpP-)+ [21+ 1)2-p2p?->=0. (2) 


p = Ogives(p ') = n®. 

p = | gives (p) = 4[3n?— 1+ 1)]. 

p = 2 gives (p?) = 4[5n?+1- 311+ l)]n?. 

To find the average of p? for p <—1, we must first find the average of 
p*. This can be done by considering x,; to be a function of the 
parameter / in equation (1). From the theory of the hydrogen atom it 
follows that for a bound state n—/ must be an integer so that in equation 
(1) we must consider n—I/ to be fixed so that n is a linear function of J. 
We now can take the derivative of equation (1) with respect to /, after 
dividing by xyz: 


OxXm | 8 1,2 We} _ 2 wel 
Xn al © a 


n> 


anit p D (3) 
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Multiplying equation (3) by x2, and integrating over p from 0 to ~, we 
find 
(po?) = n?I+4h)'. 
From the recurrence relation (2) we then find 
(9°) = [Wd +4)d4+ DP!, (po) = mint P ESI) ; 


18. In the equation for x = Rr 


+ ae [E- yin) v= 0 


we make the substitution 
x = Aexp [2(S/h)], 
where A and S aie real functions. 
If we put the real and imaginary part of the equation separately 
equal to zero we have 


2A'S'+S"A =0, (1) 
go eA : #2 1(1+1) 
gt = lE-VQ- =e. (2) 
From the first equation we get 
P eeeaeis 
= 9 


The second equation we can solve approximately, assuming h? to be a 
small quantity; it is necessary, however, to bear in mind that when we 
make the transition to classical mechanics (20) one must assume that 
Xl is finite since #/ is the angular momentum in classical mechanics. 
For small values of r, when the dominating term on the right-hand side 
of equation (2) is #?1(1+1)/r? we have S’xih J[l(1+1)]/r, A~,Jr, so that 
we find approximately 4? A"/A~ —h?/4r?.. We thus obtain a better 
approximation for S if we take this term into account by substituting 
this approximate equality into equation (2) (such a correction does not 
exist for large values of r). We find thus 


S= [/eute- V(r)|- ans dr, (3) 
const 


A= 


‘/leete- vo) A 
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19. (i) The solution of equation (1) of problem | of section 5 for 
V(r) = Ois 


xi(r) = kr), 


where we have put E = f?k?/2u and where j; is a spherical Bessel function. 
For large values of r we find 


x,(r) > sin(kr—41n). 
(ii) Using equation (3) of the preceding problem we find 
const f (+4)? | a 
x1 = 7a esin || ar||\-G +] : (1) 
[ oe | 


where r, is the turning point, r, = (/+4)/k, and the phase 7/4 comes from 
the usual argument (compare problem 21 of section 1). 
For large values of r we get from expression (1) 


x,(r) > sin(kr—4nkr, +42) = sin(kr—4ln), 


which is the same as the exact expression. We note that, if we had not 
made the correction for #7A"/A in equation (2) of the preceding problem, 
we would not have got this exact agreement. 

20*. The quantization condition is 


ry Qu e2 h? (1+ 4)? 
{les -% a |edr = (n, +4)m, 


or, putting E = —h?x?/2ua4,a_ = h?/pe?, p = r/ap, 


dp 
K Vile pid(o2= p)} = (te + 3)e (1) 
Pp, 
where the turning points p, and p, are given by the equation 
Pi2=K?[l FVY{1— K+ 4)? }] . (2) 


The integral in equation (1) can be evaluated either by straightforward 
means or by taking a contour integral in the complex r-plane (see 
D.ter Haar, Elements of Hamiltonian Mechanics, Pergamon, Oxford, 
1971, p.138), and the result is 


P2 : = 
sep) [2-1] = tHe, 
1 


which, by using equations (2), can be rewritten in the form 
1 


en, FIFtY? 
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whence we find 


yet 


© ORF 


n=n,t+l+1. 

21. Because of degeneracy in a central field the number of states is not 
the same as the number of discrete levels. We therefore first determine 
the number of levels for a given angular momentum M; this is a one- 
dimensional problem and we can replace V(x) in equation (1) of problem 
22 of section 1 by 


2 


M 
Veet) = Vr)+ 5-3 art 


For a given M the total number of states is thus 
V(2H) (Ty, Me)” 
h V(r) Qyr? dr, 


and the total number of levels, N, is found by integrating this expression 
over M/h (this integration replaces in the semi-classical case the summation 


over /): 
2 M? |” 
w= [25 |-vo-sa] 


= -Falr Vir)dr , 


where the integration is over those values of V(r) for which V(r) < 0. 


Motion of particles in a magnetic field 


1. An electron will describe a spiral in a uniform magnetic field if we 
consider this motion in classical mechanics; the axis of this spiral will be 
in the direction of the magnetic field. The motion in a plane perpendi- 
cular to the magnetic field will be periodic with frequency equal to twice 
the Larmor frequency wy, (w;, = e#/2yc). Let us consider the motion 
of a wave packet in quantum mechanics. The Schrédinger equation for 
a particle in a magnetic field can be written as follows: 

or i? hi oy oOo 
th -; X>=——Ya—) + dyw? (x? + y?) P. 
; +- ( By W ge) + Baek +y’) 
To find a solution to this problem it is convenient to go over to a rotating 
system of reference 
x= x'cosw,,t'—y'sinwy,?’, 
= x’ 


Sin wy, t’+y’ cos wy’, 


ae (1) 
t=1', 
(x,y, 2, t) = P(x", 9’, 2’, t’). 
We have then 
a. 0 é e 
ee nets geen ooeid 712 V2 
aH Be tO («5 v5.) Bos Pes 
The Schrédinger equation in the new variables has the following form: 
Ree di h? pw 
rae ek en IO AY f L "9 19 or 
th at Oa Y y+ 2 (202 + y’?) PY", 


The solution of this equation can be obtained by separating the variables 
x’,y’,2’. The equation for the function (z’) describes free motion 
along the z-axis. The solution of the equation determining the function 
W(x, y, t) is of the form 


Best) = E Auman gf (M2) N(R) expen ter-m+ 0) 


Here x’ and y’ are functions of the coordinates x, y and the time deter- 
mined by equation (1), the y, are the wave functions of the harmonic 
oscillator and the 4,,,, are coefficients which must be chosen in such a 
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way that the initial conditions are satisfied. This expression for o(x, y, t) 
changes sign only if ¢ increases over a period of the classical motion 
T = m/w. Indeed, x’ and y’ change sign and if we take into account the 
property of an eigenfunction of the oscillator, 


Xn(— £) = (— 1)" xalE), 
we get 


(x,y, t+ may) = Z Ann(— 1)" Xn ‘i [="(4)| (—1)" Xm [y’ G (“| 


x exp [—tw, t(n+m-+ 1)]exp[—tn(n+m-+ 1))] 


= — (x, y, 2). 


In a plane perpendicular to the magnetic field the wave packet will thus 
change its form periodically with a period equal to the period of the 
classical motion of a particle in the magnetic field. Along the magnetic 
field the packet will spread exactly in the same way as for free motion. 
The wave function (x,y, #) can be found explicitly if we take for the 
initial wave function 


2 . . 
(25,95 0) = exp | —F [Ca = ay)?-+ (9 — yo)*] + See + “Boy 


If we put all 4,,, = 0, except Ay) = 1, we find that such a wave packet 
does not spread in the xy-plane, and that its centre of gravity describes 
a classical trajectory. 

2. To find the operator § it is necessary to take the commutator of 
the vector r with the Hamiltonian 


6 = 5 (Ar—rH); 
since 
1 /. e,\? 
Ht = >-(p-{A) +V(0), 
we find 


We can now find the commutation rules for these operators 
a) Soe e 
Uz Vy — Uy Vz = pe [- (b. A, -_ A, pz) + (Dy A,— A,p,)] 


_ teh (GS _ teh 
— pcl ax = Oy} pc 


By cyclic permutation we obtain the other two relations. 


H,. 


4 
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3. Let us take the z-axis along the direction of the magnetic field, 
the intensity of which we shall denote by #. 

The velocity components of the particle satisfy the following com- 
mutation rules (see preceding problem): 


go ae ie ae 9 SON Bin aha 5 3.-3.3.=0 
0, yy Ps = , 0,0,—0,0, =0, 0,0,—0,0, = 0. 
The energy operator is equal to 
42 2 ~ 
O2 po? pd 
A a= Pee Pov Bee 
2 2 2 


We shall put H in the form of a sum of two commuting operators, 

_ HOE, wey ott 

H, = +5", A= >". 

The eigenvalues of Af are equal to the sum of the eigenvalues of A, and 

H,. Let us first find the eigenvalues of H,. We introduce a new notation 

6, = aQ, oy = oP, where a = J(eh#/u2c). In the variables P, O the 

commutation rule is of the form PO— OP = —i, and the operator Hi, is 

given by A, = fi(e’/2yc)(P2+ 0). From problem 8 of section | we find 
the eigenvalues of H, 


hoz n= (n+¥) (p20: 1,25): 


The eigenvalues of H, form a continuous spectrum. The energy for the 
motion in a magnetic field is thus given by 


7 
4. We shall take the z-axis along the direction of the magnetic field 
and the x-axis along the electrical field. We shall take the vector 


potential of the magnetic field in the form A, = #x, A, = A,=0. The 
Hamiltonian operator can in that case be written in the following form: 


ne ere) 


tH pve 
Eye, = BE (nt H+ 


B: 
Qu Dis ys Qu —eéx. 
If we introduce the following notation, 
eH pce 
‘a ge 


we get for Hf the expression 
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The commutation relation between f, and 7 is 


hee 


pi — 7p, Te —e 


We find thus that the eigenvalues of the operator A, = 2/24 72/2 are 
the same as the energy levels of an oscillator vibrating with twice the 
Larmor frequency, 


E 


eH” 
= h — (n+). 
1n uc ( 2) 
Since the operators #, and #,, which occur in the last terms of the 
Hamiltonian operator commute with H,, the operator 
2 pycE — we* &* 


2° 2p HP 


can be put on diagonal form at the same time as A. 
The energy spectrum of the particle is thus 


2 2 £2 
= 0 (nr fhe é 


A 2 et 


NDyDz 


Comparing this result with the result of the preceding problem shows 
that the electrical field lifts the degeneracy which occurs for the case of 
a magnetic field only: the energy levels in an electrical field depend 
on three quantum numbers. 


5. Papp (4), 2) 


: P £ e\2 
= exp |g (uy +P.) exp | $55 (*-p—S) 


1.222) 


6. Eng = hy(w?, + w) (2n+|m|+1)+ miwy +hw(k+4), 


where 
Baia n= 01,2554 mH 0, ty EZ, ay = ON, Z, ces 
2pc 
ary _ (th Ox th oO y\. ih oO «x 
PAD ray 1) pats 2) 4 (aay 2) 
sie th Oo x\. ih oy ‘ih oy 
5K) = ( ek 5) sinut+ (- 2 +3) coswr+ (= 45). 


where w = eH/yc (twice the Larmor precession frequency). 
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8*. The Schrédinger equation in cylindrical coordinates p, y,z is of 
the form 


W? (Oy Pb 1db 1 a4) ich pb, 
“7a (Get? ap os Ate “Que™ ap? waa ou 


We write its solution in the form 


Wo, @02) = T= R(p) exp (ihe) exp (ime). 


We introduce the quantities y and B 
eH se 
Y Oh’ p= as 


In the equation which determines the radial function R(p), 


k2 
k?, 


rae eae m? 
R oe + a ea eee R=0, 


we introduce a new independent variable & = yp*, so that 


ER'+R'+(—f42— 2) R=0, (1) 
where 
_B_m 
A -572 


The required function behaves as exp(— &/2), as €00 and is for 
small € proportional to £'"/2, We write the solution of the differential 
equation (1) in the form 


R = exp(—€/2) £m? (2). 


The function w(€) follows from the equation 
Ew" +(1+|m|—é)w'+ (al) w=0, 


the solution of which is a confluent hypergeometric function, 


w= F [—(r— 2) stmt, 


In order that the wave function remains finite it is necessary that the 
quantity A—4(|m|+1) is equal to a non-negative integer n. The energy 
levels are thus determined by the expression 

e. 7 (x | m| 


Ean (n+ Sle 34: 


h? k? 
pret) af 


+ Dis 
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9. In cylindrical coordinates we have 


J, = 0, 
ehm eH 

+= (Feo Fi) Manel 
ehk 

j,= a |Pnmi 


10. The equation for the radial wave function R goes over to the 
form 


where u = /(p)R and where m?—} is changed to m*. (This change is 
analogous to the change /(/+ 1) > (J+ 4)? and can be based on the method 
discussed in the solution of problem 2 of section 5.) The expression 


hi? eH ,\* 
Vise (p) = Zap (m+ The °*) 


can be considered to be the effective potential energy for a one- 


dimensional motion. 
From the quantisation condition 


2p 1 eH ,\* 
[pe Baa (ma 55) |. = n(n +4) 


we get the energy spectrum 
WR ean#e ( 
Qu 


m m 
ng le), 


The energy calculated from the minimum of V,,,(p) is equal to 


F’- 2 


~ (n+2) 


and is the energy of the radial motion, while the energy 


-o% 


" 


reed bl 


corresponds to the energy of the rotational motion. The transition to 
the classical circular orbit is realised provided E’<E” or n<(m+|m|)/2. 
This condition is clearly only satisfied for positive values of m and can 
thus be written in the form n<m. 
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11.If we put the expression under the square root sign equal to 
zero we get for m>O, 


pra = | (Sp) Were m+ dt 1+ DI. 
a a (22) 
14. The Pauli equation is of the form 
mz) mf) nea (8). 


where HA, = (1/2u)[p—(e/c) AJ? +eV, and where py is the magnetic 
moment of the particle. We shall write the wave function in the form 


$,(2 
(1) = 9.2.9 (29) 
The function ¢ is a solution of the equation 


2 O 


: s ‘ 
For the spin function (®) we then get the equation 
a 


3 8 (S\\ 2 ) 
in (2) = = no(@.96)("* : 


15. Since # = H, = 0, A, = A(t), we have 


a OS 
.. OS 
iB? = pip H(t) 50, 


The solutions of these equations are of the form 
a. ft 
S$; = c,exp ie | H(t) a . 
0 


tity [" 
Sy = CgeXp | —-F A(t) dt). 
0 
The constants c, and c, can be found from the initial conditions, 


cy = exp(—ta)cos6, cy, = exp(ia)sin6d. 
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It follows from the form of the functions s, and s, that the probability of 
one or the other orientation of the spin along the z-axis does not change 
with time. The average value of the x-component of the spin follows 
from the equation 


es t 
iat tn dd.cow |e { H(t) dt 2a| 
2 edo 


and similarly 
os t 
§ = — sin 28. sin [242 ('30°(0) dt — 2c. 
v2 h Jo 


The direction along which the spin has a component equal to +4 is 
characterised by the polar coordinates 


é 
@=28, = 2[a— 8 | eat]. 
0 


This direction will thus describe a conical surface in time. For a constant 
field strength the line “along which the spin is directed’ will rotate 
uniformly round the direction of the magnetic field with a frequency 
2 py H |h. 

16. The states for arbitrary polarisation of the incoming beam can 
always be considered to be a superposition of two states, one of which, 


(4): has the spin along the +.2-axis while the other, (; has the spin 


): 
in the opposite direction. Let us first of all consider the case when the 
neutron spins in the incoming beam are directed along the z-axis. The 


incoming, reflected, and diffracted waves will be of the form 
A) exp [7(k.r)], B(o) exp [7(k,.r)], c()) exp [7(R.r)]. 


The quantities k,k,,k, are connected with the total energy E and the 
magnetic moment p of the neutron as follows: 


dae Nh I aes EE 
k=7%, 2p = E, 2p = E, 2 = E+ po. 


From the condition of continuity at the scattering plane (x = 0) of both 
the wave function and its derivative with respect to x it follows that: 


k, = hy = Roy k, = ki, = Rasy 
A+B=C, 
k, Athi; B = ho, C. 
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From these relations it follows that k,, = —k,, that is, the angle of 
incidence g is equal to the angle of reflection g,. For the sake of 
simplicity we shall put k, = 0. Solving the equations we have 


The coefficient of reflection R is thus equal to 
B\? (k,—k,; 
a) ae 

If the neutron spins are directed ee the — z-axis we get 


hae = bef (tpg) 


and the other results remain the same. Since jy is negative for a neutron, 
the angle of diffraction p.,> 9 > Moy (see fig. 38). 


Z 


Fig. 38. 


In the case of an arbitrary orientation of the neutron spin the wave 
function in the region x>0 will be of the form 


1 ' 0 : 
C4(5) expl—<len-r)] + Co() exp Lilky.1)], 
where C, and Cy are the expansion coefficients of the initial spin state 


in terms of the states (;) and (;)- A simple estimate shows that even 
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for # ~ 104 Oe an appreciable reflection can only take place for very 
slow (thermal) neutrons (A~1 A) and for angles of incidence g which 
differ from 7/2 only by a fraction of a degree. 

17. The Schrédinger equation for the spin function in the 


; si). « 
z-representation, (*). is of the form 
2 


. O 2 H, H,, 1H, 2) 
ih -— =—p = * : 
alt) =H coe’) 


where p is the magnetic moment of the particle. 
We shall introduce the notation 


c a B n?= 
7% % cosd a, yf sind b. 


In this notation the equations which determine the components s, and s, 
have the following form: 


= 1as,+1b exp (—iwt) so, 


ds, 
at 
ds, : ‘ 
ai = 1b exp (twt) s; —1@5p. 
The solution of this set of equations is 

= Aexp(ip,t)+ Bexp (tpt), 


—atPy tie 
b 


Aexp (ip, t)+—“*"* Bexp (ipss)| 


Sp = exp (iwt)| 


— |. aap 2 
r= [(G+e +b +a) 7? 


w? @ 
a 24 58 as 
Pe= I(r +b +a) 2° 
The quantities A and B are determined from the initial conditions and 


the normalisation condition |s,|?+|{s.|*= 1. After some simple calcu- 
lations we get for the transition probability the following value: 


a) 
P(, -3)= sin? } eine E w(1 —2gcosd-+9%), 


1+ q4?—2qcos? 
where gq is the ratio of the Larmor precession frequency to the frequency 
w of the rotating magnetic field, 


where 


_ 2h _ wy, 


hw wo 
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The quantity q is positive if the magnetic field rotates in the direction 
of the precession and negative if the rotation is in the opposite direction. 
If the angle # is small, that is, /(42+42)/#,<1, the transition 
probability is approximately equal to 
2 


OB r 
1 da). Sn 2 JE _7\2 39274 
PQ, — 3) = Gyr gga ih |g lll q)?+q9?}*}. 


From this formula it follows that at resonance w = w,, or for g= +1 
the probability for a re-orientation of the magnetic moment with respect 
to the magnetic field, which is equal to P(4, — 4) x sin? $twd, can become 
practically equal to unity for certain values of t. 

If in the case under consideration we change the direction of rotation 
of the magnetic field, or change the sign of #2, we find for the transition 
probability the result 


ae 
Ps, —4) = = sin® wt, 
4 
which is considerably less than unity. On the basis of such a sharp 
qualitative difference one can determine the sign of the magnetic 


moment of the particle. 
18. It is simplest to work in the representation in which 6, is diagonal 


so that the initial spinor is oF The wave equation for the spinor is then 


d/a\ _ QO -iH\fa 
Mab) = —Holin o J\o)? 


with boundary condition a = 1, b = 0 at t= 0. The solution of this 
equation is (uo is the magnetic moment of the particle) 


a= cos(uoHt/h), b = sin(uoHt/n), 
so that the required probability is cos?(u)Ht/hA). 
mh 
197 = 7A haa 4). he ON VD coe 


\ where py is the magnetic moment of the 


H 
20. sin?{ 4 ° 
particle. 


t (a) et) =PFta, 5 —— Petty, 
a(t) = to, + Petts, 


+ We use m here for the particle mass in order to avoid confusion with the magnetic 
moment #. 
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way = R 
(b) 3(t) = (@o+ 5 t(aa* — BB*), 


FW) = (v)o— HE 14iB* a iBa*), 


R(t) = (X)o +Ps t, 


7 2 Be R212  (do\2 
(Bay = Gas 5 et —(aat eens e [(Z) an 
—_— as pe kh? ae . hi2 2 Op 2 
(Ad)? = (Ayo + Gg HL — @B* a — Pa*)"] += 5 | (a0) ar, 
= h2 {2 3) 2 
(Ax? = (Axe + | (2) dr. 

Note. We can consider, for instance, a system of particles the 
z-components of the spins of which at t = 0 have definitely the value 
+4, that is a = 1, 8 = 0. From the results we have obtained, one easily 
sees that when such particles are moving in an inhomogeneous magnetic 
field, they will form two spots on a screen. The z-components of these 
spots will be the same but their y-coordinates will have opposite signs. 


22. (i) The equation of motion for the two-component wave function 
is for t> 0 (we have J = 16) 


bei 0, Hp = ih, 


“oft 30-0) ® 


where Wo = Shp H/2h. 
From (1) we find 


a@=cosa,t, b= —isinagt. 
(ii) J =0, <I> =—fsin2wot, JD = 40s 2wot. 


(iii) Two". 


or 


23. The singlet energy eigenvalue is —3A. 
The triplet energy eigenvalues are 4+ }eu, 0M, (M, = 0, +1). 
24. (i) From the results of the preceding problem for # =0 we 
see that 
4A/h = 2.105 Mc/s, or A =5.10-"" erg. 


(it) Single-quantum decay is impossible because linear momentum 
cannot be conserved. 
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Two-quantum decay means that the two photons must go off into 
opposite directions to conserve linear momentum. As the angular 
momentum of a photon is &# along its direction of propagation, the total 
angular momentum of the two photons must be 0 or 2. Hence, the 
singlet state can decay by two-photon emission, but for the decay of the 
triplet state we need at least three photons. 

(iii) When the magnetic field is zero, the spin eigenfunctions are 
(see problem 27 of section 4) 


Pyr = 0%, yo = Fylubs +B), $11 = Bi Bo, 
1 
too os he Bo— By Op), 


where a = (,) and B = tl with spin energies 
Evo = — 3A, Ey = Eyar= A. 


When the field is non-vanishing we must solve the eigenvalue problem 


A-r> 0 0 0 
0  A-X 0 2px | _ 
0 0 A-r 0 
0 2p 0 —34-A 


with eigenvalues A,» = Ayu, = A, Ag, = —A+2[A?+ pw}, H?]!, and the 
eigenfunctions are yj, ,, and 


by = wyot[-24+2/(1+y)] 400 Y, = (2-2/1 4+ y?)] Piotyvoo (1) 
(iv) The presence of a magnetic field mixes the singlet and triplet 
states [see (iii)], thus reducing the triplet lifetime. 
To find the lifetime 7 for a given value of #, we write 
12 


T Ty T3 


(2) 


where P, and P; are the probabilities that the system, originally in the 
triplet state when # = 0, is in the singlet or the triplet state. As the 
three states 15, ¥,,, are equally probable when # = 0, and as for 
HA £0, the admixture of the singlet state to yj) 1s [see (1)] 


[-2+2/(1+y)P/y*, 
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we find that 
peg SWORN pet eae 
3y? 3y? 


As 7, = 101° sec, 7, = 10~’ sec, and A = 5.10-1’ erg, we find for the 
value of # which reduces 7 to 10-8 sec from (2): # ~ 400 oersted. 

25*. The direction of the magnetic field will be characterised by polar 
angles 3, ¢. These angles are functions of the time. The Hamiltonian 
operator for a neutral particle can be written in the form 


AH = —p#(J,sin9 cosp+J,sindsing+J, cos), 


where #& is the absolute value of the magnetic field intensity. We shall 
denote by J, the angular momentum operator in the direction of the 
magnetic field 

J, = J, sin cosp+J,sindsin p+ J, cos 8, 


and we shall introduce a function ¥,,(t), which is the eigenfunction of 
the operator J,, or 
J, Yn(t) ak mfs,,(t). 
We shall write the solution of the Schrédinger equation 
hs. o = Ay 
in the form 
yp = La,,(t) p(t). 
It is well known (see problem 19 of section 4) that 
bm(t) = exp (—iS,¢) exp (— iS, 8) pm, 
where 4) satisfies the relation 
J, pm 7 myo), 
We shall first of all evaluate y,,(t). If we use the relations 
exp (iJ, 8) J, exp (—iJ,, 8) = J,cos9—J,sin 9, 
m = 3N[Gt+m)G—m+ I) bea +b ylG+mt1)(j—m)| ons 


1 = Fim) (J—m+ 1] Ya —F + m+ 1) Gm) oda 


we have 


Pat) = (—tpmcos) J,n(t) 
+3 V[G+m +1) (j—m)] (ipsin d — 9) bn 43(t) 
+E[(j +m) (j—m-+1)] ipsind +3) }na(d)- 
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If we substitute this value of ¢,,(t) into the expression 


ThE mlt) a(t) + am(t) Ymit)} = — pH XH man(t) P(t), 


we obtain a set of equations which determine the change in the 
coefficients a,, with time, 


th dam | mpHa,, = — mip cos? a,, 


at 
+ JR(psin 9+ 19) y[(j +m) (jJ-m4 D] ay. 
+ $h(psin 9 — id) J[(j— m) (j+m+1)] amt 
If p<tX, b<hX, 


that is, if the angular velocity of the change of direction of the magnetic 
field is much smaller than the frequency of precession, we can neglect 
in this set of equations the right-hand side and find thus 

a n~exp (i muse ). 
In this case the probability for different values of the angular momentum 


components does not change with time. 
26. If we write the Hamiltonian in the form 


1 /. e- € - 


we verify easily that the condition that it is the same as 7’ is that the 
same components of the vector operators p=(A/i)V and A(x, y, z) 
commute, that is, 


(V.A)sdivA = 0. 


27.1f we use for the vector potential the gauge where A, = 4, 
A, = A, = 0 (p, g, and 2 are cylindrical polars; compare problem 8 of 
section 6), we get the Hamiltonian 


(Pp 2p Lop 1 *) teh Op ta 
- 5 (a Op? p dp p? dg? Bae oe Buck p's = Ef, 
which for a particle which is constrained to move along the circle 
p = a reduces to 

nd? teh ay eH? 2 
~ 2a? do? 2pe do’ Buc? pb = Ey 
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with the solution 
yy = exp (imo), m = 0, +1, tt Zyvtea 
The corresponding energy eigenvalues are 

_ 1 [int east)? 
Quite 2c 
and we see that the ground state energy as function of # is given by the 
equation 


En 


’ 


1 (mh eaH\? ea® HW” ea? FH 
— +4. 


a fe pone rs ed pea eee centies 
Herat =o G 2c)? Die PS Oke 


This means that EF, is a periodic function of # with periodicity 
2hc/ea® and with discontinuities in slope at # = (2m+ 1)hc/ea’. 


Atoms 


1. From the given inequality we get 


[ivprar+z[cvleR.vear+2*[(Wr.ve)|yPdr>0. 


Integrating the second term by parts and using the fact that (Vr.Vr) = 1, 
and V?r = 2/r, we have 


1 Z Z? 
3 [iverar— [Zlyrar> —> [lvear. 


The left-hand side of the inequality is the average value of the 
Hamiltonian operator (in units e = = p = 1) H = —1V2—Z/r for the 
state . The lower limit of the energy, —Z?/2, is reached for the state 
with wave function ,, which satisfies the first-order differential equation 


Vito + Zyy Vr = 0, 
from which it follows that 
iy ~ exp (— Zr). 


4.We evaluate first of all the wave function in the momentum 
representation from the general formula 


o(P) = aoa {| e*? [—2(p.r)/h] p(r) dr. 


For the ls-state we find 
(p) = 1 (F) coeae 1 
PiA PP) = wlh [(p? a?/h?) + 1]?" 


Similarly we find for the 2s-state 


1 /2a\t 2 4 
PAP) = a= (Fe) pat nt 
e: +) 
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For the 2p-state there are three eigenfunctions (m, = — 1,0, + 1) 


.1 /a\* p,@ 
(0) aate Pee 
eB) = i265) aggre) cP 
1 # 
(41) a (Pt tpy) 4 
pp (P) = - Taya (7) il p? a2/h) + 4)°° 
From these expressions we can find the normalised momentum 
distribution 


w(p) = |9(P) |. 


§5*, The Hamiltonian function in relativistic mechanics is of the form 


H = (wrt + pic?) — per+ V(r) x on V(r) +A, 


where 
4 


83 c2 


We shall now take p to be the operator p = —7AV, and H, will be con- 
sidered to be a small perturbation. We then get in the approximation 
used by us in the Schrédinger equation [f?/24+ V(r)]% = Ey, and the 
required correction for the energy in a state with n, I, m is 


AE, =~ gaa oder = - [oo fur Ventvdr 


_ 3K (uet/hi?)? 3 1 pet (e?\? 
~ Que 23 por(2141) = |e ore i (Ee) 
7. The tritium nucleus goes over into the >He nucleus during -decay. 
The influence of f-decay on the atomic electron is essentially 
contained in the fact that during a short time interval, t (<h?/pe'), 
the potential energy of the electron in the atom changes: it becomes 
equal to V = —e?/r instead of V = —2e?/r. The time ¢ can be estimated 
as the time of flight of the 8-particle through the atom, 


Hoss 


fa 
v 
where a, = 7i?/ye?, v is the velocity of the B-particle. Since the energy 
of the B-particle is of the order of several keV, we find ¢~0-1%?/pet. 
The wave function of the electron does not have time to change during 
t, since we get from the Schrédinger equation 


e? t 
bf ~— ob <y. 
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Let us expand the wave function of the electron # in terms of the 
eigenfunctions of the electron in the field with Z = 2, 


p= Vedat [cep aR. 


The expansion coefficients 


cn [Wha dr, 


C= [ys dr 
determine the probability for excitation 


OF osise, g W, = | eal 
and ionisation 


Wion = fl Ck P d®k. 


Since y is spherically symmetric, c, and c, will be different from zero 
only if the states n and R are s-states (/ = 0). 


Since 
t 
RD = 2(=) exp (— Zr/n) F( —n+1,2, =), 
we find 
2 8 ZZ'\t 2Z 
ce (Z) R(Z) 92 dy = veo S See 
Cy = [, RY RZ 7 ar oa = a n+1,3,2, 747). 
If we put Z = 2, Z’ = 1, we get form = 1: 
16/2 
ane 


that is, the probability for the SHe-ion to be in the-ground state is equal 
to w, =|c,|? = (8/9)? = 0-70. The total probability of excitation and 
ionisation will thus be equal to 1—w, = 0-30. For 


n=2, C¢=—}, w,= 0°25. 
Using the equation 
F(a, By, %) = (1—x)1-*-? F(y—a, y— By, ) 


2° n®(n = gy" 
(n + zZyet 


we find 


w, =|¢,|? = 
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We find for the value of the probability for excitation of the first few 
levels, using this formula, 


g 3 29 35 228 
gd (5) , =f Wye R13%, wy = Fy 0'39%, 


8. Let the electron be in a stationary state with well-defined value 
m of the z-component of the angular momentum. The wave function 
of such a state is equal to: 


Pnim(ts 9, p) = Rylr) Pi” (cos 8) exp (imp). 


The electrical current density in the state %,,, is in a system of polar 
coordinates, 7, 3,9, of the following form: 


It is obvious that the magnetic field vector will be along the z-axis. A 
circular current of strength dJ will produce at the point O (see fig. 39) 
a magnetic field, the strength of which is given by 


dH, = Wo, sind; 


re 


since dJ = J,r dé dr, 


co F2 7 wo P2 
wf, = Taleo Rar {Pim pesin ogo = — Zl? = 
pec 0 7 o pe o 7 


Fig. 39. 


This result can also be obtained in a different way: it is well known 
in electrodynamics that the magnetic field strength produced by the 
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motion of a charge is equal to oh neglect here retardation effects): 


men” 


where rf is the radius vector ee the point of observation and I the 
angular momentum. 

In quantum theory, in order to obtain the average value of the 
magnetic field strength, we must evaluate an integral of the form 


= h 
Ba- Le fn yas 
since Ly = my, 
YP lela— melt [% (pe? 1 
aaa lta mara ni(l+ 4) (1+ 1) 


The average values of #, and %, sails in our case be equal to zero since 


[ain eer ee [tin Le Unin dr = 0 
For a 2p-state (m = 1) we have 


pg __! lelh (pe? 7 4 
H=— ae (Ge) or 4#~10'Oe. 


9. The magnetic moment of the particle is equal to: 


e a 
TM = zal bh dr. 


In the case of two particles we introduce new variables: the centre of 
mass coordinates (X, Y, Z) and the relative coordinates (x, y, 2). 

The average value of the magnetic moment expressed in the new 
variables will be 


™m — © lax be me x) 
Me mau (+a) (x5 oer 
pot) eM Ng 
m+M\"aY aX)" mM Oy » Ox " 
and similar expressions for IN, and WM, 
In a stationary state, the average values of the coordinates x, y, z and 


of the momenta —7h(d/0x), —1h(d/ey), —1h(d/dz) are equal to zero. The 
above expression simplifies thus and becomes 


=o (-5)p[-abs-rl a 
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In the present problem m is the mass of an electron and M the mass of 
the nucleus. 


3 
10. AE = 0-00844.2-79 me em7}. 


For the hydrogen atom ground state (Z = m = 1) we have 
AE = 0-0235 cm—. 
11*. To determine the energy it is necessary to find the magnetic 
field strength produced by the electron. Owing to the orbital motion of 


the electron there will be at the position of the nucleus a magnetic field 
the strength of which is given by the Biot—Savart law, 


1 [raj 
HK; aan [ Ad] : 
c oT 
where r is the radius vector from the nucleus to the electron and 
j = —ev(—e is the electronic charge). We introduce the orbital angular 
‘momentum operator I. We then get for 4 
= eh 1; 
H,=-— Zs 
per 


Since the electron possesses apart from an electric charge also a spin, 
the total magnetic field strength at the position of the nucleus will be 


equal to 
ot = 0,430, == [3-7], 
per r 
The operator of the hyperfine structure energy can thus be written in 
the following form: : 
w=—Bi.#), 

where i is the operator of the nuclear spin and fi its magnetic moment. 
We shall consider & to be a small perturbation. The unperturbed state 
is characterised by the quantum numbers 2, j (j = /+4, 7 = /—4),l (we 
shall assume LS coupling). 

To determine the hyperfine structure energy we must average the 
operator @ over the state with quantum numbers 


dh; Uf = jti). 


If we use the equation 


(A De ioe 1) (F-AY, (py 


_ eh (A\"im 1+ 1) 
nijm? — ans jm 
(ob yatat = —F(5)  jgety Ol 


we get 
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Using this relation we can easily show that the operator @ can be written 
in the form: 


: gt M+) 
Oe ne need J). 


It follows thus that the hyperfine structure energy E is determined by 
the following expression: 


eh 4(1\ Wi+1 ep a 
= FP (a) elt Di) iG) 
We thus see that any term characterised by the numbers 2, /J,j, is split 
into 2i+ 1 components (if j >7) because of the hyperfine structure. The 
different values of f give us the interval rule for the hyperfine structure 
multiplets. 

We note that simply by counting the number of components of the 
hyperfine structure multiplet in the spectrum of a given isotope we can 
determine the nuclear spin. In fig. 40 we have given the hyperfine 
structure of the sodium D lines. 

The fine structure, that is, the presence of a doublet (the line 
D, = 5896 A, corresponding to a transition 3 2P,->3 2S, and D, = 5890 A, 
corresponding to a transition 3?P,->325S,), is due to the spin-orbit 
interaction (see problem 23 of section 11). 


f- emt 


3——=———— #00050 ag ae 


2 ——.— ——_ + 0-0083 
3 °P, Crag cae ¥y+0-0025 32 { 


1 te v3 +0-0008 


2 ae es v, + 0-0583 2 —tt4———  », + 00583 
335, 34S, 
{ —___+_1__.;, 
D, 5890 A D, 5896A 
Fig. 40. 


12. Let us consider the operator of the nuclear kinetic energy, T. 
In the centre of mass system 


P+2p, = 0, 


where P is the nuclear momentum and p, are the electronic momenta, 
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T is of the form 

~_ PB? _ (2p, i (Bi -Px) 

*=omM— 2m ~~2u* 2 
Since the ratio of the electronic to the nuclear mass m/M<1, we can 
write the required energy shift using perturbation theory as follows: 


AE = |v Ti dr, 


where ¢ is the wave function of the electrons in the field of an infinitely 
heavy, fixed nucleus. 

The first term in the expression for T differs only by a factor m/M 
from the kinetic energy of the electrons which is equal to the energy of 
the atom with the opposite sign by using the virial theorem. We get 
thus for AE a sum of two terms: 


AE = AE,+AE,, 
ABS ™ RAE a" > (By-By) bar. 
MM i>k 


We shall now consider in more detail the term AE,. If we take for ya 
product of wave functions of the separate electrons, AE, will vanish, 
since the average value of the momentum of an electron in a bound 
state is always equal to zero. If, however, we symmetrise such a wave 
function in the appropriate manner, AE, will be different from zero. The 
symmetrised wave function of the helium atom can be written in the 
form 


Wear) = splat) alts) +0i(re) alr) 


where the upper sign refers to para-helium (total spin S = 0) and the 
lower sign to ortho-helium (S = 1). 
If we put this expression into the equation for AE,, we get 


2 
[ot Beeary . 
The matrix element of the momentum is different from zero only if 
Al = 0, +1, and AE, is therefore equal to zero for Isnd, Isnf, ..., states. 


If we take for the 1s-electron and for the mp-electron hydrogenic 
wave functions with effective charges Z,, Z, 


blr) = |Z) exp(—210, 


Vay = ¥,.-4 ere) rexp(— Z,1/n) F{ - n+2,4; 


1 


2Ze =), 
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we get 
m 64 (Z,n—Z,)* 


AE, = +5,5-(2,Z . (2 nd. me —1), 


-M 3 
where the upper sign refers to paraterms Ismp!P and the lower sign to 
orthoterms lsnp 3P. 

13. 4S °Sy, Fore. "Dep “Dias 

14. (a) 15,35); 

(b) *P, Fora: 
(c) *D,°Dyo3; 
(d) 2893S, *F, *Foi2*De*Diza- 

15. (a) 4S?P2D; 

(b) 1S°P1D3F IG; 
(c) 2S*P4P2D. 

16. O3F, Cl?P,, Fe5D,, Co4F;, AstS;, La?D,. 

17. K, Zn, C, O are even; B, N, Cl are odd. 

18. If all triples of quantum numbers are different then the number 
of states is equal to the number of ways in which we can take N from 
N/2+M,, or 

o(M,) = CH 


If there are N’ pairs of identical triples then we have 
g(M,) = CHa 
19. The number of states is equal to 


N(N,— 1)... (Mj—*+ 1) 
x! , 


where JN, = 2(2/+ 1). 


21*. We shall denote the antisymmetric wave function 
By Um; my (£1) Dar Dm my (2) Bar DRmy mal Ey) 
1 Yrsie mim ($1) Wate my m(&2) Prrtems mtn) 


COPA eae EDS RBH eH EHD e REE TECH ETE SETHE OHHH HERE OLED E EHEC HEH ESR E OT ETOD 


Paw Wim m¥(€3) Yan mp mW 9) os ba Ny me m (En) 


which is constructed from functions of the one-electron problem, 
simply by 
O(n 1! mm! ml, n? 1? m? m2, ..., nN IN mN m¥). 


Let us consider the action of the symmetrical operator 


N 
(L,-iL,) rs x (i —ilt) 
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on the antisymmetric function 
D(x 1) m} ml, n2 1? m? m2, .... nN IN mN my). 
One easily sees that 
(£,,—iL,) O(n! Pm} m,n? 1? m? m?, ...) 
= J[(2 + mp) (1 — m} +:1)] O(a 1! m} — 1m), n? 1? m? m?, ...) 

+ 4/[(2? + m2?) (1? — m2 + 1)] O(n 1! m} ml, n? 1? m2? —1m?, ...) 

+... + [(IN + mp) (IY — mi +.1)] O(21 B mj} mi, ..., nN IN mY — 1m). 
The action of the operator $,—iS, gives a similar result with, however, 
m, instead of m, decreased by unity. 

If the wave function is an eigenfunction of the four commuting 
operators S2, £2, S.; | ae then the action of the operators (L,-iL,) and 
(S,—iS,) leads to the following result: 

(L,~iL,) ©(SLMs M,) 
= /[(L+M,)(L—M,+1)] ®(SLM, M,-1), 
(S,—iS,) ®(SLMs Mz) 
= y[(S+ Mg) (S—Mg+1)] (SLM, -—1M,). 
After these preliminaries we can immediately go over to the solution of 
our problem. 

In the case under consideration we are dealing with equivalent 
electrons so that we can everywhere omit the quantum numbers zl. 
The value of the z-component of the spin angular momentum will be 
indicated by indices (+) on mm. 

For the configuration p? we get the following classification of states 


according to the values of M, and M, (we limit ourselves to non- 
negative values) and we get the following term scheme: 


(1) 


Ms M, 
3 0 O(1+, —1+, 0+) [*S] ®, 


4 0 @I+t,-1+, 0-) [4S] ©, 
@(1-,-1+, O+) [2P] 0, 
@(1+,-1-, 0+) [2D] ©, 


roe 
is 


@(1+, 1-,-1+) [2P] ©, 
@(1+, 0+, 0-) ep 
} 2 It, 1, 0+) PD] ©, 
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We now evaluate the action of the operators L,-iL, and §,—i §, bathe 
states given a moment ago, 


(L, < iLy) ®; = (2) (®3— ®,), 
(L,—iL,) ®, = J(2)(P.— 4), 
(L,—iL,) ®, = \(2)(®;— ®,), 
(S,—i8,)®, = ©,4+0,+®,, 


where ®, is the wave function of the state 4S with M, = 3, M, = 0. 
The action of the operator §,-i8, leads, according to equation (1), 
to the result 


(S,—7S,) @(4S, 3, 0) = V(3) @(4S, 3, 0). 
Since 
(S.-i y) Py a 0,+0,+,, 
we have 
1 
@(*5, 3,0) = 2B (D+ 03+). 
Similarly we find for 2D terms the following wave function: 
@(7D, 3,2) = ©, 
1 
(7D, 3,1) = V2 (®; — Bs), 
= 
6 


The state ?P,4,1(Ms = 4, M;, = 1) is a linear combination of the state 
®,; and ®,, which is orthogonal to the state 2D, 4,1. From this we get 


DCD, 3,0) = 76 (P3— 20,4 ®,). 


(°P, 4,1) = F(t ®,), 
and also 
©(°P, },0) = 73 (Os ®,). 


In the same way we can obtain the wave functions corresponding to 
negative values of the z-components of the angular momentum. 

22*. From the table which is given below it follows that to determine 
the eigenfunctions of the two 7D terms we must first evaluate those of 
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the ?H, 2G, ‘4F, 2F terms 
M; M, 
4 5 (2+,2-, 14) ®, [A] 
4 @(2+,2-, 0+) O, 2H 


nie 


@(2+,1+, 1-) ©, 


} 3 (2+,2-,,-14) o, [eH 
O(2+, 1+, 0-) ® | 2G 


@(2+,1-, Ot) ©, | 4F 
@(2-,1+, Ot) ©, | °F 

} 2 (2+,2-,-24) ®, [7H 
@(2+, 1+,-1-) ©, | 2G 
O(2+, 1-,-1+) ©, | 4F 
@(2-, 1+, —1+) 


@(2+, 0, 0°) 
@(1+, 1-, 0+) 
@(2+, 1+, 0+) [4F] 
2 (2+, 1+,-14) ©, [4F}. 


e96¢6600 
Sos 


whe pes 
=) 
a 


We first of all determine the result of the action of the operators 
L,-iL, and §,—iS, on these states: 


(£,-iL,)®, = —20,+.,/(6) ®,, 
(£,—iL,)®, = —20,+20,+,/(6) ®,, 
(L,—iL,)P, = —y(6) P+ (6) 5, 
(§,—i8,) Oy, = 0, +0,+ Os, 
(£,-iL,)O, = —20,,+20,)+ 2,, 
(L,—iL,)®, = (6) Py2+ J (6) Op, 
(§,,—i8,) ®ys = Dy, + Pig t Dy, 
(£,-iL,)B, = 2013— (6) Pyp + y(6) Pro, 
(£,-iL,)®, = —20,,+,(6) Py. 
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The wave fame of the state 2H, 4,5 (Mg = 4, Mz, = 5) is equal to ©,, 
or O(7H, $, 5) =,. If we apply the operator L; —iL,, we get 


i v) OCH, 3, 5) = (10) OCH, 4, 4). 


Since 


(L,—iL,) ®, = — 20, +(6)®,, 
@(7H, 3,4) = 1//(10) [¥(6) ©, — 205]. 
The other states of the *H/ term which are necessary for the solution of 
our problem can be found similarly: 


O(?H, 3,3) = Tao) WO) P4 —20,+40,-—29,], 


i 


®(?H, 3,2) = [D,— Dy + 3D) — 2D, — 3D yp + ¥(6) Py3].- 


ro 
The state ©(2G, 3,4) is a linear combination of the states ®, and sy, 
which is orthogonal to the state ®(?H, 4,4). From these conditions we 
can determine the wave function 0(?G, }, 4), 


‘ _ exp (tx) 
Since there are no phase relations between states of different terms we 
can put a = 0. 
The other states of the 2G term can directly be obtained by con- 
secutive applications of the operator £,—iL,. We have in that way 


(2G, 3, 4) = Fi [20, + (6) ©), 


BEG, 4,3) = Tq) (6) e+ 305-4 - 207), 


(20 
06, 4,2) = /( 75) 2054305 + Dy 40 y+ 49+ (8) Ora) 


It is still necessary to determine the functions O(‘F, 4, 2) and O(?F, 3, 2) 
in order to solve our pie 

Since @(*F, 3,3) = ®,,, we get by acting on it with the operator 
S18, the state O(4F, 4, 3): 


(S,-i5,) OF, 3, 3) = /(3) OCF, 4,3) = (S,—18,) Oy, 


OF, 3,3 5+ O_+ Oj}. 


1 
“ee 
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See state (‘F, 3,3) we get the state @(1F, 4, 2) by operating with 
zg thy 


1 
O(*F, 3,2) = 3 {Dy + Dy) + D,3}. 


The wave function ®(2F, 3,3) is determined by the condition of ortho- 
gonality to the three functions (2H, 3, 3), BG, 3,3), OF, 3,3). The 
normalised function ®(?F, 3,3) which we get in this way is 


Finally we get 


O(?F, 3, 2) = eta es — 49+ (6) ys]. 


ai 


We have now four states with Mg = 4 and M, = 2, 


O(?H, 3,2) = [®,— ®, + 3D) —2®,, — 3D,, + (6) D9], 


0 
O(?G, 3,2) = eo) [2D, + 3D, + Dy) — 41, + 42 + f(¥) Pas), 


O(4F, 3,2) = i (D, +91) +9,;), 


O(?F, $,2) = Ta [— 20, + By — D,y + /(6) ys). 


| 
In the same group there are still the two *D states. These two states are 
mutually orthogonal and also orthogonal to the four states we have just 
written down. 

From the condition of orthogonality and normalisation we get the 
following orthonormal functions: 


O(a?D, 4, 2) = 4(—D,— Dy + Diy + Dip), 


1 
@(b 2D, 3, 2) = (84) [—50,+ 30, + D,)—4®,, —30,,—2,/(6) D,5]. 


v 
The other wave functions of the *D states corresponding to other values 
of the two components of the angular momenta are easily obtained by 
applying the operators L,—iL, and §,—iS,,. 

23*. We first of all wiite- down the scheme corresponding to the 
configuration npn'p. We restrict ourselves to non-negative values of 
Mg and M,. 


284 Answers and solutions 7.23 


Ms 
0 

0 241 
®,(1*, 0+) (1+, 0-) ®,(0*, 1-) 
©;(0*, 1+) P,(1-, OF) ©,(0-, 1*) 
®,,(1+, —1*) ,,(1+, —1-) ,,(0*, 0-) 
®,,(0*, 0+) ®,,(—1*,1-) ®,,(1-, —1*) 
®,,(—1+, 1*) ®,,(0-, O*) ©4(—1-, 1) 


From this scheme we see that this configuration corresponds to the 
following terms: 1S, 3.8, 1P, 3P, WD and 3D. 

We shall use as zeroth order wave function the functions given in 
the table. 

Since the energy does not depend on the values of M, and My, the 
perturbation matrix will be of the form: 


Ms=1 
M2 
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We shall denote by V the perturbation operator. In the first submatrix 
there is only one 3D term. Hence 


E@D) = Vy. 
In the second submatrix (M, = 2,M, = 0) we have a combination of 
two terms, 3D and 1D, 
BO CD)+ EOD) = Vag + Vas. 


In the third submatrix (M; = 1, Mg = 1) we have a combination of two 
terms, 3D and °P, 


E%(3D)+ EMP) = V,,+Vz5- 
In the fourth submatrix (M, = 1, My = 0) we have four terms, 3D, 1D, 
8P 1p, 

E\(3D) + ED) + EDP) + EVOP) = Veg + Viz t+ Vag + og. 
In the fifth submatrix (M, = 0, M, = 1) there are three terms, °D, °P, 
and 3S, 
EM AD) + EMEP) + EVEAS) = Viosot Vira t+ Yiee 
Finally in the sixth submatrix (M, = 0, Mg = 0) there are six terms, 
372), =P, 3S, 1D, 1P, and 1S, 
ED) +E%(1D) + EP) + EVP) + E038) + EV(1S) 
= Vigiat+ Vara t+ Visas + Vers + Yar t+ Yrs: 


From these equations one obtains easily an expression for the term 
values in terms of the diagonal matrix elements: 

E™@D) = Vay 

EMD) = Vog+V3—Virs 

EMP) = Vist Vis—Vr 

EAP) = Veg + Voq+ Vogt Vogt Var — Van — Vag — Vea — Vis 
and so on. 


2 4 
244, (b) 2H, 


4 4 
oe (c) ZtE, (a) ZFS 


hi? Rh’ 
2 
(ec) Z4S, (f) Zt, (g) Ze. 


25. The total energy consists of three parts, the kinetic energy of 
the electrons 7, the interaction energy of the electrons and the nucleus 
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V,.. and the energy of the interaction of the electrons with one another, 
V,.. The last two terms have the following form, 


V, ae 
Vip} (OCOD a, a’ 
|r—r'| 


To evaluate the kinetic energy let us consider an infinitesimal volume 
element of the atom, dr. The number of electrons with momenta 
between p and p+ dp is proportional to the phase volume and equal to: 


8ap*dpdr  p*dpdr 

(278 or? * 
The electron density is obtained by integrating over p from 0 to some 
maximum value p = Po, 


dn = 


_ Pe 
PS 32 


The electronic kinetic energy in the volume dr is equal to: 


7 Pop? = 2p 
dT = 2g ORs 10m 5dr. 


If we express in this sean Po in terms of p and integrate over the 
atomic volume we find the kinetic energy of the electrons 


1 
T= Tm (37?)8 fo dr. 
We find finally for the total energy 


(37*)f f ' | p(r) e(r’) 
E=T+V,,+V., = “On? |e 7 - z[Par+; | (A! myo 


26. The total energy of the atom is given by the equation (compare 
the preceding aoe 


2\t 
5 pdt res [OE aerate’ ei [otarr, (1) 
107? 
and we get thus 
Z si derg (Poel) gop gay 4 Om) [ot 5048 
BE = — [7 Spd r+ ee d'rd'r + 6n2 p bpd r, 
with the subsidiary condition 


[oe dr = 0. (2) 
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Using a Lagrangian multiplier we find thus 


a fen ail V(r) a} (3) 


vy 5 [a ‘)aer’ rr 


ro J |paey 


where 


Since Poisson’s equation must hold, we get (Yj=A) 
VV —V,) = 4nZp, (5) 


and from (3) and (5) we get the Thomas—Fermi equation 
2% 
VV —V,) = = [VW 


27. To solve this problem, we consider a distribution of the electrons 
in momentum space corresponding to a point r in coordinate space which 
is displaced by an amount D(r). The total kinetic energy is then given 
by the equation 


Pe. PD? 
Exin = za | rapt y) = [arr (raes+ 3 +s), (1) 


where P(r) is the radius of the undisplaced Fermi sphere which is 
connected with the density p(r) by the equation 
7 ; 
pr) = 7a |4°P = 35 Po, (2) 


where the integration over d?p in both (1) and (2) is over the whole of 
the Fermi-sphere. 
Instead of (1) of the preceding problem we now get using (1) and (2) 


Z 3 1 p(t) p(r’) 3 By (37?)8 $3 1 3 2 
- | Fed r+3] ir—r'| 4 rd'r +o [e d r+ 2 (2 rD p: 
Apart from the subsidiary condition (2) we now have also 

6J = 0, 
where J is the total angular momentum, 


= (p(r) [ra D(r)] d2r = foe) rsin Op(r) d°r, 


where @ is a polar angle. 
Using Lagrangian multipliers and taking the variation with respect 
to D, we find easily 


D = Arsin 6, 
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which shows that the model corresponds to a rigid sphere rotating 
uniformly with angular velocity . 
28*. The volume element expressed in terms of x is of the form 
dr = 4ar* dr = 8rd) x5 dx. 
We can evaluate the kinetic energy 


ey )i 


T= d3 Ab 


and the energy of interaction between the electrons and the nucleus, 


Vie = —87 ANZ. 
To evaluate V,, = ; [[4ee? dr dr’, we find first of all the potential 
produced by the electrons, y,. By solving the Poisson equation 
V? 9. = 47, 
we get 
aoe 


[1—e-* («+ 1)]. 


Pe = 
If we now use Green’s theorem to evaluate V,, we find 


= gp, pat = 162? A* d9, 


The normalisation condition determines A, 


Vi.= 


[oar = 167A = N. 


Substituting this value for A in the expressions for T, V,,., V,,, we get 


12 /37N\t 1 
T= 55 (G5 » 
ZN 
Yas =~ BQ" 
N2 
Vee = T6N" 


The minimum of E = T+V,,+V,, is reached for 


eee ae 1 
~25\ 16) ZN 


25 (16 2 
t 
E= alae) N (z- 3) at un. 


and is equal to 
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For a neutral atom we get 


25.49 /16\# 
=S=_ - — $+. * Z 
E 16-64 (e) Z 0-758Z3 at un. 


29. Let p(r) be the expression for the electronic density in the 
Thomas—Fermi model. In that case p(r) will lead to a minimum of the 
energy of the atom, 


B= Goa ataerh [HORM 


If we substitute in that expression instead of p the function A®p(Ar), 
which satisfies the same normalisation condition as p(r), we find 


E(A) = 2 T+4V, 
where T is the kinetic and V the potential energy of the electrons in the 


atom. Since E(A) must have a minimum for 4 = 1 we find that the 
following equation must hold: 


2T+V =0, 
which is the virial theorem. 
30. The energy of the interaction of the electrons can be written in 
the form 


1 
Ves =—5|0ep dr = 5 {Se-3 op dr, (1) 


where 9g, is the potential produced by the electrons, and ¢ is the potential 
of the self-consistent field, including the field of the nucleus 


esata 
P = Pe Y° 
In the Thomas—Fermi model the following relations are satisfied: 


ra 23 
3 = PO Po P= 35 


where fy is the limiting value of the momentum, and g, the potential 
at the boundary of the atom. If we eliminate p, and express ¢ in terms 


of p, we find 
—— pt PoN 
= 5 [Sar ap —- . 


The first two terms differ only by a numerical factor from the energy of 
the interaction of the electrons with the nucleus, 


Vag = —2 [2dr 
Tr 
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3(3n2)# 
7 = OT [ot ar. 


and the kinetic energy, 


We have thus 


If we now take the value of JT from the virial theorem, 


2T = -V,,-V, 


ee? 


we find finally 


For a neutral atom (N = Z) g, = 0 and 
V,. = —3V, 


ne* 

31*. The energy of total ionisation is equal to the total energy of the 
electrons, but with opposite sign. Using the virial theorem we find (see 
preceding problem) 

Eion = — Mre + Fo N. 


We shall transform the expression 
Visa Z | Pdr 
r 


as follows: we introduce the potential g,, which is produced by the 
electrons 


Vv? Pe = 4p 
and use Green’s theorem 
Z [(V®o, 
Vie = -- | dr = Zp,(0) 


(the surface integral over the boundary of the atom is equal to zero and 
V>1/r) =— 475(r)]. 
We have thus 
Eion = 3Z0,(0) + FN. 


If we go over to Thomas—Fermi units, 


we find Z Zt 
Per) = p-— = mF [1-x(2)], 
and since we have for small value of x 


x(x) = 1—ax+ 4xt, 
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with a = a, = 1-58 for a neutral atom (for a positive ion a> ay), we have 
finally 
8 Zi 3(Z-—N ee t 
soe eg bxy 


where x, is the radius of the (Z— N) times ionised atom. 

32*. Not only the total angular momentum but also separately both 
the total orbital angular momentum and the total spin angular momentum 
of the electrons are equal to zero in diamagnetic atoms. Because of its 
precession the electron acquires an extra velocity, 


Rare 
0 = zr] 


If we denote by A the vector potential of the external magnetic field 
A = }[(# Ar], we can write this last equation in the form 


wie We 
i 
pe 
The current density produced by the precession of the electron shells is 
equal to: 


e 
J= eo 
where p(r) is the charge density at r (the electronic charge is equal to 


—e). We first of all evaluate the vector potential A’ produced by the 
magnetic field, 


Alt) = ra [POM ee a 


If we use the Pei 


1 1 
kam r<R, 
_ 5 Me 4nr ang) OP inl? #) 9) 
21+1 ¥i9(0) R’ 
iyi? R<r, 


we get the following expression for A’: 


t _ @é 1 19 , ’ p(r’) , 
A’(r) = a [Ar]. Ea p(r’) dr +[ , a:' : 
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Using this expression one can easily evaluate the magnetic strength 
along the z-axis. 
This field strength is 


7 eH? 2 1,2 "9 eH p(r’) , 
A= (553) (22-47 es r'* p(r’) dr’ +300 bsg oee : 


The field at the centre of the atom, that is the field acting on the nucleus, 


40) = 3; (Mar = 00), 


r 


does depend on the eee potential (0), produced by the 
electrons. 
In the Thomas—Fermi model we have 


Ze 2 
g(0) = — 1-588 3B? where 5=0- 8585), a= a? 
and thus 
H(0) = —0-319.10-4* Zt #. 
_27 CH 2H 
* t ess 4 


34*. To derive the sini 7 we want, it is necessary to proceed 
in the same way as in the derivation of the usual Bohr-Sommerfeld 
quantisation rule. Especially it is necessary to find the exact functions 
near the points where the semi-classical approximation breaks down. 
Comparing these functions with the semi-classical ones in the ‘‘overlap”’ 
region (that is, in the region where both the exact and the semi-classical 
functions can both be applied) we can find the quantisation rule. 

It is easily understood that in the semi-classical case which interests 
us (n> 1) the exact functions are Coulomb functions for n-oo(E—0), 
and the overlap region is the interval Z~1<r <Z— (we use atomic units). 
Indeed, the self-consistent field g(r), in which each electron of the 
Thomas—Fermi distribution moves, agrees for distances r<Z~—* with the 
Coulomb field of the nucleus g(r) =Z/r. The semi-classical approxima- 
tion can be applied for distances r>Z—. 

The Coulomb functions for / = 0,2->0o (that is, E-+0) are of the 
form 


p= a (in Coulomb units) 
or 


pe ae r)] 


~ (Zr) (in atomic units). (1) 
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For r>Z-—, or Zr>1, we can use the asymptotic expression for the 
Bessel function J,, which is 


ih = ed | a sin orn | (2) 


The semi-classical function can be written in the form 


sin (|'p-ar+<) 3) 
Weemicl — “cuniel "7 Tp) : 


Our problem is to determine the phases a. In the region which interests 
us, the radial momentum p, = /{2[/E—V7(r)]} (for the case 1 = 0 which 
we are considering there is no centrifugal potential) is equal to (22/7), 
since | V(r)|~Z/r>|E|; the last inequality is true by virtue of the fact 
that the energy of an electron in the Thomas—Fermi distribution is of 
the order Zt. We have thus 


[[p-ar = az) |’ F = (820, 
and the wave function is equal to 


sin[¥(8Zr)+o]  , — sin[y(8Zr)+a] 


Yoomict © Csemici ~ (2Z/rye = gemicl —_ rt 
Comparing the two functions we find that a = —7/4. The semi-classical 
function is thus of the form 
j 3 7 
sin dr —— 
(|? i (4) 


Fi — a < 
Wsemicl semicl x J , 


On the other hand, the function satisfying the boundary condition 
near the turning point 7), which limits the motion of the particle at 
large values of 7, is of the form 


‘ 70 7 
sin ( Pr ar +7) (5) 
Peemicl |; Coainial = : 
1 Pr 


In order that expressions (4) and (5) are identical it is necessary that 
the sum of the phases of the sines is equal to a multiple of 7 which gives 
us the quantisation rule we are looking for 


ii ‘p,dr = nn for [veute- V(n\}} dr = ain. (6) 
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The quantisation rule we have obtained is thus different from the 
Bohr—Sommerfeld quantisation rule. 

One sees easily that in the particular case of a Coulomb field 
V(r) = —Ze*/r in the whole of space the quantisation rule (6) leads to 
the usual form of the spectrum 


(This can be checked by substituting into equation (6) for ry from 
the equation E—V(r)) = E+ Ze?/rg = 0, or ry = — Ze?/E, and performing 
the elementary integration.) 

35. When the applied electrical field is of the same order as the 
Thomas—Fermi field, that is, the electrical field in the atom in the region 
where there are electrons of the Thomas—Fermi distribution, the 
relative change in the distribution will be of the order of unity. The 
dipole moment of the atom will thus in that case be of the order of 
the Thomas—Fermi (TF) value: Thomas—Fermi radius for one electron, 
and Zrpy for the whole atom. 

If we assume that the dipole moment is proportional to the field, we 
get for any, not too large, field &: 


d= Zing p> 


where &7p is the Thomas—Fermi electrical field strength. Its order of 
magnitude can be estimated. 


dp(r 
fsx =| #7) 


mr APA. ea 
rarpp 8 8 |dx| x 
We have introduced here Thomas-Fermi units and expressed the 
potential in terms of the universal function x(x). The derivative 
d[x(x)/x]/dx is at x~1 also of the order of unity. We find thus that 
Eqp~ Zt while the Thomas—Fermi radius is of the order Z—#. We get 
thus 


geal 


€ &€ 
ie = eerie 
d~Z.Z ZZ’ 
or 
qi 
€ Z 
or, in usual units, 
d ns h2 \8 
& Zye (via) : 


that is, the polarisability is of the order of the cube of the Thomas-— 
Fermi radius of the atom. (This result is completely analogous to the 
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result of the classical theory of electrons for different models of the 
atom, such as the Thomson model, or the charged sphere model.) 

We note in conclusion that the same quantity for a valence electron 
is of the order of unity in atomic units, since such an electron moves in 
a field V(r) ~ —e?/r. Since Z>1, the polarisability of an atom will thus 
be determined by the valence electrons and not by the Thomas—Fermi 
electrons. 


es PO AOS Sa eccs. 
“pase oe LES ee 
W+2-L L+2s 


———_“<p<c—  ifL< 
Si +1 S775 FL SS. 

38*. The energy of an atom in a magnetic field is of the same order 
of magnitude as the spin-orbit interaction. The spin-orbit interaction 
operator which is equal to y(r) (.8) (see problem 23 of section 11) is of 
the same order as the operator (e#/2jc) (/,+ 24,), and their sum 


V = or) (£.3) +p e428) 


can be considered to be a small perturbation. The square and the 
z-component of the orbital angular momentum, and also the square and 
the z-component of the spin, will be constants of motion in the unper- 
turbed state. It is convenient for us to take another set of constants of 
motion. We shall characterise the stationary unperturbed states by the 
quantum numbers 2, /,j, m, (22, R, j, commute with H,). The degree of 
the degeneracy in the case of a Coulomb field is equal to 2m?, and in the 
case of arbitrary central field of force 2(2/+ 1). It is unnecessary for us 
to solve a secular equation of such a high order. We note that in the 
perturbed state the square of the orbital angular momentum and the 
z-component of the total angular momentum are integrals of motion. 
The wave function of the perturbed problem can therefore be con- 
structed from the functions ¥{%},,, corresponding to the same value of 
n, l, m,, or 


ib = c.f (n, 1,7 = 1-4, m;) + cgy(n, Ij = 144, m,) 
or 
dm eg RA (tm DY) 
V (21+ 1) \W(E— mi; + 3) Yast 


+e RD tie m;+ 2) Vi my 
*(2i+ 1) — (14m, a 2) ini +t 
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The matrix elements of the operator V are equal to 
l 1 
(V yeaa = A at H bym m,(1 ta) , 
i l+1 1 
(V) i= rind = =—A a of HE pgm m,(1 ~ ail 2 
= H 

(Vynifcteiny = (Vyaifcitimy = SSS + a)*— mi, 

where 


A= [; Pn n(7) 9(r) R,,(r) 72 dr and bo = 5 


The energy value EF follows from the solution of the secular equation 


l KH jhy ae 
Ent+A,5 zt H pgm (+573) - —E ary 1 VE 8) mi) 5 
He 4 10 ant @_gltl m(1- )- - 
ary 1 VIE + 2) mi] En —A 2 +H’ pgm L 21+1 E 


We shall denote by E, and E_ the energies of the one-electron atom, 
taking spin-orbit interaction into account where E, refers to the state 
j=l+h, and E_toj = 1-3}. 

From problem 23 of section 11, it follows that 


Ee = ED+AS, E_ = E® — arth. 
The solution of the secular equation is 


E = }(E,+E_)+H ym, + 
, | 
Af [Es + 2 po gps (Ey B+ Bo al, 


Let us consider some limiting cases. 
(a) In the case of weak fields, that is, when pp’ <E,—E_, we get 
the following expressions for the energy: 


2142 
“S9T4+1’ 


2l 
E = E_—# wma 


E=E,+# Wy 


The first energy value corresponds to the energy of the mth level of the 
state with j =/+4, and the second to j =1—4 (see problem 44 of 
section 7). 
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(b) In the case of strong fields, that is, for pp’ >E,—E_ we have 


E = 3(E,+E_)+ 4 pgm; + 1H Wy ay 2G (Ex E.). 


Let E, be the energy of the centre of gravity of the level, when there is 
no field present, that is, 

E,(i+1)+E_l 

21+ 1 
[The statistical weights of the states Z, and E_ have a ratio (J+ 1)//] and 
let AF be the difference E,—E_. With this notation we get for E 


, AE 
+ ore | 


This expression is identical, as can easily be checked, with the expression 
of problem 40 of section 7. 

The upper sign corresponds to the state with m, = m;— 3, m, = 3, and 
the lower one to the state with m, = m;+},m, = —}. 


E.= 


B= E,+ #po(m; + 2) m;¥ 2). 


39*. c= [01 4+y)], co = /[k(1—y)] for the upper state, 
c= J4Q1-y)], c. =—J[4(1+y)] for the lower state, 
where 


m; , 
21a. % Ho 


SS . 
vis 
J [HOz) r Tear NEL. jy + 1H? -3| 


LAE + 


We shall consider some limiting cases. 

(a) Let the magnetic field be vanishingly small, that is, AE> Hp, 
with y x1. We shall get for the upper level c, = 1,c, = 0, and for the 
lower level c, = 0,c, = 1. 

(b) Strong magnetic field: AE<H yy. In that case y = m,/(/+}) 
and we have for the upper level 


ao | (mt) a= [BRS 
Ll Qe yA Ol 


and for the lower level 


Cc | st) C --/ l+m;+3 
; 2l+1 ' re Na se 


If we substitute these values of c, and c, into the expression for the wave 
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functions (see problem 38 of section 7) we get for the upper level 


_ R® Ga Me @) 


and for the lower level 


8) 
-rH(g,fo) 
#= Rathy, s(0,9) 


40*. Since the energy in the magnetic field is considerably larger than 
the spin-orbit interaction energy, we can neglect the latter to a first 
approximation. 

In this case /, and §, are constants of motion and the energy splitting 
follows from the equation 


eh 
EW = ~— 4(m,+2m,). 
2pc 
In the second approximation we must take the spin-orbit interaction 


into account. The multiplet splitting which is added to the splitting in 
the magnetic field is equal to the average value of the operator 


2 i 
ela) 


22 c? 73 


(see problem 23 of section 11) over the state with given values of m, and 
m,. For a given value of one of the components of the angular momentum 
the average value of the other two is equal to zero so that 


(1.8) = m,m,. 


The energy splitting of the level, when spin-orbit interaction is taken 
into account, is thus of the form 


EW = i KH (my + 2m 


73 my My. 


We can substitute in this equation the value of r-°, expressed in terms 
of the fine structure splitting when no field is present. One can easily 
show that (see problem 23 of section 11) 


2 erst — 
ent —3 — Endive Entget-i AE 


2c I+} ree 
We finally get for EZ“ the expression 


EM = Fa lm +2m,) + a hi My» 
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In fig. 41 we have given the scheme of the splitting of the ls and 2p 
terms for an alkali metal atom in a strong magnetic field. 


m, ms, 


al 


0 
1 i] 
’ r{i3 7 
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a ht 0-3 
t j 
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a! I 
‘1 ] 
te 
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i] 
J 
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[ 


pe es ey 0-4 
Fig. 41. 


41. The perturbation energy in our case is equal to 


“ _ eh 3/3 r.s r ; eh a8 
[In this expression we shall neglect the last term since the magnetic 
moment of the nucleus is small compared to the magnetic moment of 
the electron (8 < eh/2yc). 

If we proceed as in problem 38 of section 7, we find the following 
secular equation: 


Ho Hm, H [Wo 


; 1\2 __ 4,2 
E,+ i+} ry +d) m°] ; 
KE [hy °.,1\2 2 H pg =. 
iy VIG +2) — m3) | cee m,—E 


where E, and E_ are the energy terms taking hyperfine structure into 
account, while FE, refers to the state with f=7+4, and E_ to f=i-4, 
m, is the z-component of the total angular moment (m, = f,f—1,..., —f), 
and py = eh/2uc. Solving the secular equation we find 


E,+E_ AE ippcee 2é 
2 tz i+4 


where AE = E, —E_, and € = 2, #/AE. 


E= my, + e), 
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We can find the order of magnitude of the magnetic field strength 
which produces the splitting from the formula obtained. We have 
assumed that #~|AE,,|/u9. In the case of the sodium atom we have 


AE yy = 0-0583 cm = 1-962 x 10-8 erg; 
since 
[tg = 0-922 x 10-29 Oe cm? 


the field strength # will be of the order of magnitude of 600 Oe. 
We consider two limiting cases. 
(a) In the case of weak fields, that is when py)#<AE, we find the 


following expressions for the energy: 


H yt 
i+s 


(b) In the case of strong fields, that is when #p,>AE, we have 
E=}(E,+E_)+ Hu. 
44. The expression (eh/2uc)(£,+28,) # is a small perturbation. We 


consider Russell-Saunders coupling. In that case H, commutes with 
operators J?, J,, L?, S?. The unperturbed energy levels are characterised 
by the quantum numbers J, L, S. Each of these states is degenerate with 
respect to the direction of the vector J, the degree of degeneracy being 
equal to 2J/+1. 

Since the matrix elements of the operator £,+2., which are non- 
diagonal with respect to J, are equal to zero, the energy correction is 
simply equal to the average value of the operator £,+2S, in the state 
characterised by the quantum numbers J,J,,L,S. To evaluate this 
average value we substitute in the equation of problem 44 of section 4, 


£:= 1,4, =2,J,=L,J, = 8. The result is 


se [3 SSHI)-L(L+1)] | 
a Cea tc 


According to what we have said a moment ago we find for the required 
splitting 
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46*. The normalised eigenfunctions of the hydrogen atom in the 
unperturbed state are of the form (see problem 36 of section 4) 


ub apa Rng-t ce i aaah =u, 
nij=l+im (27) Vj-m;) Yad 7 

Ynij-t—tmy = atts ( ele ack ae 
austin — 142) \— i+ 14m) Yamal 


The energy is determined by the two quantum numbers n,j. When a 
uniform electric field (€, = &, = 0, & = &) is present, 7, remains a con- 
stant of motion, but the orbital angular momentum ceases to be an 
integral of motion. The matrix elements of the perturbation operator, 
V = e&z, for transitions between states with different values of m,; are 
equal to zero. The diagonal elements of the operator V are also equal 
to zero, that is, 


(1) 


Dd jut zu, dr = >) Ju* zu_dr. (2) 
c ce 
We must therefore evaluate the matrix elements of V corresponding to 


a transition from the state ,j, m,,1 = 7+-4 to the state n,j, m,,1 =j—4 in 
order to find the energy splitting. These matrix elements are equal to: 


Va, = Vig = e& D Ju* zu, dr 


= { * 3 Rig-4(7) Ragaa() ar sUGTT 


0 
x (Gm) =m, + D1 [PE samt Yvhm 400880 
—V[G—m,) (i+ m, + 1)] eae +4 Yj44,mj,+4 COS P aa . (3) 


We shall first integrate over the angles. Since 


cos #Y,_,(3, 2) = J (e ran ; on >| Yisam(9; 9) 


we find that the expression within braces in equation (3) is equal to 


1 . . ; P m 
TAGGa Dy Gt U— mt D-G yt DU— my] = GGsn 
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If we then integrate over 7, we get 


— gny[n?— (7 + 3)’]. 


We thus find finally for the perturbation matrix elements (3): 


n*—(j+ 
Ha = Va =n EAU 06 
We find the required energy correction by solving the secular equation 
—e Vp _ mh § 
Vy —e mo) eae 


For a given value of z the term with j = — } is not split in the electrical 
field since it is not degenerate with respect to the quantum number / 
(J has a fixed value, /=j;—}=n-1), All the other terms of the fine 
structure are split into 27+ 1 equidistant levels (m, = —j,..., +). 

47. a = 3a}, where ag is the Bohr radius. 

48. eh (j+4) 


Mo 2pe fGt+h)! 


49*, In the case under consideration the spin-orbit interaction V,, 
the relativistic correction due to the change in mass V,, and the energy 
of the electron in the external homogeneous electrical field V; = —e&z 
are all of the same order of magnitude. We shall therefore consider 
their sum as a small perturbation of the original system. For our 
calculations we shall start from a state where the orbital angular 
momentum JL, its z-component m, and the z-component of the spin m, 
(the electrical field is along the z-axis) have well-defined values. If we 
evaluate the matrix elements of V,, V,, and V,, we have (in atomic units) 


m,(m — my) r 
Lh oe 
2 a2 
(Vine = v{( d+ 2) the ] bn for m, = m+ 3, 


bot dF UTD 
m, = m—4 or the other way round, 
0 otherwise, 


la?/ 1 3 
(Vm eer 2 nm (3 = a Oy One 


(V,)knt = nl ee 1) eb iy-48 


muy my 


412 
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If 2 = 2, the energy of the state with quantum numbers 

i=], m=mtim,=+2 (J = 3) 
will not change in the electrical field. The shift of this level due to V 
and J’, is equal to «7/128 at un (see problem 23 of section 11). 


The splitting of the level with quantum numbers # = 2,m = +4, can 
be found from the solution of the secular equation 


—11§— £0) $2 0 
8/2 -~38-E%  — -3e8 | = 0, 
0 —3e6 = 188 EM) 


where 38 = «2/32 at un is the fine structure splitting of the level n = 2 
when there is no external field. If we introduce in that equation e which 
is connected with E™ by the relation 


[—3,'6 is the energy of the centre of gravity of the three energy levels: 
(EY) 4 EM + EM)/3 = —126], we get 


—e 68/2 0 
5/2 d-e« —3e |=0, 
0 —3e€6 —d-e 


or 


<3 — [35% + 9(e&)?] — 253 = 0. 


We shall solve this equation both for weak fields (e& <8) and for strong 
fields (e& > 6). In the first case we find 


4 = 8-43) 26 EY 
a= 84 y(3yee—E, 


2 
é3 = 23.2) 
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In the second case the result is 


Lo? J: 6? 
1 = — 3065 Fe +5 (cay 
ye 
9 (eR 
163 1 6 
= Seo +5 eb 9 (eb 


50. We must add to the Hamiltonian of the unperturbed problem 
(see problem 32 of section 1) the perturbation energy operator 


H' = —(d.&) = —dé cosa, 
so that the Schrédinger ee will be of the form 
dep 
dep” 
where ¢ is the angle of rotation, and E the energy of the rotator. The 
energy levels of the unperturbed problem 


+a lB 4+dé cos 0) = 0, 


go =P (m= 0, £1, 42...) 
are, apart from the lowest level, twofold degenerate with respect to the 
direction of the angular momentum M, = mii. However, since this 
degeneracy is not lifted until we take the second-order perturbation 
theory into account we can up to that order apply the theory of 
perturbation of non-degenerate levels. (An exception is the level with 
m = +1.) In other words the unperturbed wave functions 


are still good functions for the zeroth approximation. 
The perturbation operator matrix elements are equal to 


2n d& Qn : 
Fam = ii PO" AYO dp = ae { exp [i(m’ —m) y] cos 9 dp 
0 
O: . Ata 
~ ae if m’ =mt+l. 


It follows from this that the first-order energy correction of all levels is 
equal to zero. 


EM = Ff’ 


mm ~— 


= 0. 
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The second-order correction of the mth level is clearly given by 


po — | Hal rea pomeale __ 1a 


Eo) — E®), Eo) — -E®, 1?(4m? — 1)’ 
so that the energy levels of the plane rotator in a weak electrical field are 
up to second-order terms given by 


a a Ck 
7(4m2— 1)" 


This result can be interpreted very simply. If we introduce in the 
usual manner the polarisibility, «, of the rotator as the ratio of the induced 
dipole moment to the external field strength, we find that the energy of 
the induced dipole in the field &, which is equal to the work of polarisa- 


E, = E® +E04E® = 


é 
tion, -a| Ed&, is equal to —4a6%. If we compare this additional 
0 


energy with the first non-vanishing energy correction, which we have 
just obtained, we find the following formula for the polarisation: 


> 21d? 
a h?(4m? — 1)’ 
We see that for m0, the polarisibility is negative, that is, the electrical 
moment of the rotator, d, is oriented antiparallel to the field &. The 
opposite is true for m = 0. 

This result is completely in accordance with the classical effect of 
anti-parallel polarisation for fast rotation of a plane rotator, and parallel 
polarisation for slow rotation. Fast is meant here to be sufficiently fast 
for the rotator to be completely turned over in the field. 

51. If the well has a width a, the polarisability a is given by the 
expression 


_ 4096 2a! . pr 
OS TNE pti 
which follows from the expression AE = —4aé? for the energy shift in 


an electric field &, when we use second-order perturbation theory. 
52. We shall choose the direction of & as the polar axis of a spherical 
system of coordinates, so that the perturbation operator will be 


V = V =—(d.&) =—dé& cos8, (1) 


where @ is the angle between the axis of the rotator (which is parallel to 
d) and the field &. 
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The wave functions of the unperturbed stationary states of the 
rotator are of the form 


#1900, ) = Vint) = / [GEERT i(cos exp (ime), (2) 


where 6 is the polar angle introduced a moment ago, and ¢ the azimuthal 
angle of the axis of the rotator. 
The functions (2) are orthonormal, 


2m fr 
[| 2) Yin 8,2) sin 848 dp = By Bp (3) 
0 0 


In particular, the ground state wave function, for whose perturbation 
we are looking, is of the form 


1 
poo (9, g) = Yoo = J(4z)’ (4) 
The unperturbed energy levels of the stationary states are equal to 


K1+1) 
(0) _ Foe 
a aaa? ia 


Ee) = 0. (5) 
We shall write down the perturbation operator matrix element for a 
transition from the ground state (0, 0) to the excited state (/, m), 


Qn fn A 
Ven = (Vee = |" [Hse e)l* PHN, 9) sin 6d8 do. 


If we use equations (1), (2), (4), the orthonormality condition (3), and 
replace cos @ by / (47/3) ¥i9(8, ¢) we get 


(vans = Vip = ~(4.8),(F) as [VAC 0) Vil, 9) sin 840 dp 


_(d.é) 
a 3 811 Sno: (6) 
There is thus only one non-vanishing matrix element, namely, the one 
from the ground state / = m= 0 to the state ]=1, m=0. Since this 
matrix element is non-diagonal the first-order energy level correction 
vanishes. 
The second-order correction is according to the general equations of 
perturbation theory and using equations (5) and (6) equal to 
EAS x! >> | Vim 4a __ Ver = _(d.é) 1 (7) 
tT a aya 
The shift of the ground state level of a three-dimensional rotator is 
thus negative; the same would be true for the second-order ground 
state energy correction of any quantum mechanical system. 
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The condition of applicability of the perturbation theory is that the 
shift (7) is small compared to the difference | E{ — E{°| between the 
ground state and the first excited state. 

If we solve this condition for &, we get 


72 
8 <\(3) 5. 


As we should have expected, this inequality also means that the 
perturbation energy (~&d) is small compared to the distance between 
consecutive levels (~i?/J). 

We use the relation between the normalised spherical harmonics 


oO ccs J ap i) 
£08 0¥im = 4/ ezeroesi Ysa + /(qye—q) Mam 


and we find for the polarisation in the /m-state 
_ 2Ip? (i+ 1)?—m? _ 12— m? 
im = F2 | (20+ 3) (20+ 1)(0+1) (2141) (27-Nl]’ 


where the value for / = 0 is found by putting m = 0 and letting /—0. 

It is rather paradoxical that a rigid dipole is “‘polarisable”. Consider 
the case when / = 1. If m = 0, the dipole behaves diamagnetically, and 
if m = +1, it behaves paramagnetically (or “normal’’). 

The degeneracy is only partly lifted, as the energy shift depends 
only on | m|. 

Finally we note that 


eh 


1) — ha ele . 4 
53. (a) Et 8i(j+ 1) uc (27 + 1p 4 


36n? 


+ [i+ nese SF o— G+ ye) 


(see problem 46 and 49 of section 7). 


(b) EM(n = m= 29) = 5 (HE) 4 


En = 2; m,; = +4) = ~_ ib (5) 
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where e follows from the solution of a cubic equation 
e? + 2Be? — (382 + 9F2— Bh?) + 287 B— 26% = 0, 


where 


eh, a a _ o (pet 


For a strong field (6 < F,5 < B) we have (see problem 49 of section 7) 


1 9FFB 
= +B-3F- 2 OF'S3FR°° 
a 
€, = top —p 
/ 1 9F+ 
c= £B43F +5 grap? 


54. Let the z-axis be along a magnetic field direction and the x-axis 
along the electrical direction. The potential energy operator of an 
electron in these fields will then be given by 


eh . 
w= Tyas lot 26) H+ ebx. 


We shall consider this expression to be a small perturbation, and we 
shall characterise the unperturbed stationary states by the quantum 
numbers 2,1, m,o(m and o are the z-components of the orbital angular 
momentum and the spin). The non-vanishing matrix clements of x are 
of the form: 


ee a ee (n? — 1?) (1—m+1)(1—m) 
(x\it i (xT an 7 an | rey | 


a So ee (n?— 1?) (¢+m— 1) (+m) 
(x) m1 = (x) a m || (21+ 1) (21- 1) | a 


a= La 
7 wet) 
We shall consider the case 2 = 2. Let us fix our ideas and assume that 


the z-component of the spin is equal to +}. We shall use the notation 
B = (eh/2pc) #, y = (3//2)e&a. In this notation the perturbation 
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operator matrix will be of the form 


2B 0 


OU ay 
0 Bg 0 0 
0 00 y» 
ay Oy, 5B 


We have numbered the states in order of decreasing values / and m. 
The state with quantum numbers / = 1, m = 0 does not combine with 
the other states. The energy of that state is equal to Ei) = 8. The 
other three eigenvalues of the perturbation matrix are determined from 
the solution of the secular equation 


E? — 3BE? + 2(8?—y2) E+ 2y2B = 0. 
If we solve it we find 


EY) = B, Ey = B+ y(6? +2y’) 
or, using the definitions of 8 and y, 


h eh 36 
(1) — ee ¥f (1) me fa 1 ~~ 2 
E} Due’ E34 rr cz I(# +5 6 )| ; 


55. E <—4e?/3ma,, where ap = h?/ye? is the Bohr radius. 

56. Ey < thw. 

57. In this case we must use a trial wavefunction which is orthogonal 
to the wavefunction found in the preceding problem. The simplest form 
is Y = Bx exp(—Cx?), and we find E, < 3hw. 

58. The Hamiltonian is of the following form (we shall use atomic 
units e = = p = 1) 

H= yest 
Ty Vg Tio 
According to the variational principle it is necessary to evaluate the 
integral 


E(Z’) = [ore 1») Abr, 12) dry dry 


and to determine the quantity Z’ from the condition dE/dZ’ = 0. 
In our case we have 


Wr, 72) = cexp[—Z'(r, +19)], 


where ¢ = Z2'3/7. 
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The integrals of the first four terms can easily be evaluated, 


Z 
[blew ta)(— AVE BVE-F—E) iru ra) dra dr = 22-222" 

1 12 
As to the integral involving 1/r,5, it is convenient to evaluate it in 
elliptical coordinates, 

S=Mjt7, t=1—-1, U=T7yjp0, 
dr, dr. = 1°(s?—t”) uds dt du, 
—ux<t<u, O<u<s<om. 


The result of this calculation is 


1 oc 8 +u 52 — 22 
[ew 12) —~- dr, dry = 7c? { ds { du i dt exp (—2Z's)<—— u = 32’. 
Nie 0 0 —u u 


We get finally 
E(Z') = 2" —222'+ 82". 


From minimising E(Z‘) we find 


Z'=Z-—%. 
For this value of Z’ we get for the ground state energy 
E=-(Z-#)% 


To find out how accurate our result is we calculate the ionisation 
potential of helium (Z = 2) and compare the result with the experi- 
mental value. The ionisation potential of helium J,,, is equal to the 
difference of energy of the once ionised helium atom and the neutral 
helium atom in its ground state. ‘The value of J,,;, is equal to (1 at un = 
2 Ry = 27 eV) 

Tye = 0:8476 at un = 1-695 Ry. 


The experimental value is 1:810 Ry. 

The ionisation potentials of other systems with two electrons, Lit, 
Bet+, and so on are also known experimentally. Comparing them with 
the theoretical value we get 


Element 


I(Ry)in 


I(Ry)exp 
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The results of the evaluation of the ground state energy is in 
satisfactory agreement with the experimental values. 

60. Both the orbital and the spin angular momentum are equal to 
zero in the ground state of the helium atom. As a consequence helium 
is diamagnetic. The diamagnetic susceptibility evaluated for one mole 
is given by the expression 

2 
zs 3 ae (+73), 


X — 
where 
rit+nR= {or + 72) bdr, dry 


and where N, is the Avogadro number. The approximate expression 
for the ground state wave function of the helium atom is 


Ze : 
(11,72) = —gexp[—2(7, +72)/a]. 
7a 
If we evaluate the average value r? +72 using that wave function we get 
. = 62 
ri + ie = VALS 


Substituting this value into the expression for the diamagnetic suscepti- 
bility we find 
x = —1-67.10-*. 


The experimental value for the diamagnetic susceptibility is given by 
x = —(1:90 + 0-02). 10-*. 
61*. It is convenient to introduce the following notation: 
Z,=a, Z,=28, 2Zi=a, cZi=b. 
From the fact that the functions are orthonormal we get 


_ i 128° 
yZe = 3(a+ 8), BF = a? — «8 +B?” 


In the new variables 4, and , have the following form: 
ty = Yroo = 2" Yoo, Yo = Poo = B[1— 3(a +B) 1] e” Noo. 


The approximate ground state wave function of the lithium atom can be 
written as follows: 


1 (1) 7,.(0;) b1(2) 0 4(o2) (3) 74(¢3) 
®= BH ¥(1) (0) 4,(2)n_(o2)  $1(3) nes) |, 
1 $21) 24(01) (2) n4(o2) Yo(3) 04(03) 
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where 7,.(4) = 1, 7,(—3) = 9, 7_(4) = 0, »_(- 4) = 1. In this state S =}, 
M=}. 

The Hamiltonian operator (in units for which e = # = p = 1) is for 
our problem of the form 


Tyo Tox 131 
We shall evaluate the energy in the state ®. 
The kinetic energy of an electron in the 1s-state is equal to 


fo 0) dibs, 2 
T= (dh 80%) ar = [° (G2) rear = das, 
0 
and in the 2s-state 
Le pt 
8G aah eet 


The interaction energy of the inner electrons with the nucleus is 
WAN © p—2ar 
V, = - [“Par = Zar r2 dr = —Za, 
r 0 r 


and of an outer electron with the nucleus (for lithium Z = 3) 


V, = _ 2B , ZB? 1728 


2 2 a? — af + B® 


The energy of the Coulomb interaction of the inner electrons is equal to 


Ku = {[> lalate Pdr dr = fo 


The interaction energy of the outer electron with the inner electrons is 
equal to 


1 
2K = 2{ = Wales) Pll) dra ar 
gO oe pecs ating 
(a+8)? (a+)? (0?—aB +B) 
The exchange interaction energy of the two electrons with parallel 
spin is 


A= 2a2b? i ” exp [— (a+) ro] [1 — a+) 14] r3dr, 


= 20 


x { “exp [—(0-+8) ri) [1 - Mat Bn] ridr, 


i 
~ (a+ 8)? (a? — a8 + B?) 


7.62 Atoms 313 
If we put 8 = Au, we get 
27, +T, = T = 07 p,(2), 
2V,4+V,+K\,+2K,,—A = —ag,(A), 
E = at g,(d)—a9,(2). 


The minimum value of the energy is realised for values of « and A which 
satisfy the equations 


or 
2oupy(A)— pa(A) = 0,  opi(A)— pa(A) = 0. 


Eliminating a, we get 


Pil) _ 2p) _ 9 y — 0.2846. 


gi(A) (A) 
The corresponding values of a and f are 


a= 2-694, B = 0-767. 


If we substitute these values of the variational parameters into E, we 
find for the ground state energy of the lithium atom 


E=-7-414atun, or E=-—200-8 eV. 
Experimentally E,,,, = —202-54 eV. Applying perturbation theory, that 


baat 
is putting a = 3,8 = 3, we get for the ground state energy a less accurate 


value than from the variational method, namely E = —7-05, or in eV: 


= — 190-84 eV. 


62. The average value of the total energy is equal to 
7 foec + hu) Fai 1+ Da) dr 
H = 
[ts do(1 + ruta 


(1) 


If we integrate the numerator by parts the equation is simplified. 
The kinetic energy operator of the electrons is of the form 


where is the number of electrons and V? is the Laplace operator of the 
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ith electron (we use atomic units). We shall write down an expression 
for the average value of the kinetic energy in a form which is symmetric 


in PX and yo, 
T=-55 AK B(1 + Az) V3(1 + Au) po + Yo( 1 + Au) V3(1 + Au) pi} dr. 
i=l 
If we differentiate under the integral sign we get 
z, bad 
F131 lugs awe vide dll +) E08 


+ 2druby po + Au) V2 u + 2A(1 + Au) (Vis bo). V,u)] dr. (2) 
We shall transform the last two terms, using the identity 


{V,. [Yo o(1 + Au) V,u)} 
= YG Pol + Au) Viw+ (1 + Au) (Vi(ds Yo). Viu) + Ape Y(V,u.V, x). 
(3) 


If we integrate this identity over the whole of configuration space we get 
[ve (1 +2) V3a1+ (1+ du) (W,(UG do) Ve u)} 


=— Aus W(0,u. Vou) a. (4) 


Substituting expression (4) into equation (2) we get 
P= 5 55 [lac + awe vtda + yo +0)? VE a) dr 
Az 2 
+5 x fs Po V,u.V,u) dr. 
Vw 


The Hamiltonian operator H is equal to # = Hy+u= T+V+u. Since 
V commutes with (1+ Aw), expression (1) can be written as follows: 


5 [0+ au) 6d Ao +o FBY) dr + 4° fs docu. Ven) dr 
+ = _. 


H=E, 
[C+ 20)? ¥8 Yoder 


Since A, Bo = Ey Pos we have 
ot w(t +2) pode + NS, [ol Wow. Ven) ar 


H= Eyt+ 
[a+aneys boar 
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i (11)9g + 2A(U2)og + A2(%)og + $X2 S [(V; w.Vy 4) loo 
ti=1 


ras 112M) ie} °° © 


where (t)o9 = [vs ujydr, (U)oo = vs u?i,dr and so on. We shall 


expand the second term in equation (5) in a power series, neglecting 
terms like (2/3)9, (w)a, --+« 


For the energy correction AE we find an approximate expression of 
the form 


AEX (1) o9 + 2A(U")o9 — 2A(4)ho + 3 MEV, u.V;u)|oo- (6) 


The variational parameter A is determined from the condition 


dAE . 
“Tr = 2C#*oo— 2(e)to + AE [(Vi4-Vi4)loo = 0, 


so that we find for A the expression 


i > _(o= (u*)oo ; 
ZUM u.V;4)oo 
Substituting this value into equation (6) we get the required relation 
2 (42) 72 
AB = (typ 2am Dol eo 
2 [(V;u.V;%)]oo 


63. If the atom is in a uniform electrical field of strength &, along 
the z-axis the perturbation operator is 


u=-€> 2, =—-€2, 
i=1 


whose matrix element (1)o9 is equal to zero (we use atomic units). 
From equation (7) of the preceding problem we have 


AE wx — 2621 Doo] 
n 


where n is the number of electrons. 
It follows thus that the polarisibility is equal to: 


HG ool® 
n 
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It is necessary to note that this equation which is obtained by using one 
variational parameter A is a reasonable approximation only for hydrogen 
and helium. For the case of atoms with several electron shells the 
deformation of the shells will not be the same. To obtain a better 
result from the variational method we must thus introduce for each 
electron shell its own variational parameter. 

For the hydrogen atom we have 


(27)o9 = A(t boo = 3 ( “exp(—2r)r4dr = 1 
3 vil 0 
and thus 


« = 4atun. 
In the cgs system we have 


For the helium atom we put the ground state wave function in the 
form (see problem 59 of section 7) 


Z3 : 
bo = rg exp[—Zer(rt+72)], where Zeer = Te- 
The final result is 


F2\3 
a=Q0-98atun or a= 0-98 (3) cm’. 
pe 
From this value of « we get for the dielectric constant of helium under 
normal conditions 


e = 1-00049, 


while its experimental value is 1:00074. 

The relatively large difference between the theoretical and experi- 
mental values is mainly due to the fact that we have used a rather rough 
approximation for the unperturbed wave function. 

64. The potential of a point charge is the same as the potential of a 
sphere charged on the surface outside that sphere, if the total charge is 
the same in both cases. Inside this sphere the difference between the 
two potentials is given by 

1 1 
Ag = ~ 27-2). 
The change in the potential energy of the atomic electrons is equal to: 


AV =~ 28: (>—2) (rd, 


t=1 Ve 
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where we have introduced the function 


r<d, 
an) {0 r>d. 


According to first-order perturbation theory the energy shift is 
ie 6 ae 
AE =~Ze pS ——-)€(r,;)dr,...dr 
ial TY; a 


If we integrate over all variables except one, we get 


[ive ee) eee yet) 


where p(r) is the electron density. 
In this way we get 


AE = — Ze? I p(r) (- = ‘) e(r) dr. 
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We can use the fact that p(r) changes little in the region r<a. If we take 
this quantity from under the integral sign and put it equal to its value 


at the origin we get 
AE = — Ze? (0) == a’. 


65. We use for the shift the equation (compare preceding problem) 


AE = ||P AVar, 


(1) 


(1) 


where AV is the difference between the actual potential energy and the 
Coulomb potential and i, the ground state wave function. If p(r) is the 


nuclear charge density which is normalised so that 
[oware = Ze, 
while its mean square radius <r?» satisfies the equation 
fot) 2dr = Zeca? 


we have for AV the equation 


AV() = - 42 [o(r'yaer’— [PAEDET 


(2) 


(3) 


(4) 
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Substituting (4) into (1), integrating by parts, using the fact that y, 
changes little over the nuclear charge density, we find, using (2) and (3), 
that 


AE = _onge 


| o(0) |? <7*. (9) 


If the charge distribution is a spherical shell as in the preceding problem, 
(S) reduces to equation (1) of that problem. 
66*. The wave function of an s-electron is 


where x,, satisfies the oe 
Xn re: Fe P(E V(r) Xn = 0 


2 
and the normalising condition | y2dr = 1. 


In the semi-classical approximation the solution of the equation for 
x, 18 of the form 


A, 
Xn = I.) cos (5 i: pudr+o), (1) 


where 
= ¥{2n[E, — V(r)}}. 


This solution is, however, useless for small values of r. Indeed, if 7 is 
small (7 <h?/Z! ye”), then first of all we can neglect the screening of the 
field of the nucleus and put V(r) = — Ze?/r; secondly, we can also neglect 
E,, compared to V(r). If we put p = J(2yZe?/r) into the condition of 
applicability of the semi-classical approximation 


d(h!p) 
dr <I, 


we get 
2 
Ze? 
To obtain an expression for y,, which can be used for small values of 7, 
we start again from the original equation and substitute for V(r) 
—Ze*/r 


r> 


and also neglect E,,: 


Xn +53 > Xn = 0. 
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This equation has the following solution: 


1 Cuts )] : 


To find the connection between the constants C,, and A,, 
the region of applicability of the semi-classical solution (1), 


we note that 


and the region of applicability of solution (2), where the screening of 
the nuclear field has been neglected, 

ii2 
Zt se?’ 
overlap for large values of 7 so that solutions (1) and (2) must coincide 
in the region 


'<z 


ds <r <Fine 
Ze? 

We shall show that solutions (1) ee eo are the same in the entire 
region of applicability. To do that we put in solution (1) p = (2uZe?/r). 
We then get 

A, Wr 2(2pZe? r) i? i? 
Xn = anaes | +?| Zaek<"<Zipe =) 
The condition r>h?/Zye? means that the argument of the Bessel 
function in expression (2) is large. But for large values of the argument 


(«> 1) we have 
J,(x) = J(- =) cos (x). 


The solution (2) is thus of the form 
2/(2uZe*r) 30) = fh? i? 
= Cry ( | aezan| ees ee 72 2-7] Zur 24s 2 


Comparing this expression with expression (3) we find 


ra, an) 


We must now find #70). For x<1 we have J,(x) = x/2 and using 
equation (2) we find 


2 2 
Ae _C nl (“Ge-) = | (A) 4. 
r>0 
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Hence, 
Ze* 
Y2(0) = Fey AB. 
The constant A, can be eae from the normalisation condition 
= 
” Tent: rom we V2uE, VO) 


ee we ‘aneesane the quantum condition 
[v2ute, - Vo dr = a(n yA, 
which determines E,, as a function of m, with respect to ” we find 


dE, dr 


dn J \2u{E,— Vin] 


Comparing this last expression with the normalisation condition we get 


2p dE, 
2 
Ane nh dn’ 
and finally 
Ze* yp? dE 
2/0) = a: 
¥2(0) = “ES. (4) 


For an unscreened Coulomb field we have 

Z2 pet 

- 2n* h? 

VEG. gs a ee 

= (5a) which is the 
WT 

same as the result obtained from a rigorous calculation. In atomic 


spectroscopy the following equation is often used for the energy levels 
of the excited states of the valence electron 


and we would then get from equation (4) 42(0) = 


_ ve 1 
» ~~ 292 (n—o)?’ 


where a is the so-called quantum defect which depends only weakly on n. 
If we use this formula for E, we get 


F Z pi e& (1 —do/dn) 
$20) = ae Car: 
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67*. We shall denote the radius vectors of the electrons with respect 
to the nucleus by 7, and r,. We have the following Schrédinger equation 
for the stationary states of the helium-like two-electron system: 


AY (ry, 12) = E¥(ry 12), (1) 
where the Hamiltonian Af is of the form 
h2 | es | e 
=—~—(V24+V2 -Ze(2+-)+=. 2 
Za 1 ) ry ‘i, Tro ( ) 


We consider the last term as a perturbation, and denote it by A’. 
We shall perform our calculations in atomic units (4 = 1,e = 1, = 1). 

Since the unperturbed Hamiltonian, H =H —H’ is the sum of two 
one-electron Hamiltonians, the unperturbed wave function of the 
ground state of our system will be the product of two hydrogen-like 
functions in the field of the nucleus Z (since the ground state of 
hydrogen-like atom lies far below the excited states, it is clear that the 
ground state of a helium-like system can be constructed out of the 
ground states of the corresponding hydrogen-like systems), 


P(t) = Holts) alta) = 7 exp (~2r).exp (~Zr) 


3 


= exp [-Z(r, +7) (3) 


and the unperturbed ground state energy is equal to the sum of the 
ground state energy of two hydrogen-like atoms, 
VATA: 


EO =~ = = 22. (4) 


The required first-order correction to the ground state energy is 
equal to the average value of the perturbing energy H’ in the unper- 
turbed state (3), 


EY =H’ = [free r,) AW (11,72) d3r, dr, 
Z§ 1 
= “i | [exP[-22(, 47] 2 dn dtry (5) 
12 


Pred 


The integral we have just obtained can be evaluated in different 
ways. We shall use one of the simpler ways. 
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The quantity 1/r,,=1/|r,—r,| is the generating function for the 
Legendre polynomials, 


Et »> ( ‘) F(cos@), if 14270, (6') 
1 = ri1=0 
Ir;—re| oo ‘ 
2 1s (2 ‘) P(cos 6), if ry<12, (6”) 
To1=0 


where @ is the angle between 7, and 7. If we integrate, for instance, 


first over r, and split the domain of integration according to equations 
(6) and (6”) we get 


Ew =-5 er exp (—2Zr,) 
52 1 €Xp 1 
71 1 oe ry\! 
x d*r,exp(—2Zr,)— > (—] A(cos 8) 
r9=0 1 1=0 \"1 
ee) 2) q 
ef { d®r,exp(—22Zr,) + ¥ (2) P(cos a). 
Toes, Yo I=o0 \7 


If we take the polar axis of a spherical system of coordinates along 
r, and use the orthogonality relation of the Legendre vo 


{ "B(cos 6) sin 6.9 = [ "P(cos 6) P,(cos 6) sin 6.49 = * 
0 0 


ai 


we find that after integrating over the angle only two terms are left in the 
expression within braces, 


6 T 
Bw = 2 ferns exp (—2zr,). 4x > { ‘exp (— 221.) 13 dr, 
Tv 1/90 


+ [exp (—22Zr,) r, ar 


If we now perform the remaining elementary integration we find 
finally 


EW = 8Z, (7) 


The positive sign of this correction corresponds, as should be, to 
the mutual repulsion of the electrons. 

From equations (4) and (7) we get for the ground state energy of a 
helium-like atom or ion to a first approximation, 


ExE 4 EQ) = —(Z2— 82), (8) 
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or, in the usual units, 
4 
Ex —(Z?—8Z) —_ = —(Z?~§$Z) 27-1 eV. (8’) 


The single ionisation potential V, is the energy necessary to take one 
of the electrons just into a state of the continuous spectrum. 

It is clear that this quantity is equal to the difference between the 
total ionisation energy, —£, given by equation (8), and the energy of 
ionisation of a one-electron atom or ion, which is equal to 4Z? at un, 


V, = (Z2—§Z)—4Z? = (4Z2—§Z) at un = ($Z?—8Z)27-1eV. (9) 


Perturbation theory is applicable to the present problem provided 
Z>1, as can be seen from equation (8). (In the given simple example 
we do not have to consider very strictly the requirement of the applica- 
bility of perturbation theory; this is necessary if we want to find the 
first-order correction to the wave function or the second-order correc- 
tion to the energy.) 

It is of interest to note, however, that our evaluation, which is 
relatively gross, leads already for Z = 2 (helium atom) to a value of the 
binding energy which agrees with the experimental value within about 
5%. For larger values of Z(Z = 3: Lit, Z = 4: Bet, ...) the agreement 
is naturally even better. 

The agreement with experimental values is not so good for the first 
ionisation potential V, evaluated from equation (9); for helium, for 
instance (Z = 2), the difference is about 15%. 

68. To first order the cubic term does not contribute to the change in 
energy. The perturbed eigenvalues are 
3 


h\* | a i 
En = (n+4)hwt 3B(2n? + 2n + n() — 455 (30n? + 30n + (4) 


B? a \4 
ap ee 3 2 ae 
Bp (34n + 51n + 59n+21)(— . 


69. The lowest three energy levels of the unperturbed system are a 
non-degenerate singlet state with E = Ey = hw, a four-fold degenerate 
level with E = E, = 2hw, corresponding to a three-fold degenerate 
triplet state and a non-degenerate singlet state, and a five-fold degenerate 
level with E = E, = 3Mw, corresponding to one three-fold degenerate 
triplet state and two non-degenerate singlet states. To first order in V% 
the energies of the triplet states remain unchanged. The final energy 
eigenvalues with their remaining degrees of degeneracy are (note that the 
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two singlet states corresponding to F£, still have the same energy value): 
Eq = hwt Vok/(2m), Go = 1; Ey = 2hw, Bir = 3; 
E\, = 2hw+ Vob/(2m), 815 = 13 Ex = 3hw, gx = 3; 
EX, = 3hwt 3Vo/4/(27), 82, = 2. 


70*. First of all we show that the characteristic time parameter T 
enters into the perturbing field in such a way that the total pulse P, 
which is classically transferred to the oscillator by the electrical field 
over the total duration of the perturbation, does not depend on 7, 


P= [Peso dt = one exp |- (*)" dt =eA=const. (1) 


This means graphically that the area under the curve is the same for 
ali values of 7 (see fig. 42). 


Fig. 42. 


The probability for a transition from the nth stationary state of the 
discrete spectrum to the Ath is equal to 


I 
Wrap = 2 


[o-e) 2 
{ Vien exp (1.5 t) dt (2) 


7 my « . ~ . kane! 
where J... = | Yi* Ves) dx is the matrix element of the perturbation V, 
—ca 


Wry = (1/R) [EL — BO), where (9), , E{9), E') are the wave functions 
and energy levels of the corresponding (unperturbed) stationary states. 

If we denote by e, p, and w the charge, the mass, and the eigen- 
frequency of the oscillator, and by x its displacement from its equili- 
brium position we get in the case under consideration of a uniform field 
for the perturbation operator, 


V(x, t) = —exd(t)~x. 


It is well known that in the matrix of the coordinate of the oscillator 
in the energy representation only the following matrix elements are 
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different from zero, %pn41 = %niin = ¥[(t+1)h/2pw]. Since we have 
assumed that the oscillator was original in its ground state (n = 0), we 
are dealing with only the following non-vanishing matrix elements of 
the perturbation: 


Van = Vio = ~Joy~ (ges) exe [- (ei) (3) 


In first-order perturbation theory the uniform field can thus produce 
a transition of the oscillator only to the first excited state (k = +1 = 1). 
(To evaluate the probability for a transition to the second excited state 
we must use second-order perturbation theory—as this transition, 
n= 0—>n=2, goes through the intermediate state » = 1, and so on; 
each excited energy state corresponds to a certain order of perturbation 
theory and a correspondingly increasing number of intermediate states. 
From the character of the coordinate matrix it follows that each of 
the intermediate states is next to the previous one—for instance, 
0+1>2-3.) 

If we substitute expression (3) and also 


Opn = Wy9 = (1/h) [EO — EP] = w 


into equation (2) we get the probability for excitation, 


= ie exp [wt — (t/7)?] dt | 


~ Darr? piu 


If we evaluate the well-known integral 


ie exp (18 — ax?) dx = A (") exp (—?/4a), 


2 
Wo ; 


we get finally 
P2 
Won = 595 xP Hur) (5) 


We see that for a given total classical transferred pulse P the proba- 
bility for excitation decreases steeply with increasing effective duration 
of the perturbation 7 and if 7>1/w (duration of perturbation much less 
than the classical period of the oscillator), this probability is very small; 
and we are dealing with a so-called adiabatic perturbation. 

On the other hand for a fast perturbation (7 <1/w) the probability of 
excitation (5) is practically constant. In the limit where s>0 we can 
use a well-known expression for the 6-function, 


lim &(t) = Ad(t) = * a(t) 
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we are dealing with so-called instantaneous perturbation and the 
probability will be equal to 
P? ; 
ut Mor ~ Qpho’ 9) 
which is equal to the ratio of the classical imparted energy, (1/2) P?, 
to the distance between the oscillator energy levels hw. 
The criterion of applicability of perturbation theory is that the 
probability for excitation should be small compared to the probability 
that the oscillator stays in the ground state, 


Wo K<(1—w,), Or Wy <1. (6) 


We see from equation (5) that a sufficient condition for satisfying 
conditions (6) is that 


ee ehiay: 6’ 
ae (6’) 


It is clear, however, that if the degree of adiabatic change is sufficiently 
large, that is, if r > w-1, condition (6’) is much too strong, and perturbation 
theory is also applicable if P?/2 is of the order of fw. 

We emphasise that the excitation of the oscillator when condition 
(6’) is satisfied is a quantum effect. Indeed, in classical mechanics 
excitation of the oscillator by an amount fiw would in general not be 
possible because of the conservation law for the energy. In quantum 
mechanics, however, the excitation is possible even though we can see 
from equations (5) and (5’) that its probability is small. This does not 
violate the law of conservation of energy, since the quantity P?/2y in 
quantum mechanics cannot, in general, be interpreted in the classical 
way as the energy given to the oscillator by the field. 

71. The perturbation in the present case is of a form which is 
qualitatively the same as the Gaussian perturbation of the preceding 


problem. The condition P -(" e&(t) dt = const leads, as can easily be 


verified, to the following law of change of the field: 
Pr 1 


enre+ ie 


E(t) = (1) 


We can use all equations of the preceding problem without any change 
up to equation (3) which now will be 


t h 1 
Yon = = -P2 f(T) aoa (2) 


so that we get for the probability of a transition to the first excited state 
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instead of equation (4) 
(3) 


The integral in expression we can on most simply evaluated using 
the theory of residues. We use a variable ¢ in the complex plane 


Wo = 


P27? | 72 exp ot) at |® 
i473 


Qn? plies | 


0 
—tr 


Fig. 43. 


and we close the circuit, which starts along the real axis corresponding 
to the integration in expression (3), by a semi-circle of infinitely large 
radius in the upper half plane; the result of integration over this contour 
is the same as the result of the integral in expression (3), since the 
integrand contains a factor exp (iw#). (It is of course necessary that the 
rest of the integrand also tends to zero if |t|> 00.) The only singularity 
(in our case a pole of the first order) of the integrand inside the contour 
is at the point t= +77. The integral over ¢ is equal to 277 times the 
residue at that point, 


+ 7 = 
{ pce dt — Ii Res Spe (iwt) a, sexe or) exp ee: 
—~ e+ +r t=ir 
Substituting this result into equation (3) we find oe 
P? 
Wn = 7 wilico exp (— 2wr). (4) 


The qualitative dependence of this transition probability on the 
effect of duration of the perturbation 7 and also the discussion of the 
applicability of perturbation theory can proceed exactly as in the pre- 
ceding problem. We note that in the limiting case of an instantaneous 
perturbation (70) it follows from equation (1) and one possible 
expression for the 6-function, ao &(t) = (1/e) Pd(t), that the probability 


of excitation tends to P2/Quho, hich is exactly the same as the result 
(5’) of the preceding problem. We should have expected this result 


a 
since for a given value of | &(t) dt the transition under the action of a 
—oo 
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sudden perturbation should not depend on the actual form of the 
“pulse” function é(t). This can be formally expressed also by noting 
that there are a number of different “‘pulse’’ functions which lead all 
to the same function 6(t). 

72. Instead of equations (1) to (4) of the preceding problem we now 


have 
Ps P h 7 
&(t) = we > Vio = Vo = -= Isas)e ues 
p2 ~ 2 p? 
et fwt-t/T ee a 
W10 277 hw I. e dt 2Quho(l + wt?) ° 


73", The general equation for the probability of a transition per unit 
time from a state of the discrete spectrum into a state corresponding 
to an infinitesimal energy interval of the continuous spectrum through 
the action of a periodic perturbation of frequency w is of the form 


dw, = a |F,,|2(E, — E® — fiw) dv. (1) 


In this expression m is a set of quantum numbers characterising the 
state of the discrete spectrum, v a set of quantities for the states of the 
continuous spectrum, dy the corresponding infinitesimal interval, E{® 
and £,, are the unperturbed energy levels of the discrete spectrum and 
the continuous spectrum, while F,, is the matrix element of the per- 
turbation operator for the transition under consideration, which will be 
defined more exactly in a moment. The wave functions of the discrete 
spectrum are normalised to unity and those of the continuous spectrum 
to d(v—v’). 

Let r and —e be the radius vector and charge of the atomic electron 
and let & be the amplitude of the intensity of the uniform electrical 


field. In our case the perturbation operator V is of the form 


V = e(&(t).r) = e(&.1)sinwt = Fexp(—iwt)+F*exp(iwt), (2) 
where 


F= ‘ e(&>-f). (2’) 


The 6-function which occurs in equation (1) shows the resonance 
character of possible transitions; the energy can make a transition to a 
state of the continuous spectrum only if (strictly speaking, equation (3) 
is only approximately taken into account as we shall discuss at the end 
of this problem) 


E, = E® +hw (3) 
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(absorption of a ‘‘quantum”’ of frequency w). Since for the hydrogen 
atom in the ground state (Z,—£).. = ye*/2h?, it follows that the 
minimum frequency which is necessary for ionisation is given by the 
equation 


We shall now evaluate the matrix element 


= [ur PUP ar. (4 
We shall substitute in this expression equation (2’) and also 
Yn” = Proo = (74°) texp(—r7/a), fey, = (27) t exp [z(k.1)], 


where we have used the normalisation mentioned earlier. 

We shall choose for our set of quantum numbers », the wave vector of 
the free electron k; it is clear that the use of plane waves for y,, is, strictly 
speaking, only correct if w>w,, that is, when the electron is moving fast. 

We get in this way from equation (4) 


E,=5 2 (m7) (ma) | exp[—i(k.r)—rfa](@y.r)d9r. (4) 


To evaluate the integral we introduce a spherical system of 
coordinates (r, #, ¢) with the polar axis along k and we denote by © the 
angle between k and &. We get then 

(&).r) = &yr[cos Ocos#+sin © sind cos (~— g)], 


where g, is the azimuth of @, in this system of coordinates. Sub- 
stituting this last expression into equation (4’) the second term will 
clearly give zero, when integrated over p, and we get (cos#?=x): 


F = 5 5 wet 26 cos ef te exp (—ikrx—r/a)r° ar| xd 
_teéycos@ ft 3lxdx — — e&ycosO_—16ka> 
——T(2ayt J_1(ljatikeyt ~a(2aye (14 Rae 

Substituting this expression for | F,,,|? into equation (1) and writing 
dy = dk = KdkdO, =k & dQ, dE, = "= a0, dE, 
dE, io 
(we use the equation E, = h? k?/2), we get 
= 28 pa’e? &% R3 cos? O 
ny Tr 3 ‘(1+ Rk? a?)6 


dw 8(E,— E® —hw) dQ, dE,, 
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where dQ, is an element of solid angle with its axis along k. If we 
finally integrate dw,, over E,, we find the probability of ionisation while 
the electron has a final wave vector Fk within the element dQ,. For this 
integration we need clearly only consider the point E, = E)+fw, that 
is k? = 2u EF, /h? = 2u (w—w,)/h, so that (1+? a?) = ilo (we have put 
E(o) = ~ pe*/2h? = —hw,). If we also take into account the fact that 
a = h?/ye*, we find finally 


ji a ) (=- 1)’ cos? 6 dy, (5) 
ah WwW Wy 

The angular distribution of the electrons which are expelled from 
the atom by a high frequency electrical field has axial symmetry 
around the only preferred direction, namely, that of the field &, as we 
should have expected since the initial state of the atom was spherically 
symmetric. The angular distribution is also symmetrical with respect 
to the plane © = 7/2, where it is equal to zero (no electrons fly away ina 
direction perpendicular to the field &); in other words forward (0 ~0), 
and backward (© ~7) expulsion have the same probability. 

This last result is also natural because the field &(t) is oscillating 
with a frequency which is much larger than the eigenfrequency w, of 
the electron in the atom. It is useful, however, to note that this result 
(which is qualitatively clear also in classical mechanics) follows auto- 
matically from the quantum mechanical calculation. The appearance in 
expression (5) of the factor cos? @, which is symmetric with respect to 
the directions &) and —&), is caused simply by the structure of the 
matrix element F,, which in general does not depend on the time and 
which thus cannot be connected with a field of sufficiently high fre- 
quency. In actual fact, however, this high frequency behaviour is 
contained in the energy 5-function, and for frequencies of the field 
which are less than wo, the probability (1) is strictly equal to zero. (One 
can see in other words that if w<w, the 5-function in expression (1) 
does in general exclude the appearance of the matrix element (4’) with 
real values of k, which means that the transition of an electron to the 
continuous spectrum is impossible in that case.) 

If we integrate expression (5) over all possible angles, and use the 
fact that 47 cos? © = 47/3 we get the total probability w, of the ionisation 
of an atom per unit time as a function of the frequency of the field 


win BANC 


If w2a,, that is, if we are near the threshold for ionisation this 
probability increases from zero as (w—a,)?. If ww» it decreases 
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steeply as w-?, with increasing w. By differentiating expression (6) one 
sees easily that it has a maximum for w = jw. 

In conclusion we want to discuss briefly the limit of applicability of 
the perturbation theory which we have used. First of all it follows from 
equation (1) that the time ¢ reckoned from t = 0 must be sufficiently large. 
The uncertainty AE, of the energy of the perturbed final states of the 
electron is connected to the value of t by the uncertainty relation AE, .t~h. 

On the other hand the time ¢ cannot be too large since the distortion 
of the initial wave function of the atom must still be relatively small. 
This is equivalent to requiring that for all intermediate times ¢ the 
probability for ionisation, which is equal to w,t, must be less than unity. 
One can use equation (6) to obtain the limits of applicability of the 
perturbation theory when we change one of the three quantities t, &9, 
or w while keeping the other two fixed. 

74*, The wave function of the initial state of the electron, in atomic 
units, is of the furm 

Zi 
fio = aoe 
The final state of the electron can be described by a plane wave since 
its velocity is large, 


ba = yaya ex Lite) 


The perturbing interaction, also in atomic units, is of the form 


1 
. 7 | r—Tp | 
where the sum extends over all protons in the nucleus. 
We shall denote by VW, and , the initial and final states of the 
nucleus, so that we can write the matrix element of the perturbation in 


the form : 
1 1 Z 
mane ee i va = 
Ki = [fav ars (2nyk exp [—i(k.r)] irs rot om exp(—Zr), 
(1) 
where dr is the nuclear volume element, and dV the electron volume 


element. 
We shall expand the potential of the Coulomb interaction in a 


Fourier integral, 
1 1 fd*q . 
Lies] ~ Int) gt BOP [(q.7—F,)] 
d*q . : 
=7a|/tewtianlzepl-ian — @) 
Bp 
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If we substitute this expansion into expression (1) and change the 
order of integration, we get 


Zt 3 
Van = — aia [ogee far VE Dex l ilar Ye 


x [avexp [—i(k.r)+2(q.r)— Zr]. 


From equation (2) it follows that ¢,4.7~1. Since, moreover, r>7r, (the 
dimensions of the K-orbit are much larger than the dimensions of 
the nucleus) we have |(q.r,,)|<1. We can thus expand the exponent in 
the integral in powers of (q.r,) and discard all terms from the third 
onwards, 


favs E exp [-H(q.1,)] Fo ~ favs |2-i(4-3 ry) |¥ 


- -i(q fart.) Yy = -1(9.dy:); 


where we have used the mutual orthogonality of the nuclear wave 
functions ‘Y* and ‘Yy and where we have denoted by dy, the matrix 
element of the nuclear dipole moment. 

If we integrate over the electron coordinates, we get 


: 8nZ 
[avexp fq B.9)~ 29] = ye pee 
We get thus 
_ {242 a°q : ae 
Yan 1 (ow [exe ta ey) 


In the integral over q we introduce a new variable q’ = q—k: 


iF qtk = dq’ 
(q’ +k) [22 +9?) 

The integrand has a maximum near g’=0. The width of this 
maximum 1s of the order Z. Since the final velocity of the electron is 
much larger than its velocity in the atom, we have k>Z, We can to a 
first approximation neglect therefore the terms in q’, and we find 

al (ect Mee clan 
k2 (Z2+4'2)? — 2 pe 

We get thus finally 


J2 24 (R.do:) 
Vor = iv ats ia 
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The probability that the electron leaves within a solid angle dQ is 
equal to the following expression: 


dk 2.01 (k-do:)!? 4Z3|(k.dy.) |? 
duo = 2n|Voyl? dO = In >, Zl (B-Gon) pg = 2° NE dod gg 


where we have used the general formula for the transition probability 
under the action of a constant perturbation. 

If we integrate this expression over all angles, we get the total 
probability of ejecting an electron per unit time 


or, using ordinary units, 

M6 ures Zee 

ee Se ae ee 

On the other hand the probability for dipole radiation is 


4 wo? 
Wraa = 3 zal dol, 


Ww 


where w is the frequency of the radiation. 
We find thus that the internal conversion coefficient, which is 
defined as 
ee 
W + Wraa 1+ W/Wraa 
(G5) (FA) 
= he} ho \hw 
Ze* 3 e2 pc? 3° 
1+4(7) fa (io) 

75. The first inequality shows that the wave function of the atom, 
that is of the electron shell, does not have time to change appreciably 
during the duration of the kick 7. The second inequality shows that the 
nucleus can be assumed to have stayed practically fixed during the kick. 
To find the required transition probability we must expand the original 
wave function of the electron shell %, (see first condition!) in terms of 
the eigenfunctions of the shell with respect to the moving nucleus; each 
of these functions describes a stationary state of the moving atom. (The 
set of these functions includes, of course, also the functions corre- 
sponding to the continuous spectrum, that is, describing states of the 
ionised atom.) The coefficients of this expansion determine also accord- 


ing to the general rules of quantum mechanics the probability that the 
atom is in the corresponding states. 


is equal to 


334 Answers and solutions 7.75 


We can obtain this expansion either in a system of coordinates in 
which the nucleus is originally at rest or, more conveniently, in a system 
of coordinates which is moving with the nucleus after the kick. In this 
last system the eigenfunctions of the possible final states are the set of 
the ordinary stationary wave functions of an atom at rest, 


b(t, Voy eres Vay cory ry), (1) 


where r, is the coordinate of the ith electron of the shell with respect to 
the nucleus, and where the index denotes the totality of quantum 
numbers characterising the stationary states of the atom. The initial 
wave function can be transformed, if we go over to our present system 
of coordinates, to the form 


tho = exp ( —ipv . > r[h) Yo(N 15 Ving voeg Vigy ory ry); (2) 


where p is the mass of an electron. 

Indeed, the exponential factor is the wave function of the centre of 
gravity of the electron shell which in our chosen system of coordinates 
moves clearly with a velocity — v while (rj, ..., fy) is the wave function 
of the shell in its own centre of mass system. (We have 


; ; py Bit; 
Vener = exp E Pie Ri) = exp hk x Hie. De ii 


from which we get the required expression for exp[i(q.r)] because 
Py = Pg =... = py =..-= pt.) Because of our second condition the 
coordinates r,; in expression (2) can be taken from the same origin as in 
expression (1). 

The required expansion of yj is of the form 


Pol oeey un eeny Ty) — “ Cr¥n(t eney r;; nesy ry). 
If we multiply both sides of this equation by 
yy dr, ... oo dry; (dr, = dx, dy; dz,), 


integrate over all electron seetnten and sum over all their spins, we 
get, assuming the orthonormality of the functions y,, yf, ..., 


C1 = [- force wey Vy, very Py) 


x exp |i (4.5 ri) Yalta ot 4) wey Py) dr,...dr;...dty. 
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The required probability for a transition to the state 2 is equal to 


wr, =|eal*= | futexp|i(a. Zr) |Yoer 


where we have introduced the notation 


2 


(3) 


N 
= aut dr = II dr. 
fol 


We can easily generalise our result to the case of a transition to the 
continuous spectrum, that is, to the case of ionisation of the atom. 

We note that provided ga<1 the probability (3) to excite an atom 
“by a kick” is proportional to the probability for the corresponding 
optical transition. Indeed, in that case one can expand the exponential 
factor and retain only the first two terms, 


coffe ze)]atfaz%) 


The first term gives zero since ys, and ys, are orthogonal to one another. 
If we choose the z-axis in the direction of g we get 


fPe( za) boa 


which is proportional to the probability for the optical transition 0—n. 

76. According to equation (3) of the preceding problem the proba- 
bility for a transition of the hydrogen atom to the nth stationary state is 
equal to 


~ 72 
Ww, *¢ ’ 


age | [oxexpli(a.r)] Yoatr (1) 


where Jy = (za°)-* exp(—r/a) (a = h?/e* is the first Bohr radius), and 
q =—wv/h (v is the recoil velocity of the proton). Since v = p/M, 
where M is the proton mass, we have 


q--HF. (2) 


The required total probability of excitation and ionisation of the atom 
is clearly equal to 1—w,, where w, is the probability that the atom stays 
in the ground state which according to equation (1) is equal to 


[oexp [i(q.n)]a?r} , 


Wo = 
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which after substitution for y, leads to 


w= am | fexp] -Z+itq.r)]ar (3) 


The integral occurring in this equation has been evaluated before (see 
problem 74 of section 7); it is equal to 


2 


ae 167a3 
[exp |-Z+ia.n) er= (44 qa?" 


The probability that the atom stays in the ground state is thus equal to 


1 
Me drat o 


and the total probability for excitation and ionisation of the atom is 
equal to 


1 
1— Wy = 1 ~ (i+ dq? a?) (5) 
As should be expected, in the limiting cases of weak ($ga<1) and strong 
(4ga>1) kicks the probability (5) tends respectively to zero or unity. 
The corresponding limiting expressions are of the form 


tqa<1: 1—w, ~q?a’, 


dga>1: 1-w2xl- ay 
2 : 0 qa 


We note that these results can be seen qualitatively without explicit 
calculations from equation (3) for wy: this quantity is small or nearly 
equal to unity according to whether or not the factor exp [#(q.r)] 
oscillates fast over the range of the factor exp(—2r/a), and the measure 
of whether the oscillation is fast is the quantity ga/2. 

We formulated in the preceding problem the criterion for the 
applicability of the approximation we have used. Since the ionisation 
of the atom plays an essential role in the problem under consideration 
we must slightly alter the first part of the criterion, namely, the criterion 
of the suddenness of the impact. The length of the impact 7 must, 
namely, be small compared to the Bohr period of the most important 
transitions, 


h 
<4) 6 
e [E,— E,| (6) 


where E, and E, are the energies of the initial and the final state. In our 
case E, = — pe*/2h?, and E, is equal to the kinetic energy of the electron 
which is flying away. 
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The effective value of E, can be estimated from equation (1). 

For ga>1 the integral in equation (1) is appreciably different 
from zero only for those states whose wave functions, %,, contain a 
factor of the kind exp[z(k.r)] with k~xq, because only under those 
circumstances can the fast oscillating factors in the function under the 
integral sign cancel each other’s effect. In that case we have thus 

272 
(Eden~=f~ 8, (7) 
where E, is the recoil energy of the proton. 

If ga<1 the value of the integral in equation (1) is effectively deter- 
mined, as can easily be understood, by the degree of overlap of the 
functions %, and #*, so that an appreciable transition probability is 
obtained only to final states with k<1/a, so that 


Ai2 
(Exdote ™ pa ~ E,- (8) 


Either equations (6) and (7) or equations (6) and (8), depending on the 
value of ga, that is, of p, give thus the required condition for the 
applicability of the “ballistic”? approximation. 

77. Since the protons, which capture the negative mesons, are 
approximately uniformly distributed over the nuclear volume, we find 
that the required probability is clearly equal to the ratio 


__ Wae)Pas 
- Y nucl ‘ (1) 


fv@rarr 


where ¢ is the wave function of the meson in its K-orbit. 

The integration in the denominator is over the whole space, and in 
the enumerator over the nuclear volume V,,,,, which is approximately 
proportional to Z (Viyq = 97 R® = Ga(r) At)? = far Ax far3.2Z, where 
ry) = const 1-2.10-18 cm). 

We shall assume that the nuclear radius R is small compared to the 
radius of the K-orbit of the meson a = h?/Zye?, where p is the meson 
mass. ‘Taking into account the fact that the mesonic wave function 
varies appreciably only over distances of the order of magnitude of a, 
we get for the enumerator ~|/(0)|?..4., where ¥(0) is the value of the 
mesonic wave function at the origin (that is, inside the nucleus). 

If we use the normalised wave function (which makes the denomina- 
tor equal to unity), 
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‘it is immediately clear (since a~ 1/Z) that the ratio (1), and thus also the 
required probability, is proportional to 
Z°.Z = Z4, 
We note that our approximation a> R is not valid for heavy nuclei. 
Indeed, since 
Rxr, Atzr,(2Z)}, 
where 
To® 3(z37)* at un 


and » 2200 atun the inequality a@>R is equivalent to (compare 
problem 15 of section 5) 
Z<45. 


78. The potential y to be derived is the sum of the potential.y, = e/r, 
due to the proton, and the potential g,, due to the electron {the averag- 
ing is over the wave function of the hydrogen atom ground state 


bo = [1h\(7@*)] exp (—r/a), with a = h?/ne%, 
= e P(r’) a3 

alt) = ey(r) +r) =F —e [PEN ay (1) 

The potential 9,, is, of course, the same as the potential of a static 


electron “cloud” of density p(r’) = —efg(r’). We can thus simply find 
y, as the spherically symmetric solution of Poisson’s equation 


1 dro, 1 
7 af e) — 4p(r) = 4re —a exp (—2r/a), 
from which 9, is easily obtained by integrating twice from r to «0. The 
integral in equation (1) is most easily evaluated by using for 1/|r—r’| an 
expansion in Legendre functions: 

if r’ <r, 


if r’>7, 


where 0’ is the angle between r’ and r. 
If we split the integration over 7’ into two parts (r’<r and r’ >r), we 


. . . ioe) 
see that in both parts integration over the angle 6’ reduces the sums ¥ 
1=0 
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to their first term (J = 0) by virtue of the orthogonality of the Legendre 
functions, and we get 


(r) =£ -= (7 I "exp (—2r'Ja) r’2 dr’ + { “exp(—2r'|a)r’ dr’). 


r Jo 
As was clear from the start, the potential y, (and thus also ¢) is 
spherically symmetric. If we perform the integration we find finally 


g(r) = (7+3) exp (—27/a). 


In the limits r<a and r>a we get the translucent result pxe/r 
(Coulomb field of the proton) and g*x(e/a)exp(—2r/a) (proton 
practically completely screened by the electron). 

79. Let W(x, y,z) be a solution of the Schrédinger equation referring 
to the discrete energy spectrum. Let us consider the one-parameter set 
of normalised functions of the form A? (Ax, Ay, Az). 

The expression 


I(a) = a | E | Veb(Ax, Ay, Az) |?+ V(x, y, z)| b(Ax, Ay, Az) P| dx dy dz, 


considered as a function of A, must have an extremum for A = 1, that is 


dI 
(a5), 7 


If we introduce new variables of integration Ax, Ay, Az, we get 
I(A) = ® T+." V. 
Hence we find 
2T-vV = 0. 


The virial theorem can easily be generalised to the case of a system of 
many particles. 
80. Let p be the electron mass, £9,709, >, the coordinates of the 
nucleus, and &,,7,, ¢; (¢ = 1,2, ...,2) the coordinates of the ith electron. 
We introduce centre of mass coordinates, 


X = -—_. iia (similarly for Y, Z) (1) 


and relative coordinates (i = 1,2, ...,”) 


x,=€,—& (similarly for y,, z,), (2) 
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and get then 


[ne a La, ee Se 3 
df; MitnywdX ox,’ 0& M+npoX £, 0x," (3) 


The Hamiltonian of the atom (in the fixed system of coordinates) is of 
the form 
a f2 (f o2 a mS (et a2 


mlogtag* ea) a. leatagtea) + 


where V is the potential energy of the atom which depends only on the 
relative coordinates (2). 

If we introduce into expression (4) the new variables (1), (2), and 
(3), we get for H two terms, one depending only on the centre of mass 
coordinates, and the other only on the relative coordinates. Separating 
in the usual way the centre of mass motion, which is of no interest, we 
get the following Schrédinger equation in the centre of mass system: 


hi n n o2 o2 C2 
(ae (5) 


Ox, bx, Oy, OV, + Bz, 02, 


n 
2 
a Dy Yt OM a 


+ V(x, nie Way, 005K) = BE (My oes Xp) 


The required effect of the finite mass M (or, in other words, of the 
motion of the nucleus) is caused by the second term within the square 
brackets. Clearly this effect produces a correction (compared to the terms 
for which M = oo) of relative order p/M. 

If we take together the terms with 1 = k and ik, and introduce the 
reduced mass 


M 
-, = eM (6) 


we get 


v2 g2 92 g2 
|-3, AL ae » S (sae Ox, Oy, OV, dy, * Oz; 55 Fe] 


+ V (x4, «05 *,)| W441, 0009 %y) = EV (04, .-1) Hq). (7) 


From this equation it follows immediately that the effect of a finite value 
of M leads first of all to replacing the electron yp by the reduced mass p, 
and secondly to an additional perturbing term 


; h2 2 o2 g 
Wao 6 Bese el 
M 22 Ox; Ox, i Oy; OV, as 02, 02;,) ° (8) 
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The first of these modifications of the Schrédinger equation expresses 
the so-called “elementary” or ‘‘normal’’ effect of the moving nucleus; 
this effect is also present in the hydrogen atom. It is obvious that the 
normal effect affects all terms in the same way, and reduces the frequency 
of all spectral lines of the atom in the ratio 


BoM 
ph M+p M’ 
The second effect, however, is essentially different for different 


states of the atom. Indeed, first-order perturbation theory which is 
applicable here as p/M <1 leads to an energy correction 


AE = [YO* FY dr, (9) 
where Y' is the wave function of the atom for M = oo, and 
Ze OL i Tl de, dy, dx, 
is a volume element of the -onfeneation space of the atom. 
Substituting expression (8) into equation (9), interchanging sum- 


mation and integration, integrating by parts, and using the fact that 
‘->0 at infinity we get 


2 
a XD I(V,VO*.V, PO) dz, (10) 
i<k 
which clearly depends strongly on the form of ‘®. 
In particular, if the motions of the electrons were completely 
independent, that is, if the unperturbed wave function of the atom were 
simply a product of wave functions y, of separate electrons, 


AE = 


EO = TL g(% Ve 2) (11) 
i=l 
the effect would in general vanish. Indeed, from equations (10) and (11) 


and the normalisation relation [et p, dr, = 1, it follows that 


2 
ag="sy ( [rcver dry. [rt Voy dr) 25) 
mM 


since both integrals in this expression are equal to zero (see problem 16 
of section 5). 

In actual fact, the electrons in an atom are not independent so that 
this effect—which in contradistinction to the ‘‘normal’’ effect is called 
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the “specific” effect for a finite mass, and which is characteristic for 
atoms with »>2—is, generally speaking, not only different from zero 
but in a number of cases exceeds appreciably the ‘‘normal”’ effect. 

The correlation between the electronic motions is caused partly— 
trivially—by the electrostatic interaction between electrons, partly also, 
and mainly, by the fact that they are identical particles; this part of the 
specific effect, which is basically and essentially a quantum phenomenon, 
can thus be called an ‘“‘exchange”’ effect. 

Indeed, the total wave function of the atom (neglecting spin-orbit 
interaction, and thus written as a product of coordinate and spin 
functions) must be antisymmetric in any two electrons. To each value 
of the total spin S of an electron shell (and thus to each kind of symmetry 
with respect to the permutation group of the spin function) there 
corresponds thus a well-defined permutation symmetry of the coordinate 
function of the shell. Using a rough classical analogy we can characterise 
this last fact by a preferential motion of the electrons which is either 
parallel (when the coordinate function is symmetric) or antiparallel (when 
the coordinate function is antisymmetric). Since the centre of mass of 
the atom is at rest it is clear that in the first case the nucleus must move 
considerably, but only very little in the second case. In other words, 
in the first case the specific (or, rather, exchange) effect will add to the 
normal effect, while in the second case it will act in the opposite direction. 

We note that both effects play an essential role for the so-called 
isotope shifts of spectral lines of very light elements (since the mass M 
is different for different isotopes, and the difference will be the more 
pronounced the lighter the element). 

A quantitative consideration of the exchange effect of the moving 
nucleus will be given in the next problem for the case of an atom (or ion) 
with two electrons. 

81. The neglect of the electrostatic interaction between the electrons 
is equivalent to choosing for the unperturbed coordinate function of 
the two-electron system a superposition of products of hydrogen-like 
functions. Since the total wave function must be anti-symmetric in the 
two electrons, it follows that the coordinate function must be of the form 


WL; 2) = [Ps 1) Pain) + Pain(1) Pr00(2)) (1) 


where 1 and 2 indicate simply all coordinates of the electrons, while 
Y199 =U and 9), =v are hydrogen-like electron functions corresponding 
to the given quantum numbers; the first one corresponds to some 
effective charge Z,, and the second one to an effective charge Z, (in 
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general Z,4Z,; the indices “z’’ and ‘‘o” correspond to “inner” and 
“outer” electron, in correspondence with the qualitative meaning of P49, 
and 9,),, Which describe the ground state and an excited state in an 
atom); the factor 2+ is a normalisation factor. 

The upper sign in equation (1) corresponds clearly to an anti- 
symmetric spin state of the two-electrons (para-terms, S = 0) and the 
lower sign to a symmetric spin state (ortho-terms, S = 1). 

If we substitute expression (1) into equation (10) of the preceding 
problem (with z,k = 1,2), we get 


AE = is i for@ {Vu*(1).[u{1) Vo(2) + v(1) Vu(2)]} dr, arp. 
The first term gives zero since (see problem 16 of section 5) 
fr@voe i260 
and the same for u(i). The second term gives 


AE =+4+ is (0) Vu(1) dr,. fre vu(2)) dr, 


2 


(2) 


+ z foo Vu*(i) dr; 


This is finally the general expression for the required first-order exchange 
correction for a finite nuclear mass. 

Let us find the selection rule for expression (2). The functions u 
and w satisfy the following equations (in atomic units): 


(-37°-4) u- Eyu, (3) 
(- yve—“*) v=E,2, (4) 
where 
¥ ho LZ? 
En = — 7a Ey=-7 (5) 


Multiplying equation (3) by rv*, and the complex conjugate of equa- 
tion (4) by ru, subtracting the two results and integrating the resulting 
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expression over the whole of space, we get 


; [rows v* —v* V2 u) dr = (Z,— zz uv dr +-(E,—E,) |ruv* dr. 


(6) 


Transforming the left-hand side of this equation, we get 


; r(uV? v* —v* V2 u) dr = ; fro .(uVo* —v* Vu)) dr 


= xf (uVo* —v* Vu) dr = fo Vu dr 


where we have used the equations 


[rv.A)ar = - [adr and ferad yar = dxdt, 


(One sees the validity of these easily by multiplying both sides by a 
constant vector integrating the equation so obtained, and using Gauss’ 
theorem.) Equation (6) becomes then [if Z; = Z,, so that u and v are 
eigenfunctions of the same Hamiltonian, equation (7) is the same as 
equation (2) of problem 16 of section 5] 


[ove dr = (Z,—-Z,) | - u* v dr+(E,—E,) |ru* vdr. (7) 


The selection rule for both integrals on the right-hand side is the 
orthogonality relation of the spherical harmonics Y,,(8,¢) which occur 
in them. It is clear that both integrals vanish, unless 


ae 


Since we have assumed that one of the electrons is in a 1s-state (which 
is practically always the case), so that J, = 0 we conclude that the left- 
hand side of equation (7), and thus also the exchange correction (2), 
vanishes unless ], = 1, that is, unless the second electron is in a p-state. 
In other words, the specific (or rather the exchange) effect of a moving 
nucleus is only present for the P-terms of two-electron atoms or ions 
(He, LitBe**, ...), at any rate, in first order in p/M. 

As far as the sign of the specific effect is concerned, we see from 
equation (2) that for the para-terms AE > 0, that is, the specific effect has 
the same sign as the normal effect, while for ortho-terms their signs are 
opposite. This is in complete agreement with the qualitative conclusions 
reached at the end of the preceding problem, since in the para-states 
both electrons move, roughly speaking, mainly in the same direction, 
while in the ortho-states they are moving mainly in the opposite direction. 
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To find a numerical value for the specific effect, we use equations (2) 
and (7). From equation (7) it follows that 


2 2 


(Z,-Z,) [=u vdr+(Ey—E,) side 


fovue dr 


2 


+ (Zi 2,) [Rut ode+ (By— By) {yu vdr 


2 
* (2-2) {ut vdr+(Ey~Ey) beds. (8) 


The integrals in this equation can easily be evaluated. We express the 
hydrogen-like wave functions in spherical polars and use atomic instead 
of Coulomb units [this means changing r(Coul un)>Zr(at un), 
R,,(Coul un) > Z-? R,,(at un)], and we get 


U=tbyo0(") = Ryo(7) Yoo(9 9), (9) 
0= Pn?) = RalT) Yim(9 &)s (10) 


where Y,,, is the normalised spherical harmonic and R,, the normalised 
radial function; in v we shall put / = 1 in agreement with the selection 
rule, 


| 
Ry = Zh aay | 220" exp (—Zor/n) F(—n+24 


22,1 


(at un), 

(11) 

Ry) = 2Ztexp(—Z;,r) (at un). (12) 

From equations (9) and (10) it follows that the integrals in equation (8) 
are equal to: 


[Furoar = {ain 8.008 p¥ig Yin d0 | Ry Ryd, 
0 


[rue vudr = [eos hee ae a0" Ri R,,7 dr, and so on. 
0 


The integration over the angles is elementary, if we use the fact that 
Yoo = 1/J (477), sin 6cosg = $,/(87/3)(¥j,+Y,_,) and so on, and use the 
orthonormality of the spherical harmonics. As to the radial integrals 
they contain, according to equations (11) and (12), exponents, powers, 
and the confluent hypergeometric function. Looking these integrals up 
in the standard literature we get finally the following expression (in 
ordinary units) for the specific effect for P-terms: 


2 scl li 
(Zin+Z,)"% 


4 
n3(n* — 1) Be 


(Z,2,) a 
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where » is the principal quantum number of the p-electron, and Z, and 
Z, are the effective nuclear charges for the 1s- and mp-electrons. These 
quantities are usually determined by the variational method. For the 
23P term of the Lit-ion, for instance, Z; = 2:98, Z, = 2:16. [These 
values of the effective charges are pretty well the same as those to be 
expected from elementary considerations based on (i) a bare charge of the 
Li nucleus of 3; (ii) the fact that the dimensions of the outer electron 
orbit (n = 2) are roughly speaking about 2? = 4 times larger than those 
of the inner electron; (iii) the outer electron has /=1 and does not 
therefore penetrate very far inside the inner electron orbit. In other 
words, the inner electron screens the nucleus from the outer electron 
so that we should expect Z, ~3, Z, ~2.] 

82. The average value of the dipole moment of a system of N 
particles is equal to 


<d> = ie [ren wey Py) (x6 r.) (1, --.» xy) ArT, ...dtn, 


N s 
where e; is the charge of the ith particle, S.e,r; = d the dipole moment 
il 


operator, which in the coordinate representation is simply equivalent to 
multiplying by d = >\e,r,, and the integration is over the configuration 
é 


space of all particles. If the system is in a state of well-defined parity, 
2%* ys is an even function in the coordinates of all the particles, while the 
dipole moment d is odd in those coordinates; that is, the complete 
expression under the integral sign is thus odd. Since the integration 
goes to infinity for each of the coordinates, that is, is over a symmetrical 
domain, it is clear that <d> = 0. 

This result can be obtained also in a different (less rigorous) way. 
Since the reflection operator commutes with the operators of the angular 
momentum components and the latter commute with one another in the 
semi-classical case, that is, if M;>% any state with a well-defined parity 
has a well-defined value for the angular momentum vector J (in 
particular, the spin of the system J). 

A non-vanishing angular momentum defines a definite direction in 
space, which must also be the direction of the (average) dipole 
moment <d)>: 

<d> = const. J. (1) 


Since ¢d) is a polar vector and J an axial vector, the (physically necessary) 

invariance of equation (1) under a reflection means that the constant in 

equation (1) must be a pseudoscalar (which in our case is clearly not so). 
The constant must thus be equal to zero, or (d> = 0. 
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83. The operator of the x-component of the dipole moment of a 


“3 N 
system of particles of mass uz and charge e is of the form d, = eS) x,, and 
i=l 


its matrix elements d,,, which occur in the sum rule are equal to 


(dz) mn oe [ore sony ry) d UAT) er Tv) d3 ae d3 Tn; 


where y,,,%,,.-. form a complete orthonormal set of stationary wave 
functions for the system of particles under consideration (without time 
factors). 

We shall introduce the operator of the time derivative of the dipole 


moment component d (we drop the index x from now on) and use the 
formula 


divin or jtn— Em 


dams 


where E,, are the energy levels of the system of particles; we find easily 
the following chain of equations: 


2 (E,, oe En) | Ce [? => (EZ, =e En) dam dian 


1h; li. 1k,,, ; 
= Ds. py dam dnn — 5 7% dan 4nm = 27 (dd—dd)mmy 
where we have used the fact that d is a Hermitean operator (d*,, = dm) 
and the multiplication rule for matrices. 
If we take the definition of d into account and the fact that the 
coordinate operators £; commute with the velocity operators 


Pen lace 
er ip OX, 
if 14k, while 
> 4 th 
£, x; — 4,8; = 7 
we find 
1” ,X Bes hi e2 
=< 2 —> 2 * — ° . = 
2 (E, En) | Finn | 2 1 é PA xX; x; Kerns 2p ’ 


which had to be proved. 

We emphasise that the sum is independent of m, that is, it is the 
same for all ‘‘initial” states. 

84. The proof follows by taking the mm-matrix element of the double 
commutator | 


H, 2 expli(g nt > expti(q ro} 
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Note that the result of the previous problem follows from the sum rule 
obtained here by taking the dipole approximation, that is, putting 
exp{i(q .r;)} = 1+iq .7;). 

85. We write (compare problem 82 of section 7) 


Rep 
2 (En— Em)|Paml? = 9:(22 —PP)mm 


=F (pb) 


hi2 


=- 57, 


mm) 
where we have used the relations 
ihp = (,A]_ = [f, V]_ = —-7av', 
[p, V’]. =—inv’. 


86. The Schrédinger equation for an electron in a central field with 
potential energy V is 


Vip +s (E— V)p =0. 


If we write the wave function for an eigenstate with quantum numbers 
n and / in the form 


PP = Fi (r) (ax + by + czy, 
we find that 
a® +b? +2 = 0, 


and that the F{”) satisfy the equations (primes indicate differentiation 
with respect to 7) 


Fp +t? rh E_-V) R= 0, (1) 
and 
{ °F) Fn) 22 dp = 8, (2) 
(1) 


One finds easily that the f? given by equation (B) of the problem 
satisfies the equation 


_ fee) 2 
(al 1) pages = “HS Aad ae ty] [Maer rm ar|”. 


Multiplying (1) for F{™ by r#+4 F{™) and for F{%) by 7744 F{™ and 
integrating the difference of the two expressions thus obtained over 1, 
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zs E(E, Min En) FY Fi ) puta dr 
= (n') Bln) _ BRO) BRO") 44 
-{° (Fit Fir Pye Fin) +4 dr 


+[° [(21 + 2) Fin Fi" — (214 4) Fm) Fe] 7248 dr, 


and hence for the first sum from (A), using (3), 
__2/t+1 +4 F(n') Fin) © 2143 Bln’) Bn)’ 
S,= - 321 pa fe anil! Ae a ar). I, yUtd Fit) Fi ar ; 


If P and Q are functions of 7, one finds by expanding these functions 
in terms of the F{”) that 


i “POP? dr =: { © P(e) p23 ar| | i “OP (0) p2k+2 a (4) 
0 n 0 0 


If we now put 


P,=F”, O,= * Fm, bata: 
we find 
ar, 2 AE ee a 
alae ari (PhO? ayo rei 
as had to be proved. 
The expression for S, can be sa similarly; we then use (4) with 


P,=PF™, Q,= . Z (yait1 Fim), k=I-1. 


Note that S,+.S, = 1, as should be the case. 


Molecules 


1. If we neglect the difference between the centre of mass of the 
molecule and the centre of mass of the nuclei and take into account the 
fact that the centre of mass is fixed in the origin of the system of 
coordinates, the Schrédinger equation for a diatomic molecule will have 
the following form: 


h? oe oe? 
(252 (anata taal 


eae eer pee 
2Mp? lop \" ap sino 30 (5 66) * sin? 6 ep? 
+V (in Vin 243 Pr 9, ®)| Hey aikicpie oe) = Ed: 


Here x,,y,;,2,; are the coordinates of the zth electron with respect to a 
fixed system of reference, the angles 0, ¢ determine the position in space 
of the line which connects the two nuclei, p is the distance between the 
nuclei, and M the reduced mass of the two nuclei. This equation is 
difficult to handle in so far as in the potential energy V of the electro- 
static interaction, the angles @ and g occur. In order to put the 
Schrédinger equation in a more convenient form we introduce a new 
system of coordinates, £,7, €, which rotates with the nuclei. The ¢-axis 
is along the line connecting the nuclei and the £-axis lies in the xy-plane. 
We take the positive £-axis in such a way that the z-, f-, and ¢-axes form 
a right-handed system. The connection between the old and the new 
coordinates has the following form: 


£,=—x,sing+y4,cos¢, 
"4 = —x; cos Ocos p—y,cos Osing+2;sin 4, 


{;= x,;sin@cosp+y,sin Osing +2; cos @. 


If we indicate the difference between differentiation keeping x;, y,, 
and z,; constant and differentiation keeping &;, y,;, and ¢; constant by 
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primes, we find: 


a’ a : i ee ones 
ip am ig = sin 6( fez E, aE, + cos 1 roma ; 


One sees easily that 
ba Spas ee (a @ @ 
© (atin ta) ~ 2 Geyaeaa) 

The potential energy in the new system of coordinates will be of the form: 

Li tge® Be. (Bye Lge 
cE ee ean eet 
p eS Vik a Th = =A 12k 
rhe = VU(Es— &e)? + Ce — 14)? + (Se — Se)? 


is the distance between the 7th and kth electron in the new coordinates, 


while 
M, 2 
hh = | [fetat+ (e+ eae tee) | 


is the distance of the Ath electron from the first nucleus, and 


M. \2 
= Jf [stats (%- eae aee) | 


the distance between the Ath electron and the second nucleus. In this 
way the potential energy expressed in the new coordinates does not 
depend on the angles 6 and g. If we take into account all the relations 
which we have just written down, the Schrédinger equation will be of the 
following form: 


(5 ¥ (Satcat on) ane 2 fy) 4. t6(25—iL] 
On 7 \02" op 5G) 2M la a) TO "led 


+ nile) +35 ae eee at.) 
a0 q E sin2G eo z7sin 7 7COs ia 


where 


+ V (Ee Nes S53 p)-B| W( Ess Nir Si3 p, 8, ¢) = 0. 


In this equation De L,, and Ly are the operators of the components of 
the orbital angular. momentum of the electrons in the &,7,¢ system 
expressed in units fh. 
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2. We shall denote the spin variable of the ith electron with respect 
to a fixed space by s;, and with respect to the moving system by s,;. The 
function ¢(...s;...) with the spins referring to the &,7,¢ system is 
related to the function /(...5;...) with the spins referring to the 
xyz-system by a linear transformation: 


YW... S--) = Sis Space) Uses) = SUG Ses.), 


By ...8g one 


where 
S545 Say «oy Sgp veer Sqy ooey Sgr ove) = S(8z5 54) S( S05 8g)... S(8z5 $5) 20 
and 


7] : 

S(4; ¥) = cos; exp [hi(p + 42)] 
ee, : 

S(4; - 4) = isin exp [hi(p+ 4)], 


S( —4; 3) =17sin ; exp [47(p + 377)], 


6 ; 
S(—45 4) = cos 5exp [}i(p + 4n)]. 
The Schrédinger equation which we are looking for will have the form 


[SSA — EB]... bis nes SiSi--3 pr 89) =, 


where H is the Hamiltonian given in the solution of the preceding 
problem. 

After some simple manipulations, we find finally for the Schrédinger 
equation the following expression: 


h2 C2 c= og? A? 1fe@ 2 9 OG - Jax 
(3,2 (satan tag) am 2 E (r jy) tot O(s5— Am) 


@ sx» \* 1 QO... é 7) 
+(5-™,) + sag (gp #sin 8M, — ios a.m) | 


+ v-z| p(... £5) Nis gy Sgeneg P» 8, ) = 0. 


Here M,, M,, and M, are now in contra-distinction to the preceding 
problem, the operators of the components of the total angular momentum 
of the electrons (orbital and spin). 
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3. We shall assume that the problem with fixed centres is solved, 
that is that we know the electron terms E®(p) and the wave functions ®,). 
To fix our ideas we consider the a case; let, in the state which corre- 
sponds to the wave function ®,, the momentum of the total angular 
momentum (orbital and spin) along the axis of the molecule be equal to 
Q. We multiply the Schrédinger equation 


RO,(é,, Nir Sas O43 P)S(P) O(9, p) = EM a(S ne S:3 073 p)S(P) OCF, &) 


from the left by ®% and integrate over the coordinates in the system in 
which the centres are fixed and sum over o;. If we note that 


fos M, ®, dr = foa M, 0, dr = 0, 
we have 


|B 5, (6*g-) - B80) V'e)-E* + Ef) = 0, 


7) ae (sin 055) +239 et FC a): @(8, 0) + Et 0(6, p) = 0 
ind a0\” a0 sara (dp io (8 9) Sr ea 
In the last two equations we have introduced the following abbreviated 
notation: 


1 1, 9 
V'(e) = 5 [Oa] a R+ MD) 55] Oar 


_ hl 
= 2M 
The quantity B is called the rotational constant. 

4. The basic physical fact in the quantum mechanics of molecules 
is the very large value of the ratio M/y, where M and yp are respectively 
the nuclear and the electronic masses. Indeed, the presence of this large 
dimensionless parameter, of the order of magnitude of 1000 to 10,000, 
causes a considerable difference between the orders of magnitude of 
the quantities mentioned in the present problem. 

Let a be of the order of magnitude of the linear dimension of a 
diatomic molecule. The distance between the nuclei will clearly be of the 
same order of magnitude. Indeed, it cannot be larger than a because of 
the meaning of this quantity but it can neither be considerably smaller 
than a because of the mutual electrostatic repulsion of the nuclei. (We 
can easily arrive similarly to the conclusion that a must be of the order 
of magnitude of the linear dimensions of an atom. This fact about the 
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order of magnitude of a does not play any role in the estimates in which 
we are interested.) 

1. We shall first of all estimate the order of magnitude of the energy 
of the valence electrons and at the same time the order of magnitude of 
the intervals between electronic levels. Since the valence electrons move, 
in contra-distinction to the electrons of the closed inner shells at each 
of the nuclei, in a region of space of linear dimensions ~a, so that the 
uncertainty in momentum Ap will be of the order of magnitude h/a, 
the zero-point energy of the electron, or the difference in energy of 
successive electronic levels, will be of the order of magnitude E,): 


Ap 
By OO (1) 


We shall now consider the vibrations of the nuclei in the molecule. 
We can use as a model, at any rate for the ground state and the lower 
excited levels, the motion of a harmonic oscillator with a mass of the order 
of M (or, rather, with the reduced mass of the nuclei) and a stiffness 
coefficient K. We can estimate the latter from the fact that a change of 
the distance between the nuclei of order a must correspond to a change 
of order unity in the electronic wave function, that is, it must be con- 
nected to a change in energy of the order of magnitude 


Ka on. Ets 


so that we get in the usual way for the frequency of the vibrations of the 
nuclei in the molecule w~ /(K/M) and using equation (1) we get for the 
intervals between vibrational levels 


a a(Ea\h. BH) 
Byyysho~h( 57) ~canra~ (Ma) Ey: (2) 


Finally the rotational levels of the molecule can clearly be treated as 
the levels of a rotator with a moment of inertia J~ Ma?, so that we get 
for the intervals between rotational levels 
a ame 
T™ Ma~ Me ©) 
It is clear from equations (1), (2), and (3) that the quantities Ey, Ey; 
and E,,, form a geometric progression with the factor (4/47)! ~ 10-2. 

2. Let 6 be the amplitude of the zero point vibrations of the nucle 
in the molecule. It will be of the order of magnitude of /(4/Mw) [we 
can obtain this estimate in different ways, for instance, by equating the 
order of magnitude of the oscillator energy (~fw) and the potential 


Evot aad 


8.5 Molecules 355 


energy for a displacement over a distance b (~ Mw*b*) which from the 
expression (2) for w gives us 
t 
a 
b ( ‘i al. (4) 


The ratio of the vibrational amplitude 6 to the equilibrium distance 
a of the nuclei in the molecule is thus of the order of magnitude of 
(u/M)*<1. We can consider this quantity to be a small expansion para- 
meter in the theory of molecules. According to the results obtained 
earlier Ey, Ey, and E,,, are quantities of respectively the zeroth, 
second, and fourth order in this small parameter. 

3. The periods of the electronic motion and of the nuclear vibrations 
in the molecule are of the following order of magnitude: 


8 ag By 6) 
1 (wM!)a? | 
a iad sega | rete (6) 


The corresponding characteristic velocities are clearly equal to 


rh ff Be 0 


v 
b Ey; , h 
vine [oem AGP) | ~ aaa (8) 
From equations (5) to (8) it follows that 
Trin (M\* vin ({H\* 
Tew a) > Ganda) < ee 


The last inequality means that the nuclei are moving slowly com- 
pared to the electrons in the molecule. This fact makes it possible to 
consider the nuclear motion in the adiabatic approximation. 

5. Nitrogen molecule (atoms in the 4S state): LL, 2hf, SDr, 72. 

Bromine molecule (atoms in the ?P state): 

> Tastee Deca U Wer 4 Prigar  e 


oy 
DE Pay lig ely gs 

LiH molecule (Li atom in 2S, state, H atom in #S, state): 12+, at. 

HBr molecule (Br atom in ?P, state): 1+, 32+, TI, II. 

CN molecule (C atom in 3P state, N atom in 4S, state): *2+, 427, 
6+ 277, 411, 11. 
(The number which stands before the term symbols indicates the 
multiplicity of the terms.) 


356 Answers and solutions 8.6 


6. The helium atom in its ground state is characterised by the fact 
that both its electrons are in the lowest state (parahelium). The total 
eigenfunction of the ground state of the helium atom can be written 
approximately in the form 


p Pa(1) ba(2) [7+(01) 7-(o2) — 74(¢2) 9 -(r)]), 


where y, is a hydrogen function. 
The hydrogen atom has the eigenfunctions 


¥o(3) 703) or y(3) (os). 


If both atoms are at a large distance apart the wave functions of the 
system can be written as a product 


1 

2 Patt) Pal2) vol) [n--(01) 2(o2) — 24(02) 1-(or)] 24(2)- 
Taking exchange of electrons into account the wave functions of the 
system must be anti-symmetric with respect to an interchange of any 


two electrons. There is only one anti-symmetric eigenfunction which is 
also the eigenfunction of our system in zeroth approximation 


= aa a1) hal 2) bo(3) En (1) 9 (2) —04(2) 9-1] 24(3) 


y[6(1 —S)] 
+ Ha(3) Ha(1) o(2) [4(3) C1) — 941) »-(3)] 94(2) 


+ fa{2) Po(3) Po(1) [7(2) 9-3) — 04.3) 2-(2)] 24(1)}- 
(1) 


In expression OF ers) is a normalising factor and 
S= fe 1) fra(2Z) Yoo(3) ta(2) Ya(3) Yo(1) dr dry dry 
= ix 1) ba(2) Yo(3) aC 1) Yoa(3) by (2) dry dre dry 


= [et 1) $a(3) Yro(2) Yra(2) ta(3) e(1) dry dry deg. 
If we apply the usual perturbation theory we have 


e=5 [ray ar, 
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where is the eigenfunction in zeroth approximation and Af the per- 
turbation energy, while the summation is over the spin variables. We 
must take into account that # is different for different parts of Y’, and 
indeed for (1) %,(2) %,(3) the perturbation energy is equal to 


pee ee 
Ro Yas To. Ton M13 122 
and for ¥,(1)¥,(3) ¥,(2) it is equal to 
pope Soe 
Ri fen 1 03 N12 T32/ 
If we take into account the fact that the integrals which differ only in the 
numbering of the electrons are the same, we have 


K-A 
a (2) 
where 
2 1 1 +1 ~=1~21 
= e¢ | [—4+ — + — _—_ _—_._ — ]} 2 2 
oars Ile+s, Tox 1 = Wal) Pa(2) ¥5(3) dr, dr, drs, 


A= elt -te--=-7) 
Rom3 Yes Tas To Tee 
x Pa1) Pal) $o(3) Pal) ba(3) Ho(2) dry dre dra. 
The integrals K,A,S are in general of the same kind as the corre- 
sponding integrals in the hydrogen molecule problem. An evaluation of 
the integrals shows that equation (2) corresponds to arepulsion. This is 
correct not only for helium but for all inert gases. 


7.1f we split off the motion of the centre of mass we find for the 
wave function of the relative motion of the nuclei the following equation: 


2M 11 
2 — _—_—— = 
Vep+ ss [E+ 2D(7 2,3) |¥ 0, 


where M is the reduced mass of the nuclei. If we separate the variables 
in spherical coordinates and put 


pe MOY lO ‘i 


we find for y the differential equation 
2 2 98 euhy 
fx, [ny BEREAN 1 og 


2Ma@’ E 2Ma? 
= Se een 2 
= J Ae ) Y fiz D 
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If we make the substitution y(p) = p’exp(—Ap)u(p), where 
s=3ty[y+(K+3)"], 
the last equation goes over into the hypergeometric equation 
pu” + (2s—2Ap) u’ +(—2sA+ 2y?)u = 0 
The solution of that equation which is finite for p = 0 is of the following 
form: 
Y? 
In the states of the discrete spectrum the wave functions y must tend to 


zero as roo. This means that the expression for « must become a 
polynomial, 


“= oF(s—% 2s, 2p). 


z 
s-—=-2, 


r 


where v is a non-negative integer. From this condition we get the 
energy levels 


E h2 y' 

ox 2Ma* or bb + (K+ EP 

The dimensionless parameter y? is proportional to the reduced mass of 
the nuclei M, so that y?>1. If v and K are not very large, 


v<y, Ky, 
the expression for E,, is of the following form: 
Eyx = —D+hu(v+ 3) 


3(K +3) (0+) 
2_ pe ed, 
+ apgg(K +H sia “a(o+ 4) — oMata, ’ 


= dir) 


The dissociation energy is approximately equal to 


where 


Ey = p— "eo, 
The second and third term in the expression for E,, give us the vibra- 
tional and rotational energy. The fourth term takes into account the 
anharmonicity of the vibrations and, finally, the fifth term gives the 
correction to the energy taking into account the interaction between 
the rotation and the vibration of the nuclei. 
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Since D is of the order of unity in atomic units (e = m =f = 1), it 
follows from the expression which we have obtained that 


h? 
Diu: syga~ 1 (Malet 


where y is the mass of an electron. 

It is thus clear that the difference in energy between two quantum 
states with different electronic motion (a quantity of the order of D) is 
large compared to the difference in energy of different vibrational 
states which in turn is large compared to the difference between rotational 
states. 

8. We can find the minimum of the effective potential 


= 1 1 A? , WK(K+1) 
W = -2D(2—55)+ where A = —"9Ma ; 
by putting its derivative equal to zero 
2 
W' =—- 20 — is +4)- nae = 0, 
Po Po Po 
from which we get 
A2 
Po = 1 aye 


We shall now expand the effective potential near the equilibrium 
position which we have found 
1 --,) A? D+A? 


st eae (p— po)*s 
Po Po PO PO 


W(e)= ~2D(—— 


and retaining only terms up to the order A’, we get 
W(p)= — D+ A*+(D—34?)(p— py). 
We can substitute this expression into the equation for x 
d?x re 2Ma? 
dp? ih? 
We find thus for the energy levels 
E,g = —D+ A*+fia(v +t }). 


[E+ D— A*—(D-—3A®)(p—p.)'] x = 0. 


In the same approximation we have 


ee es 2D 
a -3 5) i (wi) 
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Finally, we have for the energy E,x 


Eyg = ~D+hw(v+4) 


Be R(K+ 1) 3A4K(K+1)(v+}) 

+ 3Ma® 2 Mata, 
As we have not taken into account in these calculations the effect of 
anharmonicity, we have not got here a term — (3h?/2Ma?) (v + 4)? which 
we found in the preceding problem. 

9.In the infra-red band we are dealing with transitions in the 

electronic ground state where vibrational and rotational quantum 
numbers are changing. For the frequency of the transition between 
two states v’,J’>v",J” we have 


[J’*+J’ —-J™-J"). 


w= wv’ —v")+ 


a a 


From the selection rule for J it follows that J” = J’ +1. 
We get thus the following frequencies: 


heey) esse at 
o= a9(V —o 3 age 27 +1) & _ 0, 1,2, ) 
and 
, ” h , J” =J'—1, 
w = w,(v — 0") + aaa ae ) 


We note that these two sets of frequencies are in molecular spectroscopy 
called the P and R branches. 

From the expressions which we have obtained it is clear that the 
difference in frequency of two successive lines for given values of v’ and 
v” is (in cm—) equal to 


ee. 
"One 2ncMa? 
The moment of inertia of the H®°Cl molecule is equal to 
hi 
= = = 2 
I= Ma = Ay g cm’. 
If we use the value of the reduced mass, 
M = My os °. = 0:972M,, = 1-61.10-*4 g 


we find for the distance between the nuclei in HC], 


a= |) = 1:29.10-8 cm. 
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The equilibrium distances a in the molecules DCI and HCl are the same 
since the form of the potential curves is determined by the electronic 
states. It follows thus that 


Avycy _ Mu, 
poe ’ 
Avie Myo 


10. The distance between the first two rotational levels is given by 


Ayn = 10-7 cm7}, 


h 
_——— ‘ -1 
Avro = Oncl 41-5 cm}. 
We find thus 
Avrot = ; 
ee = 0-0104. 


11. The dissociation energy of the D, molecule is equal to 4-54 eV. 
12*. If we go over to a new variable & = (r—a)/a, we can write the 
equation for the radial function y/r as follows: 


OY Ma 
dze "Fz 
If we put z = aexp(— 286), we find 


(E-V)x =0. 


Pt z 
where 
-,/ MaX(D—E)) wg MatD  . _ 2MatD 
> “2peh? |? rs 2 Beh?’ Bee ; 


If we make the substitution y = exp(— 2/2) 2°u(z) this equation will go 
over into the hypergeometric equation zu” +(2s+1—2)u'+vu = 0, the 
solution of which is the confluent hypergeometric function 


u = F(-v, 2s+1,2). 


This function satisfies the condition that y tends to zero as r->+00 for 
positive values of s (discrete spectrum). As r->—oo the wave function 
must tend to zero.} In order that that condition is satisfied it is necessary 
that F reduces to a polynomial, that is, that v is a non-negative integer. 
This condition determines the energy spectrum 


h? a? D 
> 1)_ —__.. 1)\2 = ——<$—$——— 
E,, = hw(v+4) 4D (v+3)?, where w 8 I (saga): 


1 Strictly speaking, the wave function should vanish at r= 0. This only introduces 
minor changes in the final result (see D. ter Haar, Phys. Rev. 70, 222 (1946)). 
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In this way the difference between vibrational levels decreases with 
increasing quantum number v. 
The dissociation energy is equal to 


fiw hh? w? 
2 T6D" 

14. As parameters to characterise the rotation, we shall use the 
Euler angles 0, ¥, and g. In this case the coordinates of a point x,y,z 
in the fixed system are connected with the coordinates £,7,¢ in the 
moving system by the following equations: 


E, = D- 


x = &(cosycosg—siny sin g cos @) 
—7(cos sing +sinys cos gcos 8) + Csin sin 8, 

y = &sinycosg+cosysin gcos A) (1) 
+7(—sin sing + cosy cos gcos #)— Ccosysin 6, 

z= €singsin6+ncosgsin 0+ cos 8. 


To find the form of the operators Jig Dayh , we use the fact that the 
operator J, is J, = —1(¢/0x), where a is the angle in the plane perpendi- 
cular to the €-axis. Since under a rotation of the &,7, f-system with 
respect to, for instance, the ¢-axis over an infinitesimal angle da, the 


values of the angles change, we can write for Je in units h, 


Ae 
6 N50 da dp da Oy) 
For an infinitesimal rotation around the €-axis over an angle da we have 
f= %, 
n= 7 —U'da, (2) 
C= n'da+l’, 
and 


z= £’sin (g+dg) sin (0+ d6) +7’ cos (y+ dy) sin (0 + d0) + L’ cos(0+d6). 
(3) 


On the other hand if we substitute expression (2) into equation (1) we get 
z= €'singsin 6+7'(cosgsin 6+cos 6 dx)+ f/(cos@—cospsin Oda). (4) 
Comparing equations (3) and (4) we find 


= COs g, MO —sin g cot 6. 


dé 
da dau 
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Similarly we have d{/da = sing/sin 6. 
We find finally for J, the expression 


7) 0 Pein da 
J, = —i(cos 55 —sin poor 05+ aaa aa) 


In the same way we find expressions for the two other operators 


3 a 4 £08 7) 
ue = -i(~sing 3a cme Cone aa sin 0 sa) 


I 
17. Ey = 574 J(J+)). 


Each energy level is (2J+1)-fold degenerate with respect to the 
direction of the angular momentum referring to a fixed system of 
reference and cqually degenerate with respect to the direction of the 
angular momentum referring to the body itself. 

18. Since 


we have 
1 1 


E= pM 1) +5 3(a- 5 


7) J, =k, |k| <J. 

In this case the energy levels are 2(2/+1)-fold degenerate. The 
degeneracy as far as the direction of the angular momentum in the fixed 
system of reference is concerned is (2+ 1)-fold as before. 


19 ie caz0(® 9 ou +saalaet O° u 
2A \sin 6 0\°" ” 36) * sin? 0 \p2 * Bye 
cos# d'u\ Al 1\ ou _ 
sin’ 6 dpdp| 2\C A) dpe ~™ 


20*. Since J? commutes with J, = —i(d/dp) and J, = ~i(8/W) we can 
write the eigenfunction in the form 
Px jar, = Oxaas,(9) exp (Myf) exp (tke), 


where M, and k are the components of the angular momentum with 
respect to the fixed z-axis and the moving ¢-axis respectively. 
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Since % and g enter symmetrically in equation (14) and |k|<J, we 
have | M,|<J. 
Let us consider the operators 


; ;, ae 7] zt @ 

Jil, = -iexp(—ip) (sp-seot 7 +5 Oi), (1) 
F 2 SIO é i a 

J,-ih, = -iexp (ip) (sp +icot 0-5 a). (2) 


One can easily show that 
I(Ig—15,) Perma, = (R41) (Fp 75) Ox sar 


that is, the expression (J,-1 7) ®xzm, 18 the eigenfunction corresponding 
to the value k+1 of the operator J,. 
If we put k = J, we have 


J, —iJ, 1) Pram, = 9. 
This last relation can be put in the form 
Q. a 24 @ : Soa 
(5 +zicot 8 ap ine a) ©O530,(9) exp (1M, W) exp (Jp) = 0. 
We find thus an ordinary differential equation of the first order to 
determine ©; ;y,, 


dQ M,—Jcos 6 
at aia 0 Osamu, = 9. 


The general solution of this equation is of the form 
sin 0)7 
Oyun, = ede 
(tan 40) 
oe (3) 
©(9) = c(1—cos 6)! Y-84) (1 + cos B)H +44), 
Since the function © must be finite, we have | M/|<J. 
To determine the function ©,.;;,,, we consider the action of the 
operator J,+iJ, upon it. Since 


IS, + iJ,) Oru, = (R-1) (JS, + iJ,) Ox sar) 


(J, +1J,) Ox sa, = % Ox—re,- (4) 
Substituting into equation (4) the explicit form of the operator J,+iJ, 
from expression (1) we are led to the equation 


we have 


dO, kcos 6— M. ; 
ee a Onsm, = 1% Opry 
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which, if we introduce a new variable x = cos 8, becomes of the form 


Ja x2) Ths l®) +a mB 5 rat,(*) = — 104, Pea yar,()s 


where 


P, kM (*) = Oxsar,(are cos x). 
If we put 


Presat; = (1 — x)t(k—M) (1 + xe) tke +My) UnJMy (5) 


we find a simple relation to determine v, ;y,, 


dv 
kJIMy __ ° \ 
aor va — 10), Up_y My (6) 


The function P;;,,, which we found earlier [see equation (3)] can be 
written in the form of expression (5) 
Pyaat(¥) = (1—xy PO) (1) I) os sary 
where we understand by v;;,,, the expression 
Dy gul*) = (1 — x)7- (1 + x74), (7) 


From equation (7) and the recurrence relation (6) it follows that 


qJu—k 
raat, = © =e (LY (1 + aM, 
Hence 
®,.321,(9, 4, 9) 
= cexp (iky) exp (1M, ) (1 — cos 6)-#*-™) (1 + cos 0) -H a+ Ms) 
Q \J-k 
7 (so) [(1 — cos 8)7-*" (1 + cos 0944]; 


cos 8 


for M, = 0 these generalised spherical functions go over, as we should 
have expected, into the ordinary spherical functions and are the wave 
functions of the rotator 


aye : 
,70(9, g) = cexp (tkp) — = 8 (deos b= =, (sin®/ 4). 
r h? (1 Pare ua 
ZN A, = z(at 3) UU+1)- B+ ae 


Ayesa = Besse = % (qn p) I-A +h 1) I+h+ 2) 
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22. For an asymmetric top the degeneracy referring to the direction 
of the angular momentum with respect to a fixed system of reference 
remains the same. The degeneracy with respect to the quantum number 
k disappears completely so that a given value of J corresponds to 2J+1 
different levels. In the case J = 1 the energy levels are determined from 
the solution of a secular equation of the form 


Hy,—E Fig My, H,,—E 0 4 
Ay Hy H44,-E 34 0 H_,_,—E 


Since H_,_, = H,,, we have 


(Hoo — £) (H?, — E?-2H,, E—H}_1) = 0, 
and thus 


h*/1 1 h(t 1 
B= Zatz) Be zlota) =z (Bte)- 


[¥(3)/427] exp (i) sin 8 
[1/7] /% cos 6 
[./(3)/477] exp (— i) sin 6 


[1/7] ¥( 4s) exp (14) (cos p+i cos 4 sin 7) 
Ey | Ppa, m+ Pga—1, m) [1/7] (8) cos p sin 0 
Es | (®xa1, m— Pxm—r, m) [1/2] /(2) sin 6 sin @ = 


~1 |[1/7] JC) exp (—i}) (— cos 6 cos y +i sin ¢) 


25. The splitting of the terms is determined by the spin-spin 
interaction. To determine this splitting it is necessary to average the 
operator of the spin-spin interaction, a(S.n)?, over a rotational state. 
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For a given value of A the quantum number J takes on the values 
J=K+1,K,K-1. 
The matrix elements of (n.S) which are different from zero have the 


form 
‘ : K+1 
(n.S)E-71 52k = (n.S)K_ rk = J Gee3): 


sae 3a ewer ee K 
(n. Sy R= (HDR = M5): 


Using these last relations we find for the splitting of the components of 
the triplet 


K+2 K-1 
AE x4 = 2K +3 a, AE; =a, AEs x 4= rat 
26*. We find first of all the off-diagonal elements of the operator w, 


(wn ana 


One sees easily that the only matrix elements which are different 
from zero correspond to Q’ = 0+1,J=J’. 
Since 


“~ 


(Miya 1 = ¥1(M, rABan 
we have 


ae 72 3 i AQT /{ _. \nAQe 
WmAgeley = Ay E 86° sin 0 *e a abe | ANH (; a 
To evaluate the matrix elements 
a. i i 
Ener in 6 jp (24 a Ova 
we note that if we put in the operator J,+7J, (see problem 13 of section 8) 


= 0 and — i(0/@p) > M,, we have 


C 
+a 4| + + 1)cot é 
EE Use a.m til apt bgt (2 ue |: 


368 Answers and solutions 8.26 


If we evaluate this last equation we have 


a. 28 Aas on 
Een — adap (2+ Noord] cea 7 PEMIF OYE D+ 1) 


In the case of small vibrations near the equilibrium position the matrix 
element 
1 2. \nAQv 
(= 
P nAQ41v 
can be put approximately equal to 
1 
pe (Mr AG a1 
where py is the equilibrium distance between the nuclei. Since 
i 
(L, + S,)naGar = (S))naBar = +5 V[S(S+1)-2(E £1), 


we have finally: 
(wRAB Mos = Boy[S(S+1)- 22 1] VII + 1)-(A+%)(A+24 1). 


Here By = h?/2Mp? is the value of the rotational constant in the equi- 
librium state which corresponds to p = py. 

In the general case the doublet splitting may be of the same order of 
magnitude as the matrix elements we have evaluated. If we consider, 
therefore, the displaced levels of the doublet term we can apply per- 
turbation theory in a somewhat different form. Instead of the functions 


PadAttod ’ Pndh—ws 


we use as zeroth approximation a linear combination of them 


b= cy Padd+tivd + Cg Ynaa—ts' 


If we substitute this expression in the perturbed equation and use 
standard methods we find the secular equation 


0 AA+hes 
EO ses SE wes 0 
AA-}0d 7 
WRAL OT EM n-ws ~E 


From the solution of the secular equation it follows that 


E=2EO 4+ 4 {AE + 4B2((J+4)?—A?}}, (1) 
where 
EO = EMasiws + EDR a-ios 


AE = EO nAA+hod EM -wse 
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In the a case when the multiplet splitting is large compared to the 
distance between rotational levels, it follows approximately from equation 
(1) that 

BR J+ $)?— AY 


AE® 
Bol(J +3)? — A?] 


AE) 


Ey EM aaa t 


E, = EAS tv 


In the 5 case we get from equation (1) 


AE) 
8B (J +4 3)? y2— A2]" 
27. K = 0, 2,4,..., if the total spin S = 2, or S = 0; K = 1,3, 5,..., 
if the total spin S = 1. 
28. The magnetic moment of the molecule is equal to 


Ey, = }E + Bl(J+42— A] 4 5 


eh 
De (A+2x) n, 


where n is a unit vector in the direction of the molecular axis. 
To determine the splitting of the energy it is necessary to average 
the quantity 


~ 7 (A+28) (1.90) 


over a rotational state, that is to determine the matrix element 
(1) 514} 

Since J is a vector quantity which is conserved, it is clear that the 
matrix elements of the vector n must be proportional to the matrix 
elements of J, that is, 

(n) FM ~ (I). 
If we consider n as an operator we have 
fi = const J. 
To determine the constant we multiply the last expression to the left 
and to the right by J. Since the eigenvalues of J? are equal to J(J+ 1), 
and (J.#) is equal to Q, we have 


In this way the ieee of the perturbation energy is equal to 


-7 (A Fee) rey J). 
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If we evaluate the diagonal matrix elements we get for the energy 
splitting the following expression: 

nH Q 

= —~— (A+22)—__—_ 

Bea Bae te) yaa) 

29. The perturbation operator in the given case is, as one can easily 

verify, of the following form: 


~aael* Lecce 8 +254), 


It follows from this that the Zeeman splitting is equal to 


M,. 


AE. =-M a | gle ela S(S+1)+K(K+ 1) 
Dae 2K(K+1)J(J+1) 
Us 1)+ S(S+1)—K(K+ 1)] 
J(J+1) 
30. The energy of the Zeeman splitting is equal to 
eh A? 
AF uy Ms = ~ Que Scams 1) Mg +2Ms| 


31*. Since the interaction energy of the magnetic moment with the 
external magnetic field is of the same order of magnitude as the spin— 
dipole interaction it is necessary to consider the two simultaneously. 
The perturbation operator has the form 

V = A(n.S)—p, A(n.#)—2y(8.#). 

As zeroth approximation wave functions we use the wave functions of 
the states in which the angular momentum K and the components of 
K and S along the direction of the magnetic field have well-defined 
values. The z-axis is taken along the magnetic field. Since the com- 
ponent of the total angular momentum along the direction of the 
magnetic field is conserved we can, for the case of a doublet term, apply 
the perturbation theory for two-fold degeneracy. If we evaluate the 
matrix elements of the perturbation operator, we have 

ie oe A o A? 

Vea t = — MexR a i) 4 Me RKTT” 


A A? 
iM 
Vi r= b= (My - RRA (Mz — DRT Mo — HoH, 


H+ py H, 


Vteah = 4 gee (K-M41)(K+M)] = An, + in ME 


A 
VE yt = tA(n, in, Et = 4A K(K+1) \[(K-M+1)(K+M)]. 
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Substituting those expressions into the secular equation and solving it 
we get 


2 
EG) = A AN 


*oeaee Ty AMM -#)—A Hott Aig aA RY 


+ A? A2(K + Mg) (K—- Mg +1)}. 
We consider two limiting cases. 
If po #> A, we get for E}'} the expression 
A2 


EX} = "KK #1) (Mg — 3 +4) HoH F po #, 


which coincides with the equation obtained in the preceding problem. 
For A>p,# we get 


AA A? 1 
QM). a , — 2) | ———________ +- __ H 
ies 70 es) ae eaiyesy Kal" 
ses A 1 
(T)\.2. ae ad he | eee eh ee 
E; (Mx — 3) Faea’ Raq 


The second terms of these equations, that is, the terms which are linear 
in #, agree with the corresponding expressions which we obtain if we 
substitute in the equation found in problem 28 of section 8 


J=K+3, S=4, and M, = My — 3. 


32. Because of the axial symmetry the dipole moment of the molecule 
is directed along the line connecting the nuclei, that is 


p=pn. 
If we proceed as in the solution of problem 27 of section 8, we find 
Q 
BS OP Teeny oS 


J(J+ 0 os — SOS + 1) +K(K +1) 
2K(K+ 1)J(J+ 1) 
34. The potential energy V(x,,x,) of the system is to lowest order 
in R- 


33. AEn, a —&pM; A- 


ex x 
V(x, X_) = thx? + Lad + Ri 2 
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where x, and x, are the displacements of the two electrons from their 
respective centres. 

The Schridinger equation for the two electrons involved can thus 
be reduced to one for two linear harmonic oscillators by bringing the 
kinetic and the potential energies simultaneously in the form of squares 
only, and the eigenvalues of the energy are 


sglemr frg)renen Je-Z]}. meno 


In the ground state we have 2, = n, = 0, and expanding the radicals, 
we find for the dispersion energy of attraction, again to lowest order 


in R-}, 
e4 R 
a, (7). 


35*. The interaction energy consists of two parts. First of all, there is 
a contribution due to the polarisability a of the hydrogen atom (see 
problem 47 of section 7). The field & of the H* ion at the position of the 
hydrogen atom is e/R? so that that part of the interaction energy is given 
by the relation 


4 
Enot = —$08? = - uaa) (1) 


The second contribution comes from the symmetry properties of the 
problem (compare problems 6 and 12 of section 2). Let Wo(x, y,z) be 
the wavefunction of the electron corresponding to it moving in the 
vicinity of proton! which is situated at x = 4R,y = z = O (see fig. 43a), 


—1R 0 iR 
Fig. 43a. 
where we have chosen the x-axis along the line connecting the two 


protons and the origin midway between the two nuclei. In that case Wo 
will be of the form 


ap 


A(x, y,Z) r 
Vo=—Teah OP (-2:) , (2) 


with A(x, y,z) a slowly varying function which satisfies the boundary 
condition 


A(x,y,z)>1 as x,y,z >4R,0,0. (3) 
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The function Wp» must satisfy the equation 


jy? 
— 3p Wot (U- Eo Wo = 0, (4) 
where 
e? e2 @ 
U> Re (5) 


while E, is the binding energy of the hydrogen atom. If we denote by 
Woo the function Y, with A(x, y, z) = 1, Woo satisfies the equation 


h? e? 
—FpV* ¥oo+ (-=- £4) veo = 0, (6) 


so that we get for A(x, y, z) the equation 


0A A A 
ox R’ER+x °° ~ 
where we have neglected all second derivatives and all derivatives with 
respect to y and z of A and where we have put r, =4R+x. The 
solution of (7) satisfying the boundary condition (3) is 
se R x-4R 8 
~gR+x°%P RR = 


There is, of course, also a solution of (4) which is centred around 
proton 2. It will be Wo(-x, y,z) (which in accordance with the assump- 
tions of our problem can be assumed not to overlap with W(x, y, z)) and 
also corresponds to an energy Ey. The true states of the system will be 
the symmetric and antisymmetric combinations of Wo(x,y,z) and 
Wo(-x, y, Z): 

l 
Vis af Z Ores 2) Wola v2 (9) 
and these combinations also satisfy equation (4) with energies E,,. If 
we multiply equation (4) for Wo(x,y,z) by wy, and equation (4) for 
Wsa by Wo(x,y,z) and integrate the difference of the two resulting 


equations over the half-space x = 0, we find, using the fact that forx = 0 
we have W, =\/2 Wo, Wa = 0, OW, /Ox = 0, OW,/0x =./20q/dx, that 


Bes = Fo = =| [vag ax °dydz , (10) 


where the integration is over the plane x = 0. 
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Using expressions (2) and (8) for Wo we then find 


eye Re og (ae 
Ea Fo = OR ean dp 3 R ‘ (11) 


We note that this result is valid, provided R/ag > 1. The symmetric state 
has the lowest energy. The exact E, has a minimum forR ~© 2a,, equal 
to -16-3 eV (compare next problem), while the minimum for E,, —which 
follows from (11)—occurs at R ~ 13a, and equals —0-002 eV. 

36*. We start from equation (4) of the preceding problem and use as a 
trial wavefunction 


YW =ay,t+by,, (1) 
where 
YW, Wy 


Wi = Fa exP-ar,), V2 = Te exP ar), (2) 


so that we have two parameters, a and R,in our problem. In contrast to 
the discussion in the preceding problem we now must take into account 
the overlap integral 


S= [vided (3) 


From symmetry considerations it follows that the lowest energy will 
correspond to the case where a = b = (2(1+.S)}”, where we have used 
the requirement that y must be normalized. The energy of the system is 
now found from the equation 


1 x ‘ 
B= 73 [tibet (vally ar, (4) 
where ’ e Sian 
é A e* ef e 
PIII 5 ye once 
cf a = Ron 4° (5) 
Hence we find 
1 nh? a(a-1l)-C+(a—-2y 1 
a a 2 SR se as ere aE = 
where C is the dimensionless Coulomb interaction integral 
a3 fexp(—2ar,) 
C=dy see : (7) 
and / the dimensionless exchange integral, 
a? (exp(-ar,—ar 
[= ap [PCa ap, . (8) 
T r4 
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Integral (7) can be evaluated by expanding r,! in terms of r,/R (ifr, < R) 
or R/r, (ifr, > R) (see fig. 43a) 


i al 2) B, (cos8), if r,<R, 
re (9) 
2 
" 1y(f -) , (cos), if r,>R, 
i 
where the P; are Legendre polynomials. Substituting (9) into (7) one 
finds 


= Bil- (tare 7]. (10) 
To evaluate J we introduce prolate ellipsoidal coordinates: 
po =, (11) 
and the angle y around the molecular axis. The integral then becomes 


ORE 
I= ay] atl ‘an| "ae(5 ) ee 5 


= aag(1+aR)e% . (12) 


The overlap integral can be evaluated similarly, and we find 
S = [l+aR+4 (aR)? Je | (13) 


Substituting (10), (12), and (13) into (6) and using as variational para- 
meters a and B = aR, we can write the energy in the form 


E = F(B)a*+ G(B)a, (14) 
so that minimization with respect to @ leads to 
(G(B)? 
AF(B) ° (15) 


To obtain the minimum with respect to B one best proceeds graphically. 
The result is that the minimum occurs for agg ~ 1:25, B ~ 2-5, or 
R ~ 2a, and E ~ 0-6 (A?/pa3). 

To find the dissociation energy D we must deduct from this value of E 
the binding energy of the hydrogen atom, —h?/2ya3}, so that we find 


D ~ 0-1 h?/pah 


Strictly speaking, one should correct for the energy of the zero-point 
vibrations of the molecule, but for the rough estimate which we have just 
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given this makes no significant difference. If one performs the calcula- 
tions with greater accuracy, one can estimate the magnitude of the zero- 
point energy by looking at the curve E(R) in the neighbourhood of the 
minimum. The results then are adg = 1:24, R=2-08a3, E= 
—0:587 (f?/ua?,), and for the zero-point energy 4iw = 0-0046 (h?/ya}). 
The experimental value of D lies, in fact, very close to 0-1 #?/ya}, so that 
the rough estimates we made give a slightly better value than, if we had 
taken greater care. 

37*. For large values of R we can neglect exchange effects, that is, 
assume that the first electron is near the nucleus a and the second 
electron near the nucleus b (see fig. 44). 

The interaction between the two atoms which is of the form 


(1) 


Fig. 44. 


In the first approximation the interaction energy of the two atoms is 
equal to the diagonal matrix element of V, that is 


[pot bolton) Vibo(7 12) Pol" an) 271 dra, 


where 
Yo(ria) = 2exp(—1h4); Yo(T2,) = 2 exp (—75,). 


In the S-state the diagonal matrix elements, that is, the average values 
of the dipole, quadrupole, ... moments, are equal to zero so that for an 
evaluation of the interaction energy it is necessary to go over to second- 
order perturbation theory. 

In the perturbation operator (1) we restrict ourselves to the dipole- 
dipole interaction as it decreases most slowly with distance. To obtain 
the operator of the dipole-dipole interaction we expand the potential V 


8.37 ‘Molecules 377 


in decreasing powers to R. An hae in spherical harmonics gives 


1 = —__ 1 + (Fa1-®) e) 3(a1- e)*— 

tm |Re- rial 2 RMI i Eee tN ~ R- + Ata pre ane 
25 om 1 1 4 (for — Too. x. 3(fa—t fy2-P)?— (a — Too)" 

Vie ig +T5.—Ta| = R? — 2R3- 

1 + (Foz) e) 4 302-8) ep)? )? — Te 4 

is =Rt Re" ORR 


Substituting this expansion into V we find an expression for the 
dipole—dipole interaction 


ge _ 28a He Va (2) 


R3 


where the z-axis is taken along the line connecting the nuclei. We have 
already shown that the average value (2) over the unperturbed eigen- 
function Y = (791) Yo(7p2) Is equal to zero. The non-diagonal elements 
of (2) which correspond to a transfer from the ground state to excited 
states can be written in the form 


tes _ 220m Zon — Xom “on — ~YomYon 
Lo 


R3 


From the selection rules we see that the matrix elements 2 ,, Xgn1 Von 
are different from zero only for transitions from the ground state to the 


states 
¥,(r)cos 8, w,(r)sin 6 cos¢, 


where these three matrix elements are equal to each other. The inter- 
action energy in second approximation is equal to 


E®=-3 (Vo)? x DO 48m Fon + %Gm On + Vim Von 
mn 2E,)— E,,— £,, R® mn 2E SE i —E,, 
or 
6 SA 
2) — © 5 __20m%0n 
ee = R62 EEE (3) 


Since £,<£,, and E,<E,, E™ is negative, and we find thus that two 
atoms in a non-excited state, which are at a large distance apart, attract 
each other with a force which is inversely proportional to the sixth power 
of the distance. . To evaluate the sum in (3) approximately, we note that 
the difference in energy between different excited levels is small com- 
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pared to the difference of energy between the ground state and the 
excited levels. We can, therefore, write expression (3) approximately 
in the form 


5 OL emacs > zen 2 ie 


Th 


From the theory of the quadratic Stark effect it follows that 
oe a a 


where « is the polarisation of the atom. For the hydrogen atom ground 


state « = 4:5 atomic units. To evaluate the sum >) 22,, we use the matrix 
m0 
sum rule 


(AB)ar = . 2X AnmB mk» 
or 
[ox (AB) bear = & (lt Ab dr. [ve Bir). 
Putting in the last relation A = B = 2z,n =k = 0, we get 
(27)o0 = 2 Zom%mo = Lu Zam 
or x 26m = 2 2m — 70 = = (2*)o0 — 200- 
m+0 
Since in an S-state 2) = 0 and (27) = 4(r7)9, because of symmetry, we 
get 
Xi 2m = 3(7*)oo = 1. 
m+0 
We find thus finally for V(r) the expression 
6°75 
Re * 
To ascertain how the interaction forces between two neutral 
spherical symmetric hydrogen atoms arise, we consider the wave function 


of the system. For the wave function of the system we find in first 
approximation 


b= dara) Yoltod) [14 9p pa ae tyne]. 


The probability density w(1,2) has, if we neglect terms multiplied 
by R-*, the form 


(Tai 72) = Mo(Ta1) Yo(To2) tte +p: E.R (X1%2+¥1y_,— 22, z,)). 
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If there is no interaction between the atoms the probability density is 
simply equal to the product of w(1) and w(2), that is, there is in that case 
no correlation whatever between the positions of the electrons. In the 
case of an interaction the position of the first electron is not independent 
of the position of the second one. The electrons occupy statistically 
more often positions where the mutual potential energy has the least 
possible value. 

The interaction force can thus in first approximation be explained 
not by the deformation of the electron clouds but by the correlation 
between the electron positions. 

38. The procedure is very similar to that of the preceding problem, but 
now we get a result in first-order perturbation theory. The perturbing 
energy is again of the form 

2 
ve Rar i%2F Vive 22122), 


and we must use degenerate-level perturbation theory. The p-states are 
three-fold degenerate and as we have two electrons, we have a six-fold 
degeneracy altogether. Ifrg, is the quantity given by the equation 


ro= | Fon inear : 


where F,(r) and F,(r) are the radial parts of the s- and p-state wave- 
functions, 


Fo(r) = exp(-r/ag), Fi(r) x rexp(-r/2ap) , 


and if v is given by the equation 
e*ro 
— "RS 7 


Dv 


the secular equation for the energy correction E, becomes 


-E v 0 0 0 0 
v -E, 0 OO OO 0 
0 O -E, —2v O 0 
0 0 -2 -E, 0 OO 
0 0 OO O -E, »v 
0 0 0 OO »v -£, 


where the first two rows (columns) correspond to one or other of the two 
hydrogen atoms being in a p-state with m = 1, the next two to states with 
m = QO, and the final two to states with m = —1. We see that now the 
interaction energy is proportional to R°. 
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39*, Let us prove the additivity for a system consisting of three 
atoms. From our calculations it will be clear that it can be applied to an 
arbitrary number of atoms. We write the interaction energy in the 
following form 


V = V(1,2)+ V(2, 3) + V(3, 1), 


where we have denoted by 1, 2, and 3 all the coordinates of the first, 
second, and third atoms. We consider the interaction of atoms which are 
at large distances apart. In that case exchange forces play no role what- 
ever. If we ignore exchange forces, we can put the wave function of three 
atoms in zeroth approximation in the form 


b= Pail) pox(2) Pa(3), 
where i,k, indicate the quantum states of the atoms a,b,c. The 
functions y,,(1), belonging to different values of 7, are orthogonal. The 
same can be said also about the functions #,,(2) and (3). 
The perturbation energy in second approximation is of the form 
[vee 
Eo + Epo a Eo = Bai i Eon, = Ey 


The prime on the summation sign indicates that 7,k,/ cannot be 
simultaneously equal to zero. The first term is the classical multipole 
interaction. In our case it is equal to zero. In expression (1) all terms 
where at the same time 140, k4#0, 140 disappear because of the 
orthogonality of the functions. 

Three partial sums with 


i=k=0, 140; t=1=0, k#0; R=1=0, 740 


refer to the polarisation interaction of the /th, Ath, and ith atoms in the 
resulting field of the two remaining atoms. In the case where the 
distribution of changes in the atoms has spherical symmetry these sums 
are also equal to zero. It is necessary to remember that these sums 
cannot be obtained by taking additively into account the interaction 
energy of each pair of atoms. We must finally consider those terms 
where two indices are different from zero. Thus, if we make again the 
same assumption about the charge distribution in the atoms the inter- 
action energy can be expanded in three partial sums 


< = V9004 5 


000 |2 000 [2 
eis » | Vie = ae , en 74) a 
i+0k+0 Egg t+ Egg — Eu — Eon x40 1+0 Egg + Eno — Ey, — Eg 
000\2 
(Vier) 


+ 2 
+0740 Lag + Log — Egi— Ea () 
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Because of the orthonormality of the eigenfunctions of the atom we 
get for the matrix elements 


1909 = xo ) iy (2) o%(3) (V(1, 2) + (2, 3) + V3, D} 
x Dail I ) Ybyr(2) Peo(3) dr, dr, 
= fect )spis(2) F(A, 2) Wail L) Woe 2) dry dry = [V(1, 2)] 82. 


Expression (2) consists thus of three terms, each of which is the dis- 
persion interaction of a pair of atoms. One sees easily that these 
considerations can be extended to an arbitrary number of atoms. 

In the case when the distance between the atoms is not very large, 
one must take into account the transition of electrons from one atom to 
another, that is, exchange forces. 

40. We are dealing with a system with cylindrical symmetry, and can 
write the Hamiltonian in the form 


a nh? 0? 
H = Q(p, 2) — 2p ay?’ (1) 


where p, 2, and x are cylindrical coordinates, and where (V: potential 
energy) 


7 2/72 2 
6=-5 (5+ 0 


1 a 
-rlgatgats 3) to) (2) 
The eigenfunctions of the molecule which are characterised by the 
two quantum numbers Q and z are of the form 
1 . 
Pin = Jan Pants %) exp (ZAy), (3) 


while the y,, satisfy the relation 


Eels #) Pale’ 2") = Toni 8(p— p') (z—z'). (4) 


We shall prove (A) for the case \’ = X. The other two cases follow 
in a similar way. We have 


2 2 
So = fan: An’ — op ps (Ey ee E,,) | $, ZO) n! dr 


where we have used the fact that for A’ = A: F,, = (ez),, and where 
dr = pdpdzdy = dw dy. 

Using the fact that the FE, are the energy eigenvalues, using (3) for 
the eigenfunctions and (1) and (4), and integrating by parts, we find 


> 
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(primes on a function indicate that its arguments are primed) 


$= — 548 [lr ar’ 68, 8in tb B,) baw 


~ f2 2 
= = FE | [deo de Wen ban FE ls ¥it.(4+ 5° S— E, | brn 


h? »? 
== Fhe | [deo de ntinze (+> 5 p2 -E,) 7 0- p') i(z— 2’) 


pu ~ h? 
— 343 [Pde dz aay (Q45- G— En) ah. 
As 
‘K hi ? 
Rae p E,) Pan = 
we find 
oN 


So= = on 2dhan pap dz, 


and after integration by parts, we find 


nee | 
Sy = }. 


Scattering 


1*. The potential energy of the particles is 
Vir)=-% (r<a), 
V(r) =0 (r >a). 


It is necessary to find the phase shifts, that is, the asymptotic form of the 
radial functions satisfying the equations 


TT xi + |e“) = 0, pe = HE 
and 
r<a xi + jen X= 0, yr = 2HE he) 


with the boundary condition y,(0) = 0. 

When the de Broglie wavelength is considerably larger than the 
dimensions of the well, the main contribution to the scattering arises 
from the S-wave. The solution x, which satisfies the boundary condition, 
is of the form 

Xo = Asink’r (r<a), 


Xo = sin(Ar+69) (r>a). 


The phase 5, and the coefficient A follow from the condition that both 
the wave function and its derivative are continuous at r= a. We get 
in this way 


6) = arctan (; tan Ka) —ka. 
The partial cross-section for / = 0 is thus 


m= ~ sin? 6 = ay sin? arctan ( tan Ka) — ka| : (1) 


For small velocities of the incident particles (k>0) 6, will be pro- 


portional to k Bote ou. 
ankya 


Because of the factor 1/k? the cross-section o, will be 
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tan k,a 
~ 4a gf ree’ “oO 


0 


-1) (for small k). (3) 


We consider the cross-section o, as a function of the well depth, which 
determines ky. If the well is shallow (k,a<1), we have 


kéat 16m a® V2? 


eal cat aan aT 


We note that we get from perturbation theory 


| aT: 2p 
10) = - 75 [Vode = ENG 
and thus 
167 a® V2 
o = 4n|f(B)P = 


The cross-section increases with increasing Yj and diverges for ky a = 7/2. 
The condition kya = 7/2 is the condition for the appearance of the first 
level in the well. If we deepen the well even further, the cross-section 
starts to decrease again and tends to zero for tank,a = kya. When V4 is 
further increased the cross-section continues to oscillate between 0 and 
co, becoming infinite whenever a new level appears in the well. The 
sharp oscillation of the cross-section for the scattering of slow particles 
explains why the cross-section for the scattering of slow electrons by an 
atom can differ appreciably from the geometric cross-section. 

We note that if k)a@ is near to an integer times 47, we must alter 
equations (2) and (3). Indeed, in that case tank’a is a large number 
and we cannot use the expansion which leads from equation (1) to 
equation (2). In that case we can still neglect the term with ka<1 in the 
square brackets of equation (1). We have thus 


59 = arctan (; tank a) 
and we get for the cross-section oy 
4n[1+ O(«a)] 
%- aa 
where 
__R' 1 
~ tank’a <a’ 


This equation for resonance scattering gives the dependence of the 
cross-section on k for small values of k, for the case where the potential 
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of the well is such that a small change in its depth or width will make a 
discrete level appear or disappear. 


Zz 
2%. pe a y , where «= V(2uMo) 
Ka h 


If Yj, > 00, o = 4na?, that is, it is four times as large as the elastic scattering 
cross-section for an impenetrable sphere in classical mechanics. 


a a oe 5 (21+ 1) sin? 6, 
+008? S = (1+ 1) sin 8,sin 6,,, cos (8,,, — §)) 
12 3cos?9—1 % [U(l+1)(2/+1) .. in’ §, 
k? 2 ~~ fo (21—1) (2143) 
pone See 2 sin 3,8in S49 £08 (5:42 8))| +-- 


or 


{ pe =a x (214-1) sin? 8, 

0 

" 82 & : 

{ cos 3 do = ® p>} (1+ 1) sin 6,sin 8,,, cos (5,,; — §), 


do = sin? 6, 


2 B i, QPEl)(2L43). 
120 2 (1+1)(1+2). 


BS 2143 


4*. The radial function satisfies the equation 
ja ae Senig 


= © 1(1+1)(21+1) 
0 


sin 6, sin ,,. cos (5,,5— §,). 


r h? r? 


and the boundary conditions x0) = 0 and x = finite as roo. The 
solution satisfying these conditions is 


x = V(r) J(A7); 


A= 7 [+a “|. 


From the asymptotic behaviour of J,(kr) we get the phase shifts, 


gala =—35{ / [arate | -c+a}. 


where 
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The independence of 8, on k means that we get for the scattering 
amplitude 


f(8,8) = 70) 


where f,(#) is independent of the energy of the scattered particles. The 
scattering cross-section 


1 
do = <5 |fol8)|? 42 


is inversely proportional to the energy and is characterised by a universal 
angular distribution. 
Since the sum 


f(O) = 55g 3 21+ 1) Roos 8) [exp (2i8,)~ 11, 


which determines the scattering amplitude diverges for #0, it is clear 
that large values of / are essential for the evaluation of f(#) at small 
values of #. For large values of / we have 


oe a7pA 
§* — ori < (1) 


so that 
f(0)~4 ¥: (21+ 1) (cos) 5; 
1=0 
- a 
as ES TER (C08) ae Dein ao 
If 


8 Hae 


expression (1) for 6, is valid for all J and thus for all values of # 
faces oD 
I) = kh? 2sin 40’ 


pA? 
do = oe cot 19 dd. 


5. The Schrédinger equation of our problem is of the form 


—_ 
re b+ Vib = Ew. 
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Introducing, as usual, k? = 2uE/h? we get this equation in the form 
Vib + Reb = se Ve. (1) 


We shall consider the right-hand side as an inhomogeneous term. 
We must thus find a solution of an inhomogeneous equation, satisfying 
a given boundary condition, 


bw expli(ko. 1] +foe 


Using the expression for the Green function of equation (1), 


exp —, 


1 exp (zk|r—r’|) 
4x [r—r'| ‘ 


we easily find the required solution 


G(r-r')=—- 


exp(ik|r—r 


b= exp lilhy 54 [Vir (ry ED ae r’. 


For large values of r we have 


exp(ik|r—r’|)_ Pegi Aa een peer | (r>o), 


[rar 
where 


k= ke. 
Hence, 
J xexpfillig.1)] — hg PED fae r’ exp [iter 1 V(r) Hr), 
so that 


Fk) = — zh, [a rexp[—i(k.#)] V(r) Hr) 


This equation is convenient for various approximate calculations. 

For instance, by substituting ¥(r)~exp [7(Ky.1r)] we get the scattering 
amplitude in the first Born approximation. 

6. The scattering amplitude is in the Born approximation given by 
the equation 


foorn(®) =~ 3s [exp lila nl V(r) ar = — Fee, 


where 


q=k'-k, q=2ksin4é. 
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Hence 

7 A? 
2h? E 
In classical mechanics we have the following connection between the 
angle of scattering and the impact parameter p: 


ie pup dr _7—8 
ne ®DME—V)—(eop 


where 7, is the zero of the expression under the square root sign. If we 
integrate, we get 


do porn = |f(9)|?dQ = cot }0 dd. 


a Al@-sy 
Ed? 2n-8’ 
and thus 
dp,, 2A 7-8 |. 
If 
8uA 


we can apply the Born approximation for all angles (see problem 4 of 
section 9). 
In the opposite limiting case, where 8uA/h?>1 the classical result 
holds for not too small angles, 
h2 
> eenediaes 
BZ 8A’ 


while for smaller angles, 
2 
ie 
~ 8uA , 
the Born approximation result is valid. 
7*, We have the following equation for the radial function, 


o 


pee 
x +55 [E+Vyexp(—r/a)]x = 0. 


Using the notation k? = 2uE/h?, x? = 2uV/h? and the independent 
variable £ = exp(—r/2a), we must solve the equation 
ny +4a8(S +H) = 0; 
Xx Ex g2 > 4 ’ 
its solution is a Bessel function of imaginary order y = J,q,,;(2ax€). 
The function x must vanish at r = 0, that is, at € = 1, so that we get, 
apart from a normalising constant, 


X = J_2ani(Zax) Jeayi(2an €) — Jogni(2aK ) F-vani(Z2ax€). (1) 
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The asymptotic form of x as r->00 (E> 0) is 


exp (Zaki | 
X = Soegns(2ar) =A oa ae exp (—zkr) 


exp (— 2aki In ax) 
I\( —2aki+ 1) 


— Joay;(2ar) exp (kr). 

The coefficients of exp(—zkr) and exp(zkr) can be considered to be 
functions of a complex k. If we denote them by a(A) and 6(A) one can 
easily show that they satisfy the relations 


a(—k) = —6(R), 
a*(k) = — B(k) 


(in taking the conjugate complex one must not change k to k*). 
We write the asymptotic form of x in the form 


x = Alexp (—ikr —i8,) — exp (ikr + 59)] = —2iA sin (kr + 85). 
The phase shift 5, follows from the equation 


Jear(2ax) T(2akt+1) : 
exp (2255) = T su ax) 1(—2aki +1) exp (—4aki1n ax). 
A bound state corresponds to an imaginary value of k= ik, and a 
negative value of the energy. 
For k,,>0 the coefficient of exp(—ikr) = exp(k,7) in the first term 
of the asymptotic expression for y must vanish. That means that either 
Jegy,(2ak) = 0, or 1/I'(2ak, +1) = 0. From the second condition we get 


2ak,+1=—n (n=0,1,2,...), 
or 
pe 
~~ Dae Sua? * 


However, the order of the Bessel functions now becomes integral and 
since J,(x) = (—1)"J_,(x), the two solutions are linearly dependent and 
the wave function (1) vanishes identically. The energy levels are thus 
spurious. The first condition gives us the true discrete spectrum, 


hi? k2 
2p” 
The zeros of the expression exp [276,(k)] lie thus on the imaginary axes, 


and apart from the values 7k,, corresponding to the discrete spectrum 
(2), contain also the redundant zeros. 


Joa, (Zar) = 0, E. = > 


(2) 
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2 
9. (a) do = =F My exp (—jeasin 4 dQ, 


4h4 a8 I? 0? 
wt V2 4 
c= Bate |! (-Fess)]3 
— 16p? VR oof 
(b) = At (a? + qt dQ, 


_ 640 pV, 16k* + 12h% 07 + 304 
73 Fs ot(a? + 4h2)3 


10. (a) We evaluate the atomic form factor for hydrogen, 


F(q) = [exe [7(q : r)] n(r) dr = = [exp [2(q . r) = 2r/a} dr = asa 


where a = h?/ye? is the Bohr radius. 
We find thus for the differential cross-section 


_ 4a*(8 + 9g? a*)? = é 
and for the total cross-section 
a na® 7k* a4 + 18k% a?+12 


eee | ae 

In this case the Born approximation can be applied, provided 
ka>1, 

so that we can simplify the last expression to 


Tn 
= 3p2° (2) 


(b) For the helium atom we get from the variational method the 
following expression for the electron density distribution: 


e 


n(r) = exp (—2/rb), b= 37a. 


The differential and total cross-sections for elastic scattering by a 
helium atom have in this approximation the same form as for hydrogen. 
We must only replace a by } in equations (1) and (2), and introduce a 
factor Z2 = 4. In particular, 

_ 280 
= 3p 


Co 
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11.It is well known that the solution of the problem of elastic 
scattering by a potential V(r) in the Born approximation leads to the 
following expression for the wave function: 


ym yO) 4 YD, (1) 
pO(r) = exp [i(k.1)], 
HR) = 58s [VP HOVe’) 


where 


a (ik| r— |) d3r’ | (2) 
rr 


so that asymptotically we have 
anpye! [yep q.r'\ dar’) xP GRY) = 4 gy EXP. GAN) 
wonn|— ales [Ver exp (a n'y] der'| AP 2 f(a) SP 
(2’) 


where q = k—R’ is the change in the wave vector of the particle during 
the scattering, and where @ is the angle of scattering. 

The differential cross-section for scattering into a solid angle dQ 
over an angle @ with the direction Rk of the incoming particle is equal to 


i V(r’) exp [i(q.r’)] d?r’ 


We shall evaluate the integral in equation (3). Taking the polar axis 
of our system of spherical polars along the vector gq and substituting for 
V(r’), we get 


do =|f(8)|?dQ = choi “dQ. (3) 


37! 00 1 
fexp [—«r’+71(q.r’)]| <r = 2 exp(—xr’)r’ ar’ | exp (1gr'x) dx 
0 —1 
_ 4n 
ep gq?’ 
and thus 
2Ap\? dQ 
dom (Ft) Cara 
q = 2ksin hd. (4) 
Integrating expression (4) over the angles we get the total scattering 
cross-section re 
2A p\? 
oe area) (9) 


Let us consider some limiting cases of equation (4). 
(1) k<x, so that also g<x: 


2 
tox (24) a, ) 
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that is, the scattering cross-section, in complete accordance with the 
general theory of scattering of slow particles, depends neither on the 
scattering angle nor on the particle energy. 

(2) k>x« (fast particles). 

There are now two characteristic ranges of scattering angles, 

(a) 0<x/k, or qg<x; the cross-section for these small angles of 
scattering tends for 6->0 to the constant limit (4’); 

(b) @>«/k, or g>« (large deflection). In this case we have, 
introducing the particle energy E = h? k?/2y, 


A\? dQ : 

dox( £5) sin? 46° (4°) 
This is essentially the Rutherford scattering formula, as it should be, 
since in the essential region of distances, r ~ 1/q the field is practically a 
Coulomb field. 

The condition of applicability of the Born formulae (3) and (4) is that 
the correction term ys), which describes the influence of the scattering 
field, is small compared to the main term 4%, This condition is always 
satisfied, if || _)<|¢~|=1. This condition of applicability is 
sufficient; it can, however, be shown to be too strong, especially for 
small scattering angles. 


We have 
A ; exp (—«r’ +tkr’ ‘ 
Whoa = — 958 [exp i(k ry) OP ae dare 
ZuA [? jp pe SIRI 5, ” 
= -te [ exp (—«r’+ikr )\~ par ‘ (2”) 


For slow particles (k<x) the important region in the integral is 
r’~1/«, where exp(zkr’)(sinkr'/kr')~ 1, so that the integral is of the 
order of magnitude of 1/« and the required condition of applicability of 
equation (4) is of the form 

|Alz , 
he < 1, (6’) 

For fast particles (k>«) the presence of the fast oscillating function 
[exp (zkr’) sin kr’] means that the important region is r’~ 1/k, so that the 
integral is of the order of magnitude of 1/A, and the condition of applica- 


bility of the Born equations will be (introducing the particle velocity 
v = hk/p): 


A Ww 
Fas <1. (6”) 
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‘The meaning of inequalities (6’) and (6”) becomes very obvious if we 
consider them in conjunction with the limiting cases of expression (5) 
for the total cross-section. Dropping numerical coefficients we see then 
that both inequalities are equivalent to the condition 


1 1 
o< Ke or \o<)). 


The condition of applicability of the Born approximation is thus that 
the scattering cross-section is small compared to the square of the 
effective range of the scattering field, or, in other words, that the 
scattering amplitude ,’c is small compared to the range of the field 1/x. 

Using the results of this problem we can consider as a particular case 
the scattering of electrons by neutral atoms (that is, by a screened 
Coulomb field). We must then replace A by —Ze® and 1/« by the 
Thomas—Fermi radius of the atom which is of the order of magnitude of 


ees 
Z} ee?’ 
12. The scattering potential, or rather potential energy, is equal to 
V(r) = Bar), (1) 


where we have taken the force centre as the origin. The constant B is 
clearly equal to the volume integral of the potential, 


B= i V(r) d?r = const. (2) 


The differential cross-section for elastic scattering into a unit solid angle 
(in the centre of mass system) is equal to 


do we ; ci? 
ig ~ Feagil [Vex la.2)] 44] (3) 
where p is the reduced mass of the colliding particles and iqg=p-—p’ is 
the change in momentum of their relative motion. 

From equations (1) and (3) and the properties of 5(r), we get 
doy»? B? 
do 4x2 (4) 


The scattering by a delta-function potential is thus isotropic and 
does not depend on the velocity. It is well known that the same properties 
characterise the scattering of sufficiently slow particles by a potential well 
of finite dimensions. We shall elucidate the connection between these 
facts shortly. 
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The total scattering cross-section is equal to 
o = 4n--- = —.-. (5) 


If we bear in mind the meaning of the constant B (B = |ve r), we see 


that equations (4) and (5) are obtained from the general Born equation (3) 
always when exp [7(q -fer_)] #1, or |(Q-fet¢)|<1. In order that this will be 
the case for all scattering angles, it is necessary (since gpay~) that 
Rrose<1 or rete<A, where roe¢ is of the order of the dimensions of the 
region where V(r) is appreciably different from zero (“range of the 
interaction”’). 

The delta-function potential considered by us is thus an idealised 
interaction potential with a very small range or, rather, with a range 
which is much less than the de Broglie wavelength of the relative motion 
of the colliding particles. The delta-function potential can thus, for 
instance, serve to describe formally the interaction of sufficiently slow 
neutrons with protons or very heavy nuclei. 

In those cases the formal application of the Born approximation leads 
to the correct result, even though perturbation theory is essentially 
inapplicable to a delta-function potential of the form considered by us. 
Indeed, the condition of applicability of perturbation theory for slow 
particles (ka < 1) is of the form 

2 
|b" et —,. 
pa? 
3<(h?/;2)@ and bear in mind that for 
our delta-function potential | }’| a? has a fixed, finite value, we sec that 
for sufficiently small values of a (and always if a = 0) the perturbation 
theory, and thus also the Born approximation, is inapplicable. 

From equations (4) and (5) it is also clear that the formal application 
of the Born approximation Ieads to the correct result in the case whcre 
the true cross-section does not depend on the velecity. In this case we 
are, roughly speaking, not interested in evaluating the scattering cross- 
section for the given potential, but rather in ‘‘adjusting” the constant of 
the potential to the known value of the cross-section. 


13. a= |" tae Ze V(r a r- | je |’ dr. 


14. If a is the ratio of the masses of the scattered and the scattering 
particle, we have 


(1+ 2acosd+ a? }” 
U ONDE dees ce a 2 
\ftav (8 ,¥ )I llt+acos?| lfeom(?, ~)| 
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15. (ii) 
Amd | v(k) |? 
KK) = WTP We)? 
ae | ok’) |? 


ia k2- k'2 


where 


eet ag 
Wk) = {, Sr rtdr 


(k?b7+ 1)?+ &(k?b?- 1) 


(iii) kcot& = 2Eb 


where £ = 27\b?. 


16*. We take the origin in the centre of rotation and write the 
potential energy of the interaction of the incident particle with the 
rotator in the form 

e 
oe |r—na|’ (1) 
where e is the charge of both particles, a the distance of the rotating 
particle from the origin, n a unit vector along the ‘‘axis” of the rotator, 
and F the radius vector of the scattered particle. 

The probability per unit time for the transition under consideration 
is in first-order perturbation theory equal to 

2m es 6 

dy = 5 | Maul pr dQ, (2) 

where Vj, is the matrix element of the perturbation (1) for the transition 

considered, taken between normalised wave functions; pgdQ is the 

number of final states per unit energy, where dQ is an element of solid 
angle around the scattering direction. 

The initial and final wave functions of the system are of the form 


pee +5 exp [i(F.r)] Yoo(1), 


des “5 exp [i(kj-1)] Yoa(t2), (3) 


where the ¥,, are normalised spherical harmonics describing stationary 
states of the rotator, k, and k, are the wave vectors of the scattered 
particle before and after the scattering, and 2 is a normalising volume. 
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Irom equations (1) and (3) we get 


Vo = Vi= | [tin d?r do 


Zs . d3rd 
= 8 {Fv Yule exp hry oF 


|7—na|’ 


(4) 


where do is an element of solid angle around n. 

From the calculations it will become clear that for any given / only 
one state of the rotator (with m= 0) can be excited. The density of 
final states py, dQ is thus solely determined by the number of states of 
the scattered particle and hence equal to 


,dQ = ————, 5 
PE (Qxh y ( ) 
where p, = hk, is the momentum of the scattcred particle which is related 
to the initial momentum through the law of conservation of energy 


_ fh _ pR WUU+1) 6) 


2 Qe QE 


where y is the mass of the scattered particle and J the moment of inertia 
of the rotator. 

If we write k,—k, = q and usc the fact that Yj) = 1/,\'(47) and change 
the variables to r—na =r’ we get instead of equation (4) 


Va = “ea no [to¥hdm esp fiatg-m\lfexpig-r IS --  O 


The Fourier component of the Coulomb potential [expt i(q.r)|(d?r’jr’) 


which occurs here is equal to 47/9? (sce, for instance, problem 42 of 
section 3). If we choose q as the axis for quantising the rotator and 
expand exp [?a(q.m)] in a serics of Legendre polynomials we get 


in = SEMIS Sau tyit |) Jaa 


Qn (nr 
x Y* (0, ¢) P(cos #) sin 0 dd de 
i tue YY ?: 
Writing ; 
: 21+1 i 
k my 3 i) —_ 
vt = | | epi] Pe (eos exp (— ime), 
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we see that only those matrix elements are different from zero for which 


the transition is to a state with m = 0. Using the relation 


m ; 2 
if PP. sind dd => are oH 


and summing over 1’, we get for those matrix elements the expression 


V5 = Vip = Ari? | [2+ 1) 27, | Jala) (8) 


The differential cross-section do,@) is equal to the probability (2) 
divided by the current density of the incident particles. The latter is 
according to equation (3) equal to v)/Q. Moreover, the quantity 


d. d(p? 
pi f= 4p, (0) 


occurring in expression (5) is according to equation (6) equal to 
Lp, = pv, where v, and vw, are the velocities of the scattered particle 
before and after the scattering process. Combining this result with 
equations (2), (5), and (8) we get finally 


do(6) = = deny = = 2n(21+1) 7 aE fa z Ee) dQ. (9) 
The cross-section does not contain the normalisation volume 2, which 
is as should be since it has no physical meaning. 

Equation (9) determines thus the required differential cross-section 
for the scattering of a particle into the element of solid angle dQ with 
simultaneous excitation of the /th level of the rotator. The quantity g 
occurring in equation (9) depends both on the scattering angle @ and on J, 
since Py = Pp, thq, where fig is the momentum transferred from the 
particle to the rotator during the collision. From the definition of g and 
equation (6) we get 


= kt + k?—2k,k, cos 0= 2Rg— 5 I(I-+ 1) =2ky | jag 514 | cos 6. 
(10) 


To find the angular distribution of the scattered particles irrespective 
of their energy, one must sum expression (9) over all values for / for a 
given value of 9. To find the total scattering cross-section for a given 
energy transfer, we must integrate expression (9) over the angles for a 
given value of /. Because the cross-section (9) depends in a rather com- 
plicated way on / and 6, both operations can in general be performed 
only numerically. However, for the most essential cases one can 
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approximately give also an analytical evaluation, which we shall consider 
in the following. 

Let us now discuss equation (9); we note first of all that it is valid 
for the case where /= 0, that is, for elastic scattering. In this case 
q = 2k,sin 36, so that the elastic scattering is equal to 


ie pret JE (ga) 1 _ 4h? et at sin? (2k, asin 38) Q, 
ga n (2k, asin 16)° 


do,,(9) = do( )= hid g4 
(11) 


where we have used the relation J.(ga) = \(2/7ga)singa. The total 
elastic scattering cross-section diverges clearly for small angles 6. 
In the limiting case where 2k,a<1 expression (11) leads to 


xo SE eu 3) sat] 12 
dou(9)™ aareesa Tot? = (Zant sin? $6’ oe 


that is, the Rutherford formula. This we should have expected since 
2k,a<1 means that the dimension of the region in which the scattering 
Coulomb centre (the rotator) moves, 2a, is small compared to the 
de Broglie wavelength of the scattered particle A = 1/R, and this in turn 
is practically equivalent to having a fixed scattering centre, which is 
necessary for the validity of the Rutherford formula (12). 

For our next consideration it is convenient to transform expression (9) 
slightly, going over from dQ to dg. From equation (10) we have for a 
given value of / 


Rok; 
= — Fok 0 1 
qdq =k,k,sin @d6 = ae dQ, (13) 
so that equation (9) leads to 
2rre* J?,, (qa) dq 
fea (x -) (2141) “ra 0 a (14) 


We shall limit our considerations to the excitation of the rotator by 
a fast particle, whose initial energy E = yur?/2 is large compared to a 
“rotational quantum” h?/2/ so that it follows from equation (6) that 
O<l<ih,,, with /,,,>1. (One verifies easily that for values of » and [ 
corresponding to the collisions of electrons—and a fortiori mesons or 
protons—with molecules the condition E>h?/2J ensures the validity of 
the necessary condition for the applicability of the perturbation theory 
used by us to scattering in a Coulomb field, e?/Av<1.) Furthermore, 
we make the approximation (confirmed by the final result) that the 
deciding part is played by collisions corresponding to small scattering 
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angles (@<1) and to a transfer of energy which is small compared to the 
energy of the incident particle (AE <E). In this case we have clearly 
ky—k, <p, so that 


HUL+1 Wh 
ee 7 (i Ai)= (ho hy, (15) 
g? = (kph) + 2ky ui et ea ee (16) 


Combining equations (15) and (16) we get 


rT so GE s0.m) 


For 6 = 0 we have gx AE/iivy, and for AE = 0 we have 


who. Po! 

quky O= h , 

so that, roughly speaking, AE/zv, and p,@ are the longitudinally and 
transversely transferred momenta. 

It is clear from equation (17) that for not too small angles of 
scattering, for which k,@>AE/iiz,, q depends only on @, and not on J. 
In that case we can sum expression (14) in its general form over / and 
thus obtain the angular distribution of the (both elastically and 
inelastically) scattered particles. We use the identity 


E 21+ VJtale) = =. (18) 


(This identity can be obtained by nue the absolute square of the 
expansion 


exp (7x cos @) = S@l+ i JG | J}.3(x) B(cos 6) 


over sin @d@ and using the orthonormality relation 


e ; Z 
i RP sin 040 = 5 by.) 
From equations (14) and (18) it follows that 
oe 2re*\? dg 1 2ga _ dq 
do(q) = 3 dog) = Fe i) 2 4a = 89 ) a (19) 


Since for the angles considered at this moment g~k, 6, equation (19) 
can be written in the form 


2d 2e?\? dQ : 
ane) = en( =) a * (ce) 64 (19) 
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which agrees with the Rutherford formula (12) (we remind ourselves that 
6<1). This result is connected with the fact that for the angles con- 
sidered p,@>AE/zv, that is, the scattering is accompanied by the 
transfer of predominantly ‘transverse’? momentum and is practically 
elastic. 

The range of scattering angles for which the angular distribution (19) 
or (19’) is approximately valid is 


AE 
ap <9<! (20) 


(where we have used the relation pyz) = 2E). Since we have assumed 
(AE).;<E, there can be a substantial range of angles satisfying con- 
dition (20). The character of the angular distribution (19’)—a fast 
increase for decreasing 6—confirms our earlier assumption that 0.;;<1. 

We must make the following observation. We have obtained 
equation (19) by summing over all values of J. However, inequality (20) 
and equation (17) impose on / the limit yl#/Ik)<k, 8, or 1<1, =k (18/1), 
which at first sight seems to make equation (19) incorrect. In actual 
fact, however, it turns out that the condition /</, does practically not 
limit the applicability of that equation in general. Indeed, one can 
easily check that for a given value of x the dominant role in equation (18) 
is played by the terms with /< x, It follows that in order to satisfy the 
condition that equation (19) is applicable, J.,,</), it is sufficient that 
ga<l,, or 0<I/pa® = pyo/ ue (trot = L/a? is the mass of the rotating 
particle). In practically all cases of interest p94 2 p, SO that the required 
inequality is automatically satisfied for 6<1. 

We shall now evaluate the total scattering cross-section with simul- 
taneous excitation of the /th level of the oscillator, o,. We integrate 
thereto expression (14) over g between limits corresponding to @ = 0 and 
6 = 7. Since the main contribution to this cross-section corresponds to 
small scattering angles, we can use equation (17) to find the limits of ¢ 
and put @= 0 and 6~1. We have thus 


max Te\ 2 6 e@max Ty 
a= [dota = (Fe) ae De [RG S, QL 
Min nO amin . 

with 
AE 
hv » Ynax ~ Ry (22) 
(to estimate the value of 9,,,, one may neglect the first term under the 
square root sign since AE < FE). 

While for large values of x the integrand in expression (21) decreases 
steeply with increasing values of « for any / its behaviour for small values 


Gmin = 
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of x depends strongly on the value of /. Since J, ,(x)~ xt? as x0, the 
integrand will be proportional to x3 as x > 0 and thus tend to zero for 
1>2 and to infinity for /=0,1. We shall consider these two cases 


separately. 


(1) /=2,3,4,.... 
In this case we have 
te 20 2 (l-2 2)! 
[eRe S= [IOS = eT (23) 


Let us first discuss the validity of replacing the limits of integration by 
0 and oo. Since the first (largest) maximum, and also the first root, of the 
function J,,;(x) (where />1) is near x = /, while the function for «</ 
behaves like x*!, and for x>/ is heavily damped and oscillating, it is 
clear that the change in limits is allowed provided 


4d min < i, 24max > l. (24) 


Using equations (22) and (15) (to eliminate 7) and again the relation 
Lrot = L/a2, we can write these conditions in the form 


ae, ee (24') 


Since, as was mentioned earlier, usually u,.,2 , the first condition is 
automatically satisfied for AE<E but the second condition is more 
restrictive. For the case p~p,,, at least we have thus proved the 
validity of the change in limits in expression (23). 

From equations (21) and (23) we have finally 


a 3 (is =) (2+ Ne oT P2935). (25) 


This total cross-section decreases steeply for increasing / (for 12 as 1/13, 
that is, as 1/(AF)!), which also confirms our earlier assumption that 


(AE ots KE. 
(2) 1=0,1. 


The case / = 0 corresponds to elastic scattering and was considered 
earlier. 

For / = 1 the integral (21) diverges logarithmically as x0, so that 
the main contribution to it comes from values of x<1. If we therefore 


replace J,(x) by x\it J 2x! 
( 5) lil 34(27) 
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and integrate from 
_ @QE | ah 
44min = hry ~ Te, 
to some value aqg~ 1, we get 
Ser \2 Iv 
“1-3 (,.°) In ( Fe) wae (1s), (26) 
where c is a dimensionless quantity of order unity (its exact value is not 
very important since the argument of the logarithm is much larger than 
unity). 
The total inelastic scattering cross-section for all angles and all 
possible excitations of the rotator is finally equal to 


Be nat lini etn eS (!— 2)! 
Tinot = =o,+ > 0; = (és) 7a [In(c yt E CH Dea 


where we have used equations (25) and (26). Using the relation 


eel ar eres 
i. (k+n—1)! (n—2)(2—D?’ 


we get after some simple aaa ee 


so that we finally get 


_8/e\? ie) ; 
Cine) = 3 ne In i Ta”, (27) 


where ¢c, = ce’ (e = 2:718...). Since e?/fizy <1, o;,,.; is small compared to 
ma’ which is the geometric cross-section of the region in which the 
rotator moves. The cross-section for excitation of the / = I level is much 
larger than the total cross-section for the excitation of all the higher 
levels. 

17*. The radial functions which satisfy the boundary condition 
x(a) = 0 can be expressed as follows in terms of Bessel functions: 


xr = V1) [F1a(Ra) Js(Rr) — Jpa(Ra) J a(hr)]. 


From the asymptotic behaviour of the Bessel functions we find for the 
phase shifts 


ce ty ae 


Sia(Ra) 
We get thus for the total electrostatic scattering cross-section 
4a Ji 4 (ka) 9 
a (2 +1) Fa (ha) + J, aha) ROTeS 
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20. Since R >A, we can apply semi-classical considerations. All 
particles will be incident with /< R/A, so that 
m=O if 1<R/A, m=1 if I>R/A, 
If we substitute these values of 7, into the expression for the total 
cross-sections, 
o, = WA X(2E+1)(1—|m)?), 95 = wAPL(24+ 1)[1—mP, 
we get 


r 


I/X 
o, = 6, = a) (21+ 1) 7R?. 


We see that the total cross-section o = o,+0o, is equal to twice the 
geometric cross-section of the nucleus. 
21*. The radial Schrédinger equation can be written in the form 


. He say i+ 1) 
Xi + 9k°— Vir)— a xX, = 0, (1) 
or, equivalently, 
xi(r) = fi(kr)t+ i dr'Ger, Wr xa("'). (2) 


If we put 
w(r) = JV) ha), 
g(r) = J V(r) }i(kr), 
Kr, 7') = JVOV(r')}G0,7), 


we can write equation (2) in the form of an integral equation with a 
symmetric kemel: 


wr) = g(r) + | pK, restr’). (3) 
In terms of the new functions the quantity F; has the form 
with 
i |, areatr){ co) 5 | dr’ or" )K(r, rh , (5) 
0 


I, = if drw(r)g(r) . (6) 
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If w(r) satisfies equation (3), /, = /,. Using the definition of the 
phase shifts, taking the Green function in the form 


1 
G(r, r’) = =i, (kr)n, (kr') , when r <r’, 
k 


II 


(7) 


l 
ZUkn i Ckr’) ; when r>r', 


where n, is a spherical Neumann function, and using the asymptotic form 
of the j; and n,;, we find 


I, = —ktan6, , (8) 
so that, if w(r) satisfies equation (3), we have 
| 
Fi = — 7 cots, . (9) 


Considering now a solution w(r)+ dw(r), where w(r) again satisfies 
equation (3) one finds that 


bf, = 26], , (10) 


whence follows 
6F, = 0. 


22. The wave function of a system of two identical particles will be 
the product of an orbital and a spin function. Independent of whether 
the spin of the particles is integer or half-integer, an even total spin 
corresponds to a symmetric orbital wave function, and an odd total spin 
to an antisymmetric one. 

We can introduce the centre of mass system and separate the centre 
of mass variable; the orbital wave function will then be of the form 


V(r T2) = (CR) He), 


r Tr; 
R=, P= 17T,—-7y,. 


with 


If we interchange r, and r, the function (R), which describes the 
centre of mass motion, clearly does not change. The wave function of 
the relative motion of the two particles will thus be even, 


%(e) = 2(-e) 


if the total spin S is even, and odd, 


if S is odd. 
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The unperturbed wave function can be written as 

(pe) = exp [7(Ry-e)] + exp[—2(Ro-e)], (1) 
for even S and as 

¥(e) = exp [7(Ro.e)] — exp [—7(Ky.e)], (2) 
for odd S. The interaction between the particles produces a scattered 
wave [F(¥)/p] exp (zkp), where # is the angle between Ry and the direction 
in which the particles disappear in the centre of mass system. The 
scattering amplitude can be expressed in terms of the scattering 


amplitude for a particle with a mass equal to the reduced mass of the 
two particles in the field V(r). Indeed, (pe) satisfies the equation: 


| -= 3+#)-V(0)] ¥@ = 0. 


If the incident wave exp[i(k).p)] corresponds to a scattered wave 
[f(9)/r] exp (tkp), we get for the incident wave (1) 


F(3) = f(0)+f(7—8) (even spin), 
and for the wave (2) 
F(9) = f(9)-fln—9) (odd spin). 
The probability that one of the particles is scattered into a solid angle 


dQ (the other particle moves in the opposite direction) is related to the 
density of the incident beam, 


doy = |f(9) + f(a — 8), 
do, = | f(9)-f(7—8)/. 


The amplitude f(#) can be expressed in terms of the phase shifts 6, as 
follows: 


f(8) = oh x (21+ 1) P(cos 8) [exp (28, — 1]. 


Taking into account that 


P[cos (2 — ?)] = R(—cos#) = (— 1) B(cos 8), 
we get 


F(8) = E2141) (cos) fexp (245) 1), 


F(9) = > (21+ 1) P(cos 6) [exp (248) — 1]. 


406 Answers and solutions 9.23 


For slow particles, small values of 7 will give the major contribution to 
the scattering. If the total spin is even, the cross-section is spherically 
symmetric (as is the case for the scattering of different particles) and 
does not vanish as k>0. 

If the total spin is odd, the scattering is determined by the term with 
l=1. Since 8,~k?+1 for small wave numbers k, the cross-section 
vanishes as E? (as E->0) and has an angular dependence ~cos?#. 

23.In the case of the Coulomb field the scattering amplitude, in 
Coulomb units, will be 


6) T(1+7/k) 


1 2i 
= — —______ pate int SN ESE 
A ae oreeee tas ( Ree |) Tage) 


Using the results of the preceding problem we find for the differential 
cross-section for the case of even spin 


doy = |f()+f(n—0) 2 dQ 
1 1 1 2 cos [(2/k) In tan 39] 


~ 4k \sint 40 40  costid sin? 19 cos? 13 


El a0. 


This formula gives the cross-section for the scattering of a-particles 
whose spin is zero. 

In the case of two electrons we can have a state of total spin 1. The 
differential cross-section is then 


do, = |f(9)—f(n-9)P 


_1{ 1,1 2cos{(2/A)Intan $9}) 4 
4k4\sin?43 cost33 sin? 33 cos? 43 ; 
If the scattered electrons are not polarised there are three possible values 
for the z-component of the total spin, S, = 0, S, = +1, and two possible 
values for the total spin, S = 0 and S=1. The probabilities for each 
of the possible values of the z-component are W_, = 1, W=4,W,, =}. 
The values S, = +1 correspond certainly to a total spin S=1. Since 
the different values of the z-component for S = 1 are equally probable, 
the probability for S, = 0, S = 1 is the same as for S, = +1, S = 1, that 
is, }. We find thus that the probability for total spin S = 0 is w,—} = }, 
and for total spin S = 1 equal to 3. For an unpolarised electron beam 
we get thus 
do = iday+ 3do, 
1 1 1 cos [(2/k) In tan 33] 


—__~ — —-. dQ. 
~ 4k4 \sint ‘18 * cost 10 sin? 49-cos? 49 
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The last, interference, term inside the braces is characteristic for the 
scattering of identical particles. As i-0 the equation for do must go 
over to the classical Rutherford formula which in the centre of mass 
system is of the form 


1 1 1 
ao aa (saegat coi) a 
‘The transition to this formula is somewhat unusual. If e?/kv>1, so 


that we can apply classical considerations, the interference term in the 
usual units is of the form 


cos [(2e%/hv) In tan 39] 


sin? 49 cos? 19 
and oscillates fast. The quantum mechanical differential cross-section is 
thus essentially different from the classical one even for large values of 
e2/hv if # is strictly fixed. However, if we average over a small range of 
angles A?~fiv/e? the interference term vanishes, and the quantum 
mechanical equation goes over into the classical one. 


24. f? = BAR + 4+ URS) (@,-4,). 


The average value of the operator (6,,.6,,) in the state characterised by 
the spin function 

exp(—ia)cosB] /1 

| exp (7x) sin 8 I, (), 


6, .6,,) = cos? B—sin? 8. 
n'Sp 


, 


is equal to 


We find thus for the scattering cross-section the expression 


o = m[3f3+fi + (£5 —Si) cos 28] 


or 


2 
= [Bost doit = B (o.-2)| , 


In the case where the neutron beam is unpolarised cos 28 = 0 and we 
get for the cross-section 


o = 30,4 fo. 


25. The spin states of the neutron and the proton before the inter- 
action are described by the function 


(0), (), 
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This function can be expanded in terms of the spin functions of the 
singlet and triplet states, 


(). (0), = bello), (), (0,00, ald, (),- 


The scattered wave is of the form 


wo. 410). (), C10) 210.0,-00.0) 


ect) 0) (0) () 


It follows thus that the probability for reorientation is equal to 


1 (fa—fi? 
2 fatfi- 


26. We introduce the operator of the total spin of two protons, 


4(8,+6,,) = 8. 


One can easily show that 
(6,5)? = $2-(8,.S). 
Using this expression we get for f? 
f2 = AA + 3fe)? + (5/3 — ah — 3/2) (8n-S) + (fs—fi)? SI. 
For the case where the scattering takes place in the para-state the 
cross-section is equal to 
oP =o f+ 3fy) 
This cross-section does not, of course, depend on the polarisation of the 


incident neutrons since there is no preferential direction in space. 
The scattering cross-section for ortho-hydrogen is equal to 


gonihe = al (fi + 3fa)? + (Sf — 2fafi — 3f{) cos 28 + 2(fs—fi)"), 
where 28 is the angle between the direction of the total spin of the two 
protons and the spin of the neutron. 
If the neutron beam is unpolarised the average value of cos 28 taken 
over a mixed ensemble is equal to zero and o ts of the form 


gonho = al(f, + 3fs)? + 2(fa—A)*)s 
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while the ratio of the cross-section is equal to 


es =142(fe- “fy 


os fit 3fs 
27 Orie = , : 
or +I|a_P. 
da 
28. al... = 7a =i [A — $a BY, 
da 
ss a? ABNL 
Pe Se ee Ae 
cae aie 2,07 46 Re 
1 SE {NL( Ab —>3- a B). 


29*, At large distances from the target (the target consists of scalar 
particles) the wave function cf the incident particles will be of the form 


expika) is) © ype PMQL+ 1) (5) P(cos 9) 


1=0 
x fexp [— (kr — }rl)] — exp [i(kr — 47)]}. (1) 
We shall expand the function (;) F(cos 9) in terms of the eigenfunctions 


of the operator /?. The result is 


(5) Flcos ) = Tai (0) Mal) = NT C+D YE HOV) 


In this equation W7 and W; are the Pauli functions (see problem 36 of 
section 4), 


oe hae) GAaied: 


Tan | oy, 
ee he AON 
Yo Tare Lydeny) Gibb D. 


Substituting expression (2) into equation (1) we get 
exp (ika) (; ee ges D M4 YF +1) ¥7) 
x ae | —2(kr — 371)] — exp [i(kr — 47l)]}.- (3) 
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The interaction changes only the outgoing wave exp(zkr)/r. Since for 
any interaction law j?, [2 and 7, will be integrals of motion (see problem 40 
of section 4) this change will in general be different for states with 
different quantum numbers j,/. We get the following expression for 
the scattered wave: 


MPa PE) VES CED at VF +10 (VF 


nt = ny = 144,02), m = nj = !—-3,/) 
or 


Y x _exp(ikr) {72 1 
ee ik 4 ED) 


x|(6) Yell? + 1) (nt — 1) + Hear — 11+ (7) Yalta} - 
( 


It is thus clear that the re-orientation of the particle spin can take place 
when 7} 47,. We can express the scattering cross-section in terms of 
* and ny. 
The differential cross-section for scattering with a simultaneous 
change in polarisation, do,, is equal to 


do = 12 | [arty] Gt —w)%| 20, 
while the cross-section, dog, without change in polarisation is equal to 
ry 1 : 
doy = fal 5, Jere Yolll+ Nat 1) + Mar —)]| @0. 


If the relative velocity of the particles is not large we need take into 
account only scattering of the S- and P-waves, 


(lnt—1] <1, [np—-1] <1, if I>1). 
In that case we have 


do, =- — 7) sin? I dQ, 


1 
: (nf 


From the expression for do, it is clear that particles whose spin 
orientation is changed are only weakly scattered in the direction per- 
pendicular to the z-axis. 

30. In all three cases the distribution is isotropic. 
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31*. The eigenfunctions of the operator /, for the nucleon-pion 
system can be written in the form of all possible products of the functions 
o andy. The functions g correspond to the different charge states of the 
pion (2,,0%,¢_) and the functions y% to those of the nucleon (5, #,). 
We have given all possible combinations in the following table: 


(pt)= Pe by | (D9) = Pots | (2) = Ga 4 
I,=3 T,=3 I,= —-} 


(n*) = Pi tn (n°) = Potn (n-) = tn 
R=} | h=-b | b=-# 


In this table (p+) indicates the function of the system consisting of a 
positive pion and a proton, (°) that of a system consisting of a neutral 
pion and a neutron, and so on. These functions will, generally speaking, 
not be eigenfunctions of the operator of the square of the total isotopic 
spin of the system [?. 

The eigenfunctions of I*, which are at the same time eigenfunctions 
of J,, will be linear combinations of the functions from the table, 
multiplied by Clebsch-Gordan coefficients. The Clebsch-Gordan 
coefficients for m’ = +} are of the form (see problem 36 of section 4) 


2j+1 
~ (eee) | eee) 
2j+1 
In our case M = 1,,j = 1, m' =7,, 
If we use this table we get the eigenfunctions ®} of the operators 

[2 and I,: 
P| = (p+), 
Of = (3) (p°) +4) (a4), 
DE, = V(3) (p-) + (8) (), 
4 =), 
OF = — VC) (0°) + (8) 4), 
O18 = ~J(8) (2-7) + (2) (m"). 
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One can easily express the eigenfunctions of the nucleon—pion system 
in terms of these eigenfunctions: 


(pt) = Of, (nt) = 43) Of + (2) O}, 
(p°) = V(3) PEG) Pf, (n®) = 4(H) OF, + V(8) OE, 
(2-) = v3) O, - VG) Oh, (2) = OF. 


32*, We can expand the incident wave as follows: 


wb = exp (zkz) (5) 5(a — 7;) 6(n —7,) 


sin (kr — 47) 


kr 


ae 1 
= 3B i(21+ 1) R(cos 8) (5) 5(m — 7) 8(n—7,) 


=2Jr D» y Ci @F it (214 1)¥(( Ae “re gal) (1) 


where C}: are the Clebsch-Gordan coefficients which are given in the 
following table: 


T=} Ze —+ 


WG-13) (2) 


1,/3) | W(44+4/3) 


CI?) V4G+4/3) 


-{a- 


We have used here (see preceding problem) 
Bm — m7) 3(n—7,) = DCI OF, 
We introduce the Pauli functions for m; = 4 (see problem 29 of 
section 9): 
ic) l 
dr) (fata 
Y= 21+ 1 a 2A Se 


Jre)%) \- GE) 


eae 
and expand Yo(9) in terms of them: 


1 1 
Yala) = aren Meo Ye Hy Ye) se 
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Substituting expression (3) into equation (1) we get 


2. 
p=- i S ut T(d+1) Ye+ RI) Y,]sin(Ar— al) Cl OF 
1=0 


- 2 Sy > [Y(+1) ¥¢ + (0) Yr] Cir OF [exp (ikr) —(— 1fexp (—ikr)] 
=1t5 EE Chop +1) Viet (0) Ye lexp (he) 


tS x 5 ClO! L/(+1) ¥# 4+ (2) Ypq(— 1)exp(—ikr)/r. (4) 


34*. We shall use the expansion of the incident wave in terms of the 
eigenfunctions of the operators which are conserved (see equation (4) 
of the problem 32 of section 9). 

Each term of this sum, which corresponds to well-defined values of 
I, J, and I, will be scattered independently of the others. 

The number of particles corresponding to given values of J, J, and 
Z will thus not be changed during the elastic scattering process, so that 
the influence of the scattering centre will be to introduce some phase 
factor exp (2i67,). The quantity 67, = 5f 14, depends on J, J, and J but 
it is independent of I, because of the hypothesis of isotopic invariance. 

We must note that the scattering centre does not influence the 
incoming wave but only the outgoing one. The wave function of 
the system can thus be written, if we take scattering into account, in 
the form 

=i 2 exp =p) 
Re x Chr OI [1+ 1) Yiexp (2287,) + (2) Y~ exp (2257_)] — 


EES Copley yr +yOyy 2). (ay 


At large distances from the scattering centre we can write it in the form 


Pe Yash 


The quantity f is the scattering es If we take from equation (1) 
the expression for W;,. [see equation (4) of the problem 32 of section 9] 
we get 


exp = 


f= ED Cho} I {J(1+1) ¥#[exp (2787,) — 1] 


+4() YeTexp(2i38)—-1}. 2) 
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The functions ®} can be expanded in terms of the eigenfunctions of 
the operator [, 


OF = Ch 5(a —7,) 5(n —7,) + oF a o(a— 1,) (n+7,), (3) 


where the Clebsch-Gordan coefficients C/* are given in table (2) of the 
preceding problem and where 7, = 7; poe Substituting equation (3) 
into equation (2) we get 


-« ps Dy [Giz (7 — m4) 8(n—7,) + G7i2,, (7 — my) O(n + 75) 
x Wc +1) Yi[exp (2787,) — 1] + V(2) Yr [exp (2187_) — 1]}, 
Git 


L277 


where 
In, Cre 
= Cre Cy 


and +’ denotes the final state of the nucleon. 
If we now put 


f= f7,8(7 — 1%) 8(n—7,) + f 73 O(a — my) O(n +72); 


we get 
ry MEDS Gh (+0 Vitlexp 28h.) 1] 
+1) Y-fexp(2i58)-13, 


where G/7:. is given in the following table for all reactions necessary for 
our problem: 


Reaction po > nr? 
Cit ¥(2)/3 
Gh, = (2/3 


If we substitute these values of GJ7,, into equation (4) we get finally 
p's!) =F (+1) Yelexp 2i8}.)~ 1 
+ (l) Yrexp (25}.) - 1]}, 
A(P-sPr) = 35, S (+1) Yi lexp (2i5f,) + 2exp (28f,) —3] 
+/() Y; [exp (278} ) + 2 exp (275} ) — St i 
A.b-s1g) = YES (+1) Yi Lexp (2:84) — exp (2,)] 


+ (1) Yr[exp (275? — exp 276} )]}. 
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35*. The table of the coefficients Gj". for all possible reactions of 
the pions with nucleons is of the form 


No. | Reaction | I, | G}tz, | GHz, 

An | peae Eel, ey 

a pp? eel cae et 

3 | pont | & | J2V3 [vO 

4 | pon | 3] ya | yoy 

spo laa] a | 4 (1) 
6 | ntont la | 4 j 

7] wsp- | -¥] Jens |-vas 


v(2)/3 | —4(2)/3 


Since the phases are independent of J, because of our hypothesis of 
isotopic invariance it follows immediately from equation (4) of the 
preceding problem and table (1) that 


(1) fle p*) =f), 

(2) fP50-) = fen"), 

(3) f(D", m*) = fla", p°) = fp) = fn", p), 
(4) f(P°, p°) = f(m?, n°). 


The expressions for the first three amplitudes were given in the pre- 
ceding problem. From table (1) one sees easily that 


Fp", p°) = Abt PY) +f 2 PDI 
Using table (1) we get 


(1) flop) = flr) =f 
(2) f(b-.p-) = fln'sn*) = Hyst+2f%), 

(3) f(0%,n*) = flr 9°) = fl95.09) = for’, p>) = Lippy, 
(4) 100% %) = flo, m9) = H2ft+f9) 
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36*. The differential scattering cross-section is equal to 


& =|fl, where dQ =sin0dddp. 


The total scattering cross-section is equal to 


2a fa 
o= [ { [fl2sin 8 d0 do. 
0 0 


If we substitute here the scattering amplitudes for the reactions con- 


sidered, which are given in problem 34 of section 9, and use the 
orthonormality of the Pauli functions 


[creer an = [fern (wr) a0 = bp 
[[ercreran = [[(vn+vinae =o, 
o(p*.pt) = 35 x [+ 1) sin? 8}, + Isin? 8], 


o(P~sP-) = pq S (L-+ 1) [sin® oh, + 2sin® 8, — §sin®(8}, — 9. 
+I[sin? 87. +2 sin? 5¢ — 2 sin®(5}_— 8} JJ}, 


87 2 


a(P~n°) = gpa Ds {(1+ 1) sin*(3}, — 8, + Fsin®(}.— 84) 


37*. We shall give the detailed solution for the reaction (p’, p’). 


From problem 34 of section 9, we get for the scattering amplitude for 
S- and P-waves 


Abts p) = 40 [oy V+ V2)0n Vt +B Yi 
where 
ay = exp(2268)—1; a, = exp(278},)—1; B, = exp(2idj_)—1. 


Using the explicit expression for the Pauli functions of problem 32 of 


section 9, we get for the differential scattering cross-section for S- and 
P-waves 


k? da 1 

ar) oa | ¥oal*| aol? + 7 | Foo! | Fae [2( ag af® + of a1) + (x By + og’ Bi)] 
+4|Vool? [4] a1 |? + [81 [? + 2(, BF + o* By)) 
+ $1 Maal? Loa? +181 [? — (cr BE + of B,)). 
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Since the oe harmonics Y, 


Ine 


fang Yor [2a Y= /(B)uarat 


we can write the differential cross-section in the form, 


da 
k? Ny = At Boos 0+ Ccos? 8, (1) 


where the coefficients A, B, and C are given by 
A = Glool? +] oa |? +] Bi)? — (on BE + of 81) 
B= g[2lay at + ag 1) + (ay BY + a9 Br)I; 
C= Flat (a BF + oF8,))- 


To express the coefficients A, B, and C in terms of the phase shifts we 
use the identities 


are equal to 


|exp (2ix) — 1]? = 4sin? x; 


[exp (2ix) — 1] [exp ( — 2¢y) — 1] + [exp (— 22x) — 1] [exp (2zy) — 1] 
= 4[sin? x + sin? y — sin?(x — y)]. 
We get then 


A( pt, p+) = sin? 83 + sin?(dt, — d¢_); 
B(p+,p*) = 3sin® 9}-+2sin® Sf, +sin? st 

— 2sin?(5? — df, ) — sin?(d3 — 5$_); 
C(pt, pt) = 3[2 sin? Sf, + sin? d?_— sin?(6}, — 62_)]. 


We can easily extend our method to find the coefficients A, B, C for the 
reactions (p-, p~) and (p-, n°). We shall only give the final results: 


A(p-, p-) = 4 sin? 8) + $ sin? 53 — § sin?(53 — 53) +g sin?(S}, — 6f_) 
—$sin?(d?_— 8}_)+2sin?(d?_— 63,)+ $ sin?(S}, — dt_) 
+ $ sin’(5}_— 88,)—2 sin®%(3l, —84,); 


(2) 


B(p~, P-) = sin? 83 + 2 sin? 64 + 2 sin? St, +4 sin? 54, + } sin? St_ 
+ §sin? d}_ —§ sin?(S$— d¢,) —§ sin?(5§ — di, ) 
—} sin?(5t— 5!_) — 2 sin?(84 — St_) —$ sin?(St — 8f,) 
— § sin?(54— S#, ) — 2 sin?(34 — S¢_) — $ sin®(53 — St); 
C(p-)P-) = Zsin® df, +4 sin? +, + sin? 64_+2sin? dt 
— $sin?(dt, — d¢,) — 1 sin?(df, — df_) — §sin?(St, — 84) 
— 3 sin*(dt, — $f _)— 2 sin?(St, — 84_); (3) 
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A(p-, n®) = 2[sin2(5k — 58) + sin?(3!, — ¢,) + sin®(5, — 8f_) 
—sin?(S#, — 63_) —sin?(St, — d4_) + sin?(6}, — 64_) 
+sin?(3t_— 8+ )]; 
B(p-, n®) = 2[ —2sin®(38— 8f,) +2 sin®(5$ — 8t,) —sin%(8i — dt) 
+ sin?®(df— 5¢_) + 2 sin?(53 — 5#,) — 2 sin?(d$ — 8) 
+ sin?(84— 5$_) — sin?(63 — 84_)]; 
C(p-, n°) = 3[sin2(S}, — d4,) + sin?(8#, — 83.) 
— sin®(Bt,, — Sf_) +sin®(3}, — 54) ~sin%(St,— SE). (4) 


The results obtained are of great importance for the evaluation of the 
angular distribution for the scattering of pions by protons. We can 
verify experimentally equation (1) and determine the coefficients A, B, 
and C for the reactions (p',p*), (p-,p-), and (p-,n°). We can then 
determine the six unknown phase shifts 65, 53, 8!,, 6]_, 6},, 6? from the 
equations (2), (3), and (4). 

However, the evaluation of the phase shifts possesses an ambiguity: 
first of all because of the fact that in equations (2), (3), and (4) the square 
of the sines of the phases and their differences enter so that we cannot 
determine their sign; secondly, there are several different sets of phases 
satisfying the experimental data. Out of them, the Fermi solution, in 
which the largest contribution to the scattering comes from the phase 
d;,, gives the best agrecment with experiments. This phase corresponds 
to a scattering over 90° for a pion energy E +195 MeV in the laboratory 
system; the other phases 6}_, 5?,, 5}_ are small. 

There are a number of other criteria which can be used to get rid of 
this ambiguity. The signs of the phases can be determined from con- 
siderations based on the causality principle, and also from experiments 
which take the Coulomb interaction especially into account. In choosing 
the correct solution one might be helped by an experiment about the 
polarisation of the recoil nucleons but this experiment has not as yet 
been performed. ‘The expected values for the polarisation in the reactions 
(pt, p"), (p7, p-), and (p-, n°) are determined in the following problem. 

38*, We consider in detail the reaction (p’, p*) 


ae oe = pe _ (0) . os oa 34 
«= (4) if s,= 4; p- (7) ify Sey oe 


If originally we had s, = } for the proton, we can write the scattering 


amplitude in the form 
fi = far &tfupB. (1) 
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While if initially s, = — 4 we have 


fa =SpaetSopB. (2) 
In these equations f,, and f,, are the scattering amplitudes without 
spin re-orientation and f,, and f,, those with spin re-orientation. ‘The 
amplitudes f,, and f,, can be determined from equation (5) of 


1 0 
problem 34 of section 9, as the coefficients of the columns (\) and (;): 


If we take only S- and P-waves into account we get 


faa =f [0Yon + 73 20+ B)%0f (3) 
fog = EMD(B— 1) Yov (4) 


where a, a, 8, were given in the preceding problem. If we use the 
expressions for the Pauli functions with m, = 4, we find easily 


fa = ENG) (o1— Px) Yana fap = foe 


If we assume that the pions are scattered in the xz-plane, the polar 
angle o = 0 and we have thus 


Sap ve Sia: 


We get then for the scattering amplitude for a proton with s,= —4 


[see equation (2)] 
fi= Sep et Jaa Ps (5) 


Since the protons were originally unpolarised it follows that after the 
scattering they are still unpolarised along the z-axis. 

One can show that after the scattering there is no polarisation in the 
xz-plane. Indeed the functions of the proton y, and 84, which corre- 
spond to +4 and —4 components of the spin along a 2’-axis which in 
the xz-plane makes an angle @ with the z-axis, will be of the form (see 
problem 8 of section 4) 


(5) ~ ex0(-#9(5) = (Sno cose ) (3) 
We get thus 
Ty =Sfea%tSapB= (faz 08 $8 — fag sin $9) ¥o + (faa Sin 24 + fag COS 39) 8p; 
fg = Sap +SoaB= — (faa Sin 38 + fag C08 39) 75 
+ (faa C08 36 —f.g8in $9) dg, 


which means that there is no polarisation in any direction in the xz-plane. 
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The protons will, however, be polarised along the y-axis which is 
perpendicular to the plane of scattering. To find the magnitude of the 
polarisation, we express f, and f_; in terms of the spin eigenfunctions 


_atiB. . a-if 
aa (2 ’ 5 = 2 ) 


which correspond to a spin direction parallel or anti-parallel to the 
y-axis. We get then 
1 : 1 : 
fi a Jp San Tap) ¥ +75 Saat Yap) 5, 


—i . t ; 
ty = Ja (Santas) Y +75 Fant Pap) 5. 
It follows that 
W.~|faa— foal? W_~| frat taps (6) 


where W, and W_are the probabilities that the spin after the scattering 
will be parallel or anti-parallel to the y-axis. We note that equation (6) 
is valid independent of the initial values s, of the proton. If we sub- 
stitute into equation (6) expressions (3) and (4) for f,, and f,,, we get 


W,, ~| a9 + (2x, +8) cos 8 ¥ i(8, — a4) sin 6|? 
" W,, ~| [exp (2753) — 1] + [2 exp (2/8;..) — 3 + exp (278}_)] cos 6 
+ i[exp (2783 ,) — exp (276j_)] sin @|?. 
We find similarly for the reactions (p-, p~) and (p-, n°): 
W,(p-,P-)~| [exp (2i88) — 3 + 2 exp (2i8))] + [Zexp (2i8},) - 9 
+ 4 exp (275},) + exp (275}_) +2 exp (278; _)] cos 8 
+1t[exp (278},,) + 2 exp (278; ,) — exp (278; _) 
— 2 exp (2i85}_)] cos 6|*; 
W.,(p-, n°) ~| [exp (2785) — exp (2785)] + [2 exp (275; ,.) — 2 exp (2787 ,) 
+ exp (215}_) — exp (278}_)] cos 6 + i[exp (2763 ,) 
—exp (278) ,,) — exp (2757_) + exp (275}_)] sin 6|?. 
39. The two nuclear reactions are each other’s inverse, or 


n+padty. (1) 
(4) (B) 
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The principle of detailed balancing for the reactions (1) can be written as 


C4 +B at £aPh (2) 
Gpra Sada 
In equation (2) &4-, y, @y-. 4 are the cross-sections for the corresponding 
transitions, integrated over all directions of the velocities and summed 
over all spin directions of the final state, and averaged over those direc- 
tions in the initial state: p, and p, are the momenta of the relative 
motion of the particles in the states A and B and g,4,gz the spin (and 
polarisation) statistical weights of these states. 
In our case we have 


&4-+B = Tcapt (Capture cross-section), 


Op. 4 = %ph aiss (photo-dissociation cross-section). 


Since the neutron and proton spins are } and the deuteron spin 1, while 
the photon has two states of polarisation, we have 


g4= (2.441) =4, gp =(2.14+1).2=6. 


We shall take our system of reference to be fixed in the deuteron. 
We have then pz = p, = hiw/c where w is the frequency of the photon. 
One can easily verify that our system of reference is practically the same 
as the centre of mass system of the states A and B. Indeed, in the exact 
centre of mass system we have by definition 


Pat+P,=9, or pa=p, = hoe, 


so that the deuteron velocity in this system of reference (and thus, 
conversely, the velocity of this system of reference relative to the 
deuteron) is equal to vg = pa/2M = hw/2Mc. On the other hand, if the 
photon energy, 7iw, is small compared to Mc*, and not too close to 
the deuteron binding energy e« (we shall assume that these conditions 
are satisfied), the velocities of the separating nucleons will be of the 


order of 
hw—e hw 
ens e~ | (“G7“)~,/ (iz): 
h 
etm I (aaa) <?- 


The relative velocity of the two systems of reference is thus, indeed, 
small compared with the velocity of the products of the reaction and we 
may assume that both systems of reference are approximately the same. 


so that 
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We have thus p2,x2uE, with » = 4M, where p is the reduced mass 
of the m—p system, M the nucleon mass, and E, the energy of their 
relative motion (or the energy in the centre of mass system). [rom the 
energy conservation law we have E., = Eg, and clearly 


Ey = hw+(-6¢) =hw—e. 


We have thus p4, = M(fiw— ). 
Collecting all our results we get finally 


Scant _ 3 fw hw, (3) 
Spnaiss 2 Mc? hw—e 

We emphasise that this result is independent of any definite assump- 
tion made about the mechanism of the reaction, but is based solely on 
the reversibility of quantum mechanics (that is, on the symmetry of its 
equation with respect to time reversal). 

40. Let us note first of all that since the rest energy of a charged 
meson is larger than the rest mass of a neutral meson by about 5 MeV, 
while the maximum possible binding energy of the (7++77)-system is 
only about 2 keV 


e# et 
(E=-5o5= — ie —4.270.(13-5 eV) = — 1800 eV, 
we do not consider possible here bound states produced by non-Coulomb 
interactions of the pions), the process under consideration is energetically 
possible, irrespective of the value of 1. 

The required selection rule arises because the two 7°-mesons, 
occurring in the final state, are identical. Indeed, since the pions have 
integer spin (= 0) the (7°+7°) system must be described by a wave 
function, symmetric in the two mesons. Since there is no spin-wave 
function (or, rather, since the spin-wave function =1), we must thus 
have a wave function which is symmetric in the coordinates of the two 
7°-mesons. One can easily verify that the parity of the wave function 
of two particles 1 and 2 is the same as the symmetry of the coordinate 
wave function (the origin lies in the middle of the line 1-2); the wave 
function of the 7°+ 7° system can thus only be even (J = + 1), and hence 
using the relation J=(—1) for the parity of the orbital angular 
momentum wave function, we find that the orbital angular momentum 
of the relative motion of two 7°-mesons can also be only even. 

If we now take into consideration the conservation of the total (in 
our case this is simply the orbital) angular momentum, we conclude that 
the reaction is possible for an initial state with even J but impossible 
for an initial state with odd /. 
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We note further that we cannot conclude from our considerations 
that the pion possesses negative intrinsic parity since both in the initial 
and in the final state there are two mesons, so that the total intrinsic 
parity has the trivial value +1. 

41. We shall apply to this process the conservation laws for angular 
momentum and parity and the Pauli principle. The total angular 
momentum J of the deuteron is equal to unity. If we take into account 
the assumed values of the spin and angular momentum of the 7--meson 
the total angular momentum of the original (7~ + d)-system is also equal 
to unity, and so is the total angular momentum of the final (n+z)- 
system. If we denote the orbital angular momentum and spin of the 
two-neutron system by L and S we see that the state with the required 
total angular momentum J=1(J=L+58) can be realised in the 
following four ways: 


(l)L=0, S=1; (2)L=1, S=0; 
(3)L=1, S=1; (4) L=2, S=1. 


The spin functions corresponding to S = 1 and S = O are respectively 
symmetric and antisymmetric in the two neutron spins. The symmetry 
of the coordinate functions of given L is the same as the parity (— 1)” 
of these functions, since the reflection r,> —1r,, r,.—> —r, corresponds 
to a permutation of the coordinates of the two particles and in the system of 
reference with its origin at (r,+71,)/2 even L corresponds to a symmetric 
and odd L to an antisymmetric function of the neutron coordinates. 

It follows thus immediately that the combinations 1, 2, and 4 are 
forbidden by the Pauli principle, since the coordinates and the spin 
functions have the same symmetry so that the total wave function is 
symmetric in the two neutrons. 

Reference to the Pauli principle shows thus that only state 3 which 
corresponds to an antisymmetric total wave function is possible; in fact 
there are three such states, since J = 1. However, a transition to such a 
state violates the parity conservation law since the final state is odd 
[(-—1)2 =(-1)!=-—1], while the initial (7~+d)-state was even, as 
follows from our assumptions and the addition rule for parity. 

The fact that in actual fact the process considered takes place with 
appreciable probability is one proof that the 7--meson is pseudoscalar, 
that is, has negative intrinsic parity. 

42. The least difference in rest mass energy of the 7 and 7° meson 
for which the process under consideration is energetically possible is 
clearly equal to the sum of the deuteron binding energy (~2-2 MeV) 
and the difference in rest mass energy of the neutron and the proton 
(1-25 MeV), that is, about 3-5 MeV. (We take into account that the 
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am meson is captured in a bound state and possesses thus not only kinetic 
energy but also “collects” some energy from the reaction, though only 
a very small amount of the order of some keV.) The actual rest mass 
energy difference is approximately 4-5 MeV. The reaction is thus 
energetically possible, but the particles produced in the reaction will 
possess small momenta—which is essential in the following argument. 

We shall apply to the process considered the conservation laws of 
angular momentum and parity and the Pauli principle (for neutrons). 
The total angular momentum J of the final system (n+”+7°) must be 
equal to the total angular momentum of the initial (7~ + d)-system, that 
is, equal to unity (see the preceding problem). Let ZL and S denote the 
orbital angular momentum and spin of the subsystem of two neutrons 
and let / denote the orbital angular momentum of the 7°-meson with 
respect to this subsystem—or rather with respect to its centre of mass, 
which is approximately the same as the centre of mass of the system of 
all three particles. 

We note first of all that apart from the strict selection rules imposed 
by the conservation laws and the Pauli principle, there is an additional 
fact which strongly decreases the probability of transitions which 
satisfy the selection rules, namely, the smallness of the momenta of 
the neutrons and the 7°-meson—from the conservation of angular 
momentum it follows that all three momenta, p, are of the same order 
of magnitude. Indeed, the matrix element for any possible transition 
contains under the integral sign a meson—nucleon interaction operator, 
which differs appreciably from zero only in a small region of the order 
of the range of nuclear forces, that is, of the order of the Compton wave- 
length h/jc of the pion. This operator acts on the wave functions of the 
meson and one of the nucleons. However, these wave functions vary 
in the region of interest near the origin of order a~hi/yc as (pr,/h)' and 
(pr,,/%)", so that the probability for an allowed transition contains clearly 
a factor (pa/h)?4+), 

It is convenient to estimate the value of (pa/h)? as follows. In the 
most important case (where, as Migdal has shown, the two neutrons 
fly away at a small relative angle and with a small relative kinetic energy, 
thanks to the interaction of the two slow neutrons in the final state, so 
that the 7°-meson flies away with a momentum which is roughly twice 
that of each neutron) the 7°-meson carries away practically all ‘‘excess”’ 
kinetic energy AE x45 MeV—3-5 MeV = 1 MeV~ke where e« is the 
deuteron-binding energy, since » <M so that p?~ pe, and hence 


By) ~t(2) = i 
(5) A \puc) we? rita 
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The presence of three particles in the final state increases con- 
siderably—as compared to the preceding problem—the number of ways 
in which it can be realised with total angular momentum J = 1 and 
satisfying the Pauli principle and the parity conservation law. Since, 
however, (pa/h)?<1 we can henceforth consider only those allowed 
transitions for which the sum Z+/ is minimum—and the probability 
thus maximum. 

We consider two possibilities. 

1. The charged and neutral pions have the same intrinsic parity. In 
this case the parity conservation law allows only even values of L+J, 
since the total orbital parity of the n+n4+ 7° system, (—1)#+, must be 
equal to +1. If we take all combinations of L, S, and J which make 
(L+1) = 0, or 2, and J={L+S+1| = 1, we get the following states: 


(1) L=0, S=1, 1=0; (2)L=1, S=0, I=1; 
(3)L=1, S=1, l=1; (4) L=2, S=1, /=0; 
(5)L=0, S=1, 1=2. 


From these five combinations only one, namely (3), satisfies the 
Pauli principle (see preceding problem). In this case L+/ = 2, so that 
the probability for the reaction considered is proportional to (pa/f)* if 
the 7-- and m°-mesons have the same parity. 

2. The charged and neutral mesons have opposite parity. 

In that case (L +/) must be odd, since (— 1)2+? = —1. 

If we restrict ourselves to the most probable transitions, that is, if 
we take L+/= 1, we get for J = 1 the following states: 


(1) L=1, S=0, 1=0; (2)L=1, S=1, 1=0; 
(3) L=0, S=0, l=1;  (4,L=0, S=1, 1=1. 


From these states (2) and (3) are allowed by the Pauli principle. 

Since L+]= 1, the probability for the reaction considered is pro- 
portional to (pa/f)? if the 7°- and w~-mesons have opposite parity; in 
other words, the reaction is much less forbidden than for case 1. 

Experiments about the capture of 7~-mesons by deuterons show that 
it proceeds through the reactions 


a-+d—>n-+n, 
or 
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without involving a 7°-meson. This means that the reaction 
a—+d>n+n+7° 


must be strongly prohibited. 

From this we conclude that case 1 holds, that is, that the charged 
and the neutral pions have the same parity. It may be added that all 
experimental facts point to an intrinsic parity —1 for the pions. 

43. We shall apply to the reaction 


pt+p>pt+ptn (1) 


the laws of conservation of total angular momentum and parity and also 
the Pauli principle for the protons. 

The fact that the 7°-meson is pseudoscalar means by definition that 
its spin is equal to zero, and its intrinsic parity —1. The final state of the 
reaction (1) is in the case considered by us a state of orbital angular 
momentum L = 1 and thus of orbital parity (~1)/ =—1. The total 
parity of the final state is thus (—1).(—1) = +1. 

The parity conservation law chooses from the wave functions of the 
relative motion of the protons in the initial state only the spherical 
harmonics with even L [thus of parity (— 1) = + 1] because of the one- 
to-one connection between orbital parity and orbital angular momentum L. 

As we have said several times, the orbital parity of a system of two 
identical particles is the same as the symmetry of their wave function 
with respect to the coordinates: in other words, the initial wave function 
of the (p+/p)-system must be symmetric in the coordinates and thus 
antisymmetric in the proton spins, because of the Pauli principle. This 
wave function must thus correspond to a total spin S = 0, and the total 
angular momentum (J = S+L) must thus be even. 

On the other hand, the Pauli principle admits in the final state only 
a state of the protons which is antisymmetric in the spins S = 0, because 
we have assumed that = 0. From the rule of addition of angular 
momenta we get for the final state the odd value J = 1 which violates the 
conservation law for total angular momentum. 

This concludes our proof. 

44. The nucleon isotopic spin tr = 4. Hence, in complete analogy 
with the rule for adding angular momenta, the isotopic spin JT of a 
system of two nucleons must be either unity or zero. The first of these 
eigenvalues is three-fold degenerate with possible values +1, 0, and —1 
for 7,: each of the three 7, 7; pairs corresponds to an isotopic function 
symmetric in the two nucleons. The eigenvalue 7 = 0 corresponds to 
one—antisymmetric—isotopic function. 
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We note that the whole problem is completely analogous to the 
problem of combining two spins s = 4. We can thus compose the follow- 
ing table, which is immediately clear without further explanations, of the 
normalised isotopic functions and the corresponding values of T and Jj, 
where we have indicated the physical meaning of each state, and where 
1 and 2 denote the isotopic variable +, of the two nucleons. 


Isotopic spin function Symmetry Interpretation 
¥i = $i(1) pf(2) 

5 = 1/¥(2) YEE) BE (2) + 4402) YE 

WL, = o441) ot, (2) 


0) ¥9 = 1/4 (2) (HEC) vb (2)— 442) YEA] 


symmetric 2 protons 


symmetric proton+ neutron 


om 


symmetric 2 neutrons 


antisymmetric | proton+neutron 


From the table it is clear, in particular, that the deuteron (whose 
coordinate-spin state is 3S+'D) has T= 0. Indeed, its wave function 
corresponds to the values Z = 0 and L = 2, that is, it is even; its spin is 
1, and it is thus symmetric also in the spins of the two nucleons. The 
generalised Pauli principle requires, since the total wave function is a 
product, that it is antisymmetric in the isotopic variables of the nucleons; 
this requirement is satisfied only for T = 0. 

One can say that the isotopic function of the deuteron is an “isotopic 
scalar’, that is, simply a number, as far as its transformation properties 
are concerned, while the isotopic function of a nucleon is a two- 
component vector—that is, a spinor of the first rank—and the function 
of a pion, for instance, an ordinary vector with three components. 

45. Since the deuteron is present both in the initial and in the final 
state of both reactions and since for the deuteron T = T, = 0, it does not 
enter into the addition of the isotopic spins. We can thus simply forget 
about it on both sides of the reactions. In other words, the deuteron 
plays the role of “catalyst” for the “dissociation” process of a proton 
p into a nucleon and a pion, 


p— nucleon (T = 4)+ pion (T = 1). (1) 


The left-hand side of the reaction (1) has T= 7, = 3. Since the 
total isotopic spin and its third component (that is, charge) are con- 
served, the right-hand side must have the same values of T and 73. 
Expanding the isotopic wave function Y¢ in terms of the isotopic 
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functions of the “‘subsystems’’, nucleon and pion, we have 
y pion, 


FY = — Va) dp oo +18) ot a. 
The squares of the coefficients of this superposition (4 and §) give 
us clearly the required relative probability for the “dissociation”’ 


processes 
prptr and p-n+tn', 


and thus also the required ratio of the cross-sections. 

46. Since for the deuteron T = 7, = 0, the left-hand side of the 
reaction (1) corresponds to T = 1, T, = 1 and the left-hand side of the 
reaction (2) to T= 1, 7, = 0. 

The charge conservation law (7; = const) is clearly satisfied identi- 
cally. The final states of both reactions (1) and (2) are characterised by 
well-defined values of the total isotopic spin JT and are described 
respectively by the isotopic functions ‘¥} and ¥%. The isotopic functions 
of the initial states are the products of the isotopic functions of the 
“subsystems’”’, that is, the nucleons, and can be written (using the 
formulae for the addition of angular momenta) as the superposition of 
functions of two nucleon systems with a well-defined value of T: 


reaction (1): 
Hu 


Phy bt = —V(2) 0+ (2) Fo. 

Two nucleons in the (p+ )-state give thus exactly the state of the 
“isotopic triplet”? T= 1 which is necessary for reaction (1) because of 
the conservation laws for T and 73, while in the (7+ p)-state the triplet 
state T = 1(T, = 0) which is required for reaction (2) only is present 
with a probability }. Since the other factors in the expression for the 
cross-section were assumed to be identical, the ratio of the two cross- 
sections is equal to the ratio of the probabilities of the necessary isotopic 
triplet state in the initial states, which is equal to two, as had to be proved. 

47. Compare preceding two problems. The branching ratio is 2. 

48. The required equality of the cross-sections expresses the charge 
symmetry of the nucleon-nucleon and nucleon—pion interactions, that is, 
the invariance of these interactions, the corresponding transition proba- 
bilities,..., under a simultaneous replacement: n>p, pon, mt—>7-, 
a—->m*, The equality of the cross-sections follows immediately from 
the transformation rule of the isotopic functions when isotopic spins 
are added, taking into account the generalised Pauli principle. 

Indeed, since the wave function of two protons or two neutrons 
must be antisymmetric in their spins and coordinates, it must be 


reaction (2): 
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symmetric in their isotopic spin variables, that is, it must correspond to 
a total isotopic spin T = 1. (This follows also very simply from the fact 
that T>|73|, where 7; = +1 for p+p and 7, = —1 for n+n.) In this 
case the isotopic function of the (p+)-system is the same as the 
function for 7+ (both are of the form ‘¥}), while the isotopic function of 
n+n is the same as that of 7~ (both are (‘¥71,)). The right-hand sides of 
(1) and (2) correspond thus to the same isotopic spin function V}‘Y1,, 
and the matrix elements of the transitions from the initial isotopic state 
y? yt to the final state, and also the cross-sections (which are propor- 
tional to absolute square of these matrix elements) are the same. 


10 


Creation and annihilation operators; density matrix 


2 Iw) = [fat AN |i, «5 Ind iy, ys In|), 
C= [fai 2GNGl aN lis agin Gs otinlI Qin tw we hl, 
where fa indicates integration over the spatial coordinates of the /th 


particle (and if necessary summation over its spin variables). 


| vr 
3. lin, 5 In? = Gay @ (i, aC) ... Hin) 10). 


JN! 
7. i= [aia aamna wae) 


+4 diate’ a, NO. / a HAA VAC’) 


a hk. ] ee. ] Beste ne > 
8.02 = 55 ap ay une Maa gt 9, d, gon ees 
where 
Viq) = |atre-se V(r), U(q) = | aererta-n U(r). (4) 


9.2 (a) li,, ...,in) = N@Ii,, «., in), 


where M(i) is the number of times i occurs among the numbers i), ..., iv- 

The operator /i(/) is thus an occupation number operator. 

10. Use the fact that, if [A, B|_la) = eB la), B|a) is an eigenfunction 
of A, if |x) is, and the corresponding eigenvalues differ by e. 

11. &* (W) is an operator which creates (annihilates) a particle at the 
point r. 


‘ aa és ‘ rn 
12. H = [Rowe > VW(r))+ rintobo dr 


+4 | | WN Ue, br bard’ . 
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13. The exact energy levels are found by making the transformation 


at 


@-a@-r, >a -)d, 


which introduces new boson operators & and &. The Hamiltonian then 
becomes 


H = ed*a- ed? , 
with eigenvalues 
E, = ne-ed?. (1) 


The same answer follows from perturbation theory. The unperturbed 
eigenvalues and eigenfunctions are (compare problem 3 of section 10) 


1 
E®=ne, |W,)= nay 10) , 


and the perturbations to the energy eigenvalues are 


Waly | Wm)? 


EM = WalHilbn), EP =) Rol ee— 


and the answer (1) follows immediately. 

14*. Following the procedure of problem 8 of section 1 we can 
introduce the creation and annihilation operators of the two oscillators 
through the equations 


a= ale) Gaanh = gat) Goan} 


ey ee (1) 
Substituting this into the Hamiltonian gives 
H = hoela1a, +34, + 1}+4 nw l(4,4,4+ 145+ 4,4,+44,}. (2) 
This Hamiltonian is not diagonal in the number operators i, (= 4;4,) and 
fi, (=&34,). We can proceed in two different ways. We can either 
diagonalise the original Hamiltonian, or diagonalise the Hamiltonian in the 
form (2). 
In the first case, we introduce new variables y,; and y, by rotating the 
axes: 


x, =ay,+By,, x, = —By,tay?, a? +p? = 1. (3) 


If we take 


a=p=—7, (4) 
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the Hamiltonian becomes 


PS Cama e . ; ; 
= Qu ay? + oy 4puwi yi duwiy3, (5) 
with 

wi = w(1-A), wi = w(1+A), (6) 


and introducing new annihilation and creation operators through the 
equations 


bi aR Geant gale} east 


i=1L,.2, (7) 
the Hamiltonian becomes 
H= hw,(b1b, + 4)+ hw, (b5b2 + 4) ) (8) 
with energy levels 
Eni, = (11 + 4)hw, + (12+ f)harg . (9) 


A second way to obtain the result (9) is by introducing new annihila- 
tion and creation operators into equation (2). Writing 


G@, =ad,+ P2,+ 274+ 625, G, = +e, +t +9, (10) 


with real coefficients a, 8, y, 5, &,n, §, and 0, we find, first of all, from 
the requirement that the é;, ¢; must satisfy the boson commutation 
relations (see problems 4 to 6 of section !0) that 


a+ P—y- 6 = BP +y-VP-KP = 1, yE+Sbn-af-B9=0. (11) 
Substituting expressions (10) into the Hamiltonian (2) gives 
2H) NMraa = E164{(2/A)(@? + 7? + EF + $7) + at YET O} 
+ €56o{(2/A)(B? + 8? + 1? + 97) + 2B + 6)(n+ 9)} 
+ (G]? + ET) (2/A)Cay + EO) + (at WEF 9} 
+ (G3? + €3){(2/A)(B5 + nd) + (B+ 6)(N+ 9)} 
+ (Gp6q + E,24){(2/A)(OB+ 7S + Ent [9)+ (at y(nt 9) 
+ (B+ EF S)} 
+ (2165 + E22 ){(2/A)(QS+ Byt EF + nS) t (AF y)(Nt B) 
+ (B+ 5)(E+ $)} 


+ (2/A)(a? + B? + 2+ 77+ 1) + (at MEF O) + (B+ S(t 9), 
(12) 
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and we see that we can satisfy equations (11) and get rid of the terms 
which in H are not diagonal in the occupation number operators é;é,; by 
taking 


1 \ , 
a= -E= salad), 


] 1 
B= a= zAlltay*-+ay"}, (13) 
1 L 
sae ah Sy laa rs. 
b= 9 = Al tN* tn), 


One obtains this result by noting, first of all, that one can satisfy two of 
the three equations (11) by puttinga = -§£,B =n, y =—-f,6 = 0. After 
that, by manipulating the remaining equations one finds 


Fas yt nyt var/(l—d) = 1. (14) 


If one then puts each of the two terms on the left-hand side of equation 
(14) equal to 4, one finds the results of equations (13). 
Substituting the result (13) into the Hamiltonian (12) we find 


H= hw C16, + hw, 2,6,+ fhcw, + wo), 


which is the same as equation (8). 
15. The conditions are 
uz+oie=1, u2, + v2, = oe Uy V_-p tuU__p~ dy =O, (2) 
from which follows that one can characterise these coefficients by a single 
parameter 0, , as follows: 
uy = cosv», > UE = sind»; 3 
(3) 


up, = cos 0*y > vy, =r —sin 0; 7 


where we have used the fact that the identity transformation should be 
part of the set of transformations (1). 


2 
ata = UK — esa 2 
(0|a;,4, |0) Was sin? 3, . (4) 


16. In this case we have instead of equations (2), (3), and (4) of the 
preceding problem 


t 
ue-og = 1, 2, -w, = 1, Upv_p pe =O, (2') 
k k ’ k k ’ k'’-k KUK 
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and hence 
uy, = coshy,, Um = sinhy,, u-.~ = coshy,, ov», = sinhy,. (3’) 
(0|a,4,|0) = sinh? yp, . (4') 


17*. If there were no interactions, we could use the operators Gy, a; 
of problem 8 of section 10 and the Hamiltonian would be, in terms of 
these operators (see problem 8 of section 10), 


‘ hi? k? 
Ho = zy aide (3) 
with eigenvalues 
h?k? (0) (4) 
E=)z=— 
Lye 


where the n{) would be integers, the eigenvalues of the occupation 


number operators 4; d, . 

The ground state is clearly the one where n{? = N, ni) = 0(k #0). 
If the interaction is weak, we would expect that for the low-lying states 
the number of particles in the k = O (zero-momentum) state would still 
be large, or rather, that the expectation value of GgG) would be of the 
order of the total number of particles N. As G@945 = Goa +1 and if we 
take N to be large compared to unity, as it will be for all physical systems, 
we see that 4945 and G94 are practically the same so that to a very good 
approximation we can treat Gy and aj as numbers and put them equal to 
s/No, where Mg is the expectation value of dodo. 

Let us now consider the Hamiltonian in terms of the 4, and a, (see 
equation (3) of problem 8 of section 10): 


H=HotH,, (5) 
7 | »: atatn a 
Ay = Qo, be MG) a ae ae gna - (6) 
In the operator A, there is one term, for k = k’ = q = 0, with four 
operators Gp or Go, there are no terms with three such operators, and 


there are terms with two, one, or zero such operators. The terms with 
two such operators are 


l , abata a l ! ata ata l ' atm ata 
Zp & UGdedodga-g +; L UO)aododgag +5 d. Ularardodgdg 
l ' A a at at 
5, = U(q)Go494g4-g ry (7) 
q 


where the prime on the summation sign indicates that the term with g = 0 
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is omitted, and where we have used the fact that U(q) is a function of the 

absolute magnitude of q. Putting now Go = Go = W/o, and neglecting 

the terms with less than two zero-momentum operators, we find 
>434, =not+ Yaa, = N is the total number of particles, whichis a 
q q 


constant for a Hamiltonian of the form 7 


2 neg? 
=} 5, aaa u(o) + —° » UY ag a* a 
a oe 
or Uq)ar at, +agag+ 24,3, (8) 
OT 
n2q?. Noe ate, a a 
H= ee re 5 a4q +5, 2 U(q){Gq 47g + Gg4-q + 24,4,}. (9) 


Let us now apply a transformation of the kind discussed in the 
preceding two problems: 


bg = Ugdg + vga%g . (10) 


We saw in the preceding problem that this transformation—often called a 
Bogolyuboyv transformation, since it was first introduced by Bogolyubov— 
is a canonical one, that is, one which ensures that the bg, bg are again 
boson operators, if 


Ug = U-g = coshyg, vg = v-g = sinhy,. (11) 


Substituting expressions (11) into the transformation (10) and performing 
the transformation we find for the Hamiltonian the expression 


a 272 


_N royo SA'g 2 + h2 
H= rae Biba} FF (cosh* yg + sinh’ gq ) 


Ae 
se U(q)(cosh’ gy, + sinh? yg — 2 coshyg sinhy, , 


n2q? 
+ » (bg b-g + b* 28 —z— sinhy, coshyg 
+ = U(q)(cosh? pg + sinh? yy — 2 sinhy, coshy, 1 
i cee Now 7 ae 
ae Fy sinh Pq age U(q)(sinh? ~_ — coshyy sinhy,) . (12) 


Therefore, if we put 


cosh’ y, + sinh? y, — 2sinhy, coshy, = 2asinhy, coshy, , (13) 
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with 
vh2q? 
a = (9) = 50 U@)’ (14) 
or 
tanhy, = a+ 1—./(a?+ 2a) , (15) 


the terms with ba bg and bi bt, disappear, and substituting (15) into (12) 
we are left with 


H = Eo ¥ eqbaba, (16) 
with 
N? U 
Es HOE @)_ —at,/(a? + 2a)}, (17) 
and 
h2q? (at 2\* 
€& = ie ara ae (18) 


We note that when a> 1, €, © #?q?/2u, and the Hamiltonian (16) is 
essentially that of a system of free bosons (compare equation (3)). In the 
limit as a(q) > O we find that 


Eg 7 hsq , (19) 


_ [nmoU(0)]* _ [NU(O)]” 
- [gop [SO 00 


with 


Equation (19) gives the energy of sound waves. Of course, in order that 
the ground state is stable it is necessary that U(0) > 0, or (if we use 
equation (4) of problem 8 of section 10) 


Juwasr >'O, (21) 


which means that the interaction between the bosons must be basically a 
repulsive one. 

The spectrum (18) of the quasi-particle excitations bears some 
resemblance to that of the elementary excitations in liquid helium. 

18*. Introduce a set of matrices a; such that 


Yj = 8 = 2 Oj Os « (3) 
i 
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In that case the transformation 


qe 2 OK b, (4) 


will be canonical, as can be checked easily. 
Substituting the transformation (4) into the Hamiltonian (1) we find 


1: ie » Lif 7%; 4D, , (5) 
i,j,k! 
and if we determine the a; from the requirement that 
pag a 0% 1% = Ey Sx , (6) 
i, I 


we obtain expression (2). The problem is thus reduced to that of bringing 
a quadratic form onto diagonal form. From equation (6) it follows that 
the E, are the eigenvalues of the secular equation 


1L;; — £8;; | = 0. (7) 
19*. The solution of this problem is analogous to that of the 


preceding problem. In this case one considers the transformation 
(compare the solution to problems 16 and 17 of section 10) 


b; = » (%,;4; + B,jG}) . (4) 


In order that the transformation (4) is a canonical one the a;; and 8;; must 
satisfy the relations 


2. (04 — Bi Bey) = bn , Y (a%/Buy — Bij %,;)) = 0. (5) 
The inverse of transformation (4) is 
a; = ¥ (05,6; — B57) , (6) 
/ 


and substitution into the Hamiltonian (1) leads to the Hamiltonian (3), 
provided the a,,, B;;, and £; satisfy the equations 


LAE; Six — Lx) Qix + Mi; Bx } = 0; 


(7) 
2 {Maj Mx + (Ej 8, + Lin Bix }=0, 
so that the £; are the eigenvalues of the secular equation 
I t = 6) . 
My ES t Lig (8) 


The ground state energy Ey is given by the equation 
Eo = ~) Ee [Bra l? . (9) 
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We note that the problem reduces to the preceding one, if all M,; = 0, 
in which case we can put all 6;; = 0, and equation (8) reduces to 
equation (7) of the preceding problem. 

20. (i) The expectation value of A is given by the equation 


(A) = []y@.odva.ndgar, (2) 


where dx and dq indicate integration over all coordinates of the smaller 
system and over the remainder of the larger system, respectively. If we 
use the definition (1) of 6, we get 


(A) = [fx pioaecetd xa’ = TrpA. (3) 
(ii) Using equation (3) withA = 1, we find 
Trp = o<ipinoas =1, (4) 


which follows also directly from the definition (1) and the normalisation 
of W(q, x). 

(iii) Let y, (x, t) be the complete orthonormal set of time-dependent 
eigenfunctions of H, so that 


WPn 


ih vi 


=H, . (5) 


We can now expand (x|f|x’) in terms of the y, (x, ¢) as follows 
(x 11x") = Do dan Pm (x, Opa (x', t) . (6) 
m,n 


We note, first of all, that the a,,, give us the density matrix in the 


y-representation. 
Secondly, we can take the time-derivative of (x|A|x') and find 


h(x lb1x') = Damnit on (x', bm (x, + on", Dom (x, O} 


py ann (vr (x', t)x LA |x" dx" om (0, 1) 


Pin (x, CPR (X", tax" Cx" |AT |x')} 
[ics LH |x" dx" x" | Blox) — Ce |B lx” dx" Ge" |x} 


lI 


= (x |Hp— pH|x’), (7) 


or a 
iho = [H, p)_. (8) 
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21. The density matrix is now of the form (compare equation (1) of 
the preceding problem) 
(x 61x’) = x"(x')x(x), (3) 
and hence 


(x | p2 lx’) = [x lp lx” dx” x" [Alx’) 


= [eo mar’ O ne = xX"(x')x(x) = (xlolx’>. (4 


To prove sufficiency we proceed as follows. Let ¥, (x) be a complete 
orthonormal set and let us expand (x|6|x') as follows 


(x[B1x"> = Dd Cran Wm Wan 2’) . (5) 


Let us now assume that the set w,,(x) is chosen such that it diagonalises 6 
so that 
Cmn = Cm Omi * (6) 
If f is diagonal, so is 6? and equation (2) therefore means that 
Cn = CAs (7) 
whence 
eitherc,, = 1 orc, =O. (8) 


From the normalisation of 6 (equation (4) of the preceding problem) it 
follows that 


Vem = 1. (9) 
It then follows from equations (8) and (9) that one of the c,, equals 1, 
while the others vanish, 
Cm, = 1, Cm =O, MFM. (10) 
Hence 
(x|AIx") = Wm, (OWE, ') , (11) 


which is exactly the form (3). 

22. (i) Equation (1) follows easily from the fact that (a) the density 
matrix for the spin part of spin4 particles must be a 2 x 2 matrix and 
(b) it must satisfy equation (4) of problem 20 of section 10, 


Trp=1, (2) 
while 


Tri=2, Tré,=0, i=x,y,z. (3) 
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(ii) By evaluating (@) and using the fact that 
6,6, = i6,, (and cyclic permutations), 6? = 1, (4) 
and equations (3), it follows easily that 
P = (6) (5) 
The vector P may therefore be called the (average) polarisation of the 


spin particle. 
(iii) We have 


aP a6) 36 Pin}, 
ap a =) =F 0A, (6) 


where H is the (spin) Hamiltonian, 
H = -(f.H) = -4yn(6.1), (7) 


with g@ and y, respectively, the magnetic moment and the magnetogyric 
ratio, 


f= ne. (8) 
Substituting (7) into (6) and using equations (4) we easily find that 
oP 
3p = B16, (6.30) = [HA 6), (9) 
or 
oP 
57 — UH AP]. (10) 
23. If the photon were in a pure state Wo, 
Vo = Wi tc be, (5) 
we would expect that 
2 
ian } Wowstdr] = loi” fet + cf” get 2 . (6) 


If the photon state is described by a density matrix 6, we have 
W = (p%) = Trpp%* . (7) 
One checks easily (i) that equation (7) leads to expression (6), if A 


corresponds to the pure state (5), in which case 


and (ii) that if the photon is in a pure state such that py = wt, W = 1, 


as should, of course, be the case. 
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24. To find the polarisation of photon A we must evaluate the 
expression 


Pa = TrabaWa, (2) 


where fa is the density matrix referring to the state of photon A by 
itself. By analogy with equation (1) of problem 20 of section |0 we find 


Pa = TrpBas , (3) 
where Trg (Tr,) are traces over the degrees of freedom pertaining to 
photon B (A). 


From equations (1) and (3) and the equations which are the analogues 
of equations (3) of problem 22 of section !0 it follows that 


A=A4l,. (4) 


Comparing this with the results of problem 22 of section 10, or using 
equation (2), we find 

Ps = 0, (5) 
and, of course, similarly, 

Pp =0: (6) 
both photons are unpolarised. 

To find whether there is any correlation between the polarisations of 
the two photons we consider the case where we have two detectors which 
are set so as to respond 100 per cent, the first one to a polarisation 
P%* of photon A and the second one to a polarisation Pg*t of photon B. 
These detectors are characterised by the density matrices (compare 
equation (1) of problem 22 of section 10) 


pst = 41, + (PS. da)ia, Ast = Hip t+ gt. aa)}i,. (7) 


To find out whether there is a response at both counters we must 
evaluate the expression (compare equation (7) Of the preceding problem) 


WPA", Pa") = Trbapha be" (8) 


and the result is 
WP, Poet) = 4{1— (Pget + Petty} (9) 


We see that W(P@', Patt) = 0, if Pde is parallel to Pg, while it is a 
maximum when Pd¢* and paet are antiparallel: the two photons have 
opposite polarisations. 

25. The density matrix ;, after the scattering will be (compare 
equation (1) of problem 20 of section 10) 


br = Sp,St , (3) 
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where St is the Hermitean conjugate of S and where fp; is the density 
matrix before the scattering. 

The polarisation after the scattering is given by the equation (see 
equation (5) of problem 22 of section 10) 


P, = (6) = Trfp 6 =TraSpjSt . (4) 
As the polarisation before the scattering was zero, we have 
i =41, (5) 


and we then find easily, using equations (3) and (4) of problem 22 of 
section 10, that 


P; = 2Re(gh*)n . (6) 


11 


Relativistic wave equations 


1. For the case of a charged particle moving in an electromagnetic 
field j,, should be given by the equation 


ip = EW aw vay) Ea 


2. We write 
ime’ t 
Wr, t) = pr, Hexp(-—Z—] , (1) 
and if E is the energy of the particle, we write 
E=E't+mce?. (2) 
In the non-relativistic limit we have 
E' € mc’ , (3) 
and hence 
OW ; 
in>,|~ Ee <me'e. (4) 
Hence we get 
ay imc? imc?t 
ar Yh PEXP\- GS (5) 
ary _f 2ime? Op | m?*c* _imc?t 
“Ore as h or h2 prexp hi ’ (6) 


and hence, substituting into the Klein-Gordon equation [equation (4) of 
the preceding problem] 


h2 
i =--—V"¢. (7) 
Using equation (5) we find in the same limit 
° eh * * * 
f= >, Ve eve’), p=ep'y. (8) 


Equations (7) and (8) are the free-particle Schrédinger equation and the 
corresponding expressions for j and p. 
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3. Putting 
b= Aexp |) | a) 
we find by substitution into the free-particle Klein-Gordon equation 
e=tE,, E, = o/(p? + mic?) , (2) 


that is, there are two solutions, 


if r —E t 
Yee A expe “et ; a 

i(p.r)+E,t} 
ro Ayexp eB ; (4) 

corresponding to oe 
ps = mc? Ws We ’ ©) 
- CEy  , 

P= net WY. - 


We see here the appearance of an additional degree of freedom: the 
sign of the energy which can be positive or negative. 


4. (i) 286. PP , 
A> = a V etx) + me*y , (2) 
ax 20h? 
ins, = a V (et x)—mc?x. 
. _ OW Mts sat Sad aces ov 
(ii) in = Fp (Fat lt2)V V+ mc*75V , (3) 
where 
wa=(?). 4 
(2) (4) 
(iii) p = e(p"p— x"X) = eWt7W . (5) 
5. As in problem 3 of section 11 we find, of course, that the spinor 
W = deilll.r-eryn = g@ = (P0) (1) 
Xo 


is a solution of the wave equation, provided 
e=tE,, Ey = a/(p?+m*c?). (2) 


Ife = +E,, we have : 
+) _ _Ine +E re mc* +E, 
00” = 7 7mcE,) > 8 = mc, ) ° 


where we have normalised the wavefunction to unit volume. 
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Frorn equation (5) of the preceding problem it follows that 
p+ = te: (4) 


the solution with e = +£, (« = —E,) corresponds to a positive (negative) 
‘charge state’’. 

In the non-relativistic limit we have E, © mc? + p?/2m, p?/2m < mc’, 
and from equation (3) we find 


+) +) en oe pid Rese 
v9 1, Ix” 2mc 2¢ : 


p \? Gye 
~) ~ —_— ~ — -) ~w 
leo | (52) (=) <1, xo 1. 


7.In this case we have the Klein-Gordon equation for a charged 
particle in an electromagnetic field described by the potentials 


A=0, —— (1) 


As we are looking for a stationary solution, we put 
vr, n= p(rnee", (2) 


and we look for solutions with & >0O. The equation for y(r) now 
becomes 


Ze2 2 
(e+) — mac meryh yr) = 0. (3) 
Changing to spherical polars and writing 
Nt 
Ar) = RNY im(9, 9), (4) 


the radial function R, (r) satisfies the equation 


d* (Wi+1)-Z?a? 2Zak m?ct— E? 
dr? her Rice fRi) = 0, = 


where a is the fine-structure constant, 


e? 1 
=>, + — 6 
OT he 137° ce) 
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If we are looking for bound solutions, E < mc*. If we write 


k(k+1) = Ul+ 1)- 2202 , (7) 
2ZoE 
Y = hcp , (8) 
9 
B= 5 Vmic*— E*), (9) 
p = br, (10) 


we can write equation (5) in the form 


da? k(k +1) 
at  -aTevey = 0. (11) 


This equation has the same form as the analogous equation in the case of 
the non-relativistic hydrogen atom. It has as solutions confluent hyper- 
geometric series multiplied by an exponential function and powers of p. 
In order that the wavefunction is normalisable, it is necessary that y-k-1 is 
a non-negative integer, say, v, or 


VS REPRE PHO 25a (12) 
or, solving equation (7) for k, 
y =vtht Jit 4-207}, v,l=0,1,... (13) 


From equations (8), (9), and (13) we now get for the energy eigenvalues, 
expanding in powers of Za 
a Z2q? Ztat/ nn _ 

= mc 1 - S-Serlg a\+..|, (14) 
where n = v+/+ 1 is the principal quantum number. The first term on 
the right-hand side of equation (14) is the rest-mass energy. The second 
term gives the non-relativistic energy levels of a particle in a Coulomb 
field. The third term gives a fine-structure splitting. 

We have neglected here the finite size of the nucleus. As a pion is 
much heavier than an electron, the radius of its ground state orbit is about 
270 times smaller than the Bohr radius, and this means that the correction 
for the finite nuclear size is an important one. 

8. To find an equation of continuity we proceed as usual. We multiply 
equation (3) to the left by Wi}, add to that equation the Hermitean 
conjugate of equation (3) multiplied to the right by ;, and sum over /. 
The result is 


a Me ea 
aa ete torte VY + (OW) ath) +" (wtiw— wisty) = 0. (5) 
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As 
p=evty, (6) 
we see that equation (5) reduces to the equation of continuity, 
BB te ye 
if we take 
j = ec¥taw , (8) 
provided 
&= at, 6 = bt, (9) 
Let us now operate on equation (4) from the left with the operator 
re) ‘ imc » 
cor VIO a8. (10) 
The result is 
1 a? Be ot, shee, Sete mc? . 
japan} ze ; (ej, &y + Oy, JO, 0, + he B? 
a ee 
~ FY (Gx Bae )au} Wes (11) 
This equation reduces to the required equation, 
1 a? 2, mic? —_ 
ce? or? Vv h2 = 0, (12) 
provided 
B=1, [4 8),=0, [&,&], = 218.0, (13 


where | is the unit matrix and [A, Bl, = AB + BA is an anticommutator. 

The first point to make is that & and 6 must have at least four rows and 
four columns, if equations (13) and (9) are to be satisfied. Secondly, if 
we take 4x 4 representations, there are several choices. We shall use in 
this section the following one: 


. (0 6 - (fi 0 
a-(° a b= (5 ae o> 


where @ has as components the 2 x 2 Pauli matrices 6,, 6,, and 6,, and I 
is here the unit 2 x 2 matrix. We leave it as an exercise for the reader 
to prove that the matrices (14) satisfy equations (9) and (13). 
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9. As & = ify, we find 


j= iecWTBTY , (4) 
while 
p= elt BBW , (5) 
so that we can write 
iy = iecW'F, 4 , (6) 
or 
io iecV 7, ¥ , (7) 
where 
Y= Wty, (8) 


is called the adjoint or Dirac conjugate of W. 
10. Vip%e = 4-1, Ladi. =-4,, 
m u 


Fue Fo%n = 4801, LI eT Votu = —2oV oF - 
ue iM 


12. As p4 = 1E/c = constant, we can write 


Ww = dre | (1) 
and substitution into the Dirac equation for a free particle gives 
Eb = Hp® , (2) 
where : ; 
Hp = c(&. p)+me?B . (3) 


If we consider the form of the matrices & and B, it is clear that we can 
write them in the following form: 


a a“ 


@=).6, B= ,1,. (4) 


To see how the 6, matrices operate we renumber the rows and columns of 
a, 8 (and the components of the spinors Y and ®) as follows: 


Ler ig. eae Sree OA (5) 


In that case the matrices 6 and i, in equations (4) are 2 x 2 matrices 
operating upon the second index and the #, matrices (which have the 
same form as the Pauli matrices) operate on the first index. In terms of 
the 6 and 6 matrices equation (2) becomes 


Hp® = (cp, (6 .p)+ 6,1,}® = EP. (6) 
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We are looking for states with a well-defined value of p, 
op = Beir. rin | (7) 


If we now introduce the spinors 


(6). x=) “ 
and use the fact that for the state described by the wavefunction (7) we 
have p® = p®, we can write equation (6) in the form 

(mc?— Eypt c(é.p)x = 0, 
c(6. p\p- (me? + E)x = 0. ) 
We note that these equations have a solution only, if 


mc?—-E c(é.p) 


ee ee ee AH) 
or, using the results of problem 15 of section 5 
E=+tE,, Ep = e/(p?+m*c?). (11) 


If we introduce the sign operator A through the equation 


Hp _ e(&.p)t+ Bmc? 


A ~ ER, ~ ey/(p?+ m?c?) ’ 


(12) 
we see, first of all, that it commutes with Hp and that A? = | so that its 
eigenvalues are +1; in fact, the eigenvalues are E/E,. The eigenfunctions 
with eigenvalue +1 are called the positive energy eigenfunctions and those 
with eigenvalue —1 the negative energy eigenfunctions. 

We have now found wavefunctions which are simultaneously eigen- 
functions of Hp (eigenvalue F), p (eigenvalue p), and A (eigenvalue E/E, ). 
From equations (9) we see that we can express one of the two two- 
component functions in terms of the other one. If we write 


y= Aete-OMmy i i , (13) 


u will be a spinor of the kind discussed in section 4, which can be acted 
upon by the Pauli spin matrices. From equation (9) it follows that if » 
is given by equation (13), we have for x 


co. 
= ASP). ele .riMy , (14) 
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and hence the wavefunction W is given by the expression 


y=A 7 ell. r)/M-iEt/n (15) 


where A is a normalisation constant. If the particle is confined to unit 
volume, we find 


A? = eae A= = (16) 
provided u is normalised by the relation 
utu=1. (17) 
Let us now consider the helicity operator A defined by the equation 
h=(Z.n), (18) 
where n = p/p and 
>= 1,6; (19) 


where the unit operator la here operates on the same index as the 6,. If 
we choose the z-axis along n, h has the form 


1 0 0 0 
Af 0 lO “0 
PON O* Ac Ol oe 


0 0 O -!l 


The helicity operator commutes with Hp so that we can find wave- 
functions which are simultaneously eigenfunctions of Hp,p, A, and Ah. 
The eigenvalues of # are +1, and the eigenfunctions correspond to the spin 
of the particle being parallel or antiparallel to the momentum. The 


eigenvalue +1 of h corresponds tou = a= (5) and the eigenvalue —1 to 
_ {0 
u=p= 1}: 
13. In the non-relativistic limit we can write (compare problem 2 of 
section 11) 


E, =mce*+E', E' = p?/2m <« mc’, (1) 
and hence in the case when E = +E, we find that 
_~_ 6-P)  _ (G.p) 
Xx E'+2mc2?” ~ Ime yey, (2) 
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while in the case when E = —E, we have 


_ _ G.p)  _ (G.p) 
¥ ~ E'+Imce2* ~ Inc 


Xx <x. (3) 


We see that in the non-relativistic limit we have two large and two 
small components; W, and W, are the large components in the positive 
energy case and wW3 and Wy, are the large components in the negative 
energy case. 

In terms of the spinors y and x the charge and current densities have 
the form 


p=elpty+xty), f= ec(yléxt xtay) . (4) 
In the non-relativistic limit we have for the positive energy case 
a. 6. 
a ie ae ( 
and hence 
R2 
p = e(ytpt x'x) = eptp— ez aay'y’y, (6) 


f : en en a 
j = ec(p'éx+ x'6p) ~ s tvlye— (vel wits [Va vtée], (7) 
where we have used the relation 
6.V)p=Ve-iVa dlp. (8) 


The last term on the right-hand side of equation (7) is the current 
density due to the spin of the particle. 

14. The procedure is similar to that in problem | of section 2. The 
Dirac equation is of the form 


Hy® = (E-ed)®. (3) 


In the regions z <Q and z>0O we have, respectively, the solutions 
(compare equation (15) of problem 12 of section 11) 


u u 
Pco=Al cp, \expliriz/h)+B/ op, lexecipr2ih), 
mc*+E mc? + E, “ 
P , 
P,>0=C en. exp(ip22/N) , (5) 
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where 
Ep = e(pit mc’), (6) 
p3c?+m?c4 = (E,—-V)?. (7) 
The reflection coefficient R and the transmission coefficient T are 
given by the equations 


2% ieee | =, Feel 


5 Vine ; - Fine 


R 


; (8) 


where the current densities are the z-components of the expressions given 
by equation (8) of problem 8 of section 11; we find for them 


: 2c*p, 2 
ret = ~ nc? +E, '9 ; (9) 
. 2c*py 2 
Jinc a me? + £,'4 5 (10) 
207 ps 


. Bae oe 2 
Jer me? +E, ~Va'| ? (11) 


while B and C can be expressed in terms of A by using the continuity of ® 
and 0@/dz at z = 0, whence we have 


A+B=C, (12) 
P2 mcer+e, 


A-B=~ 


pime?+E,— Vo” — 


Combining equations (8) to (13) we find 


k=: _ 4 
R= agree T= athe oe 
where 
_ Pr mc’? + Ep 
pyme?+E,— Vy" (15) 


15. According to problem 27 of section 3 the velocity operator is 
given by the equation 


dF 1... : 
ar Fale Hy|_ = c&. (1) 
as the eigenvalues of & are +1, we see that the particle moves with the 
velocity of light! However, & does not commute with Hp so that any 


state of the particle will be a superposition of states with velocities in 
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different directions. In order to integrate equation (1), we must find 
d&/dt for which we find 


dé 1 . | ree 
a jp l& Mol. = 7 (PAA). (2) 


Looking at states which are eigenfunctions of p and Hp we can integrate 
equation (2): 


act) = P+ |a(0)- aay -2iEtjn (3) 
and hence 
c 
A(t) = K+ SP + a (0) - Phe ~2iEt/h 1} (4) 


The first two terms on the right-hand side represent the normal 
classical motion. The last term on the right-hand side describes the so- 
called ‘“‘Zitterbewegung”, a very rapid, small amplitude motion. Its 
amplitude is less than the Compton wavelength f#/mc, which for an 
electron equals 4.107!! cm, and its period less than #/mc?, which for an 
electron equals 10°?! s 

It is interesting to note that if we consider positive energy states only, 
which we can do by applying to the wavefunction a “projection”’ operator 
Il, defined by the equation 


i, = 4(1+A), (5) 
the oscillating parts disappear. We leave the proof of this as an exercise 
to the reader. If we are considering positive energy states only, the eigen- 
functions of the particle coordinate operator are no longer 6-functions, 
but are “smeared out”’ over a region with linear dimensions of the order of 
the Compton wavelength. 


16. As the ¥, are numbers, they will not change under the transforma- 
tion (1), while 


= Daub - (3) 

Hence, the Dirac equation 
1D Fabs ~ ime} WC) =O); (4) 

iv 


changes to 


Dub ime} W'(e,) = 0: (5) 
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where W'(x,,) is a new function of the new independent variables x,. We 
want to find a unitary transformation S such that if 


W(x) = SW, (6) 


equation (5) reduces to equation (4). Equation (5) can be written in the 
form 


| y Vl ioP e ime} Sw =0, (7) 
or ad 
15S pS ~ ime} =iOr, (8) 
and we see that S must satisfy the equation 
2S Fy Sduy = has (9) 


Once we have found S$ from equation (9), the transformed wavefunction 
follows from equation (6). 

Let us now consider the special cases. The first two cases correspond 
to classes of continuous transformations so that we can confine ourselves 
to considering infinitesimal transformations, in which case 


Quy = Suv t Epp 5 (10) 


where €,, is an infinitesimal second-rank tensor. If the a,, are to satisfy 
condition (2), we have 


by) = » Fup pr’ = by’ t+ (Epp FT ep’) , (11) 
rr 


which means that e€,, must be an antisymmetric tensor. 

(a) In the case of a transformation from one inertial frame to another 
moving with a velocity v in the x-direction we have (v/c is here assumed to 
be infinitesimal) 


€14 = ~€q, = iv/c ; Seay = ws pve l,4 or 4,1. (12) 
(b) In this case we have (6y infinitesimal) 
E12 = ~€n, = BY; Cu = 0, u,y#1,2 or 2,1. (13) 


In general we must find S from equation (9) with a,, given by 
equation (10). We expect that for an infinitesimal transformation 


S= +4) Cue » (14) 
u,v 
and substituting this expression into equation (9) we find that 


2d (fu, Cx tk = > eu . (15) 
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Writing the right-hand side of this equation in the form 
Lewy = 42 Curl SauFe — Syn} (16) 
equation (15) becomes 
2 FuCrw — Cy Fu — Say + Sp Tr tea = 0, (17) 


which is satisfied by 
Cy =the. (18) 


as can be seen on inspection. Hence we find from equation (14) for an 
infinitesimal transformation 


S=i+4 Lewin - (19) 
For instance, for a rotation around the z-axis we find, using equations 
(13) and the fact that 7:7. = —Y27. = i1,6:, 
S = 1+4idpi,6, , (20) 
and for a finite transformation 
S = exp(tivl,6,). (21) 


Similarly we find for the change from one inertial system to another 
using equations (12) and the fact that 7,74 = —Yay, = i6,6,, 
v 


§= 1—} Ard: - (22) 


For a finite transformation with v in an arbitrary direction we find in 
a similar way 


S = exp{-4y(n . &}, (23) 


where y = artanh(v/c) andn = v/v. 
(c)In the case of an inversion we do not have an infinitesimal 
transformation. In this case 


ayy = Ouray » 4, =A = 433 =—-1, adgg=l. (24) 


(d) In the case of time reversal we also do not have an infinitesimal 
transformation and now 


Quy = Surdy » 44, = 492 =Q3y3 = 1, Agg=q-l. (25) 
In case (c) equations (9) become 


iS = -Sh,, k=1,2,33 4S = Sa, (26) 
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or 
S= dq, IAl=1. (27) 
In case (d) equations (9) become 

4S = SH, k=1,2,3; 4S =—S¥q, (28) 
or, using equations (4) of problem 12 of section 1! and (2) of problem 9 

of section 11, from which it follows that 
F=by6, Fa= belo, (29) 


we have 


S=np,i,, lul=1. (30) 

17. The proof follows, if one uses equation (23) from the preceding 

problem and the fact that if the particle momentum is p, the velocity of 

the rest frame with respect to the laboratory frame is given by the 
equation 


v=-p/E. (1) 


__ 18. Before considering the bilinear forms we must first find out how 
W transforms. We have seen that 


W'(xi,) = S¥(x,). (1) 
Taking the Hermitean conjugate of this equation we find 
Wt) = Wt, St, (2) 
and from that equation we get, using the definition of the adjoint, 
W(x) = WL a = VO aS tHe. (3) 


The operator F45 t44 can be rewritten. Consider equation (9) of problem 
16 of section 11 and use equation (2) of the same problem. We get 


Sh SS) Gia (4) 


Taking the Hermitean conjugate of equation (4) for u = 4 and using the 
fact that the a4, are purely imaginary for k = 1, 2,3 and a4, is real, we 
find 


3 
(S M45)" = aaaYa- Laan Te - (5) 
Multiplying equation (5) from the right by 4 and using the fact that 
[Vx ; ¥4), = 26x41, we find 
(So 44S) 44 = VvadauTp » (6) 
mi 
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or, using equation (4) 
(S44S)t¥a = 4aS 1445 ’ 
or, using the fact that 74 = V4 
(FaS*44)4a(Fa5St¥4) = yy, S, 


whence we find 


448'44 = dS? , AX =+1 or -l. 


Consider now the identity 
StS = StHyGgS = 4S 74S , 
or 


3 
sts = Maui + y cares ‘ 
k=1 


Taking the trace, and using the fact that TrStS > 0, we have 


TrStS = Xaqq > 0, 
and hence 


YVs5'Y, = ie ’ if aq > 0 ’ 
==—$), if day <0. 
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(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


(13) 


We can now study the transformation properties of the bilinear forms 
WI; W, and we shall consider them for the infinitesimal transformations for 


wich (see problem 16 of section 11) 
5 = [+4 a Eu Vp Yo 
H,v 
and 


a 


Ss} 


1 ~4 2 ew Iu Fe ; 


or for inversions for which 


a 


S=d¥4, IAl=1, 


I] 


and hence 
S'=N'%, 
(a) G,: We have 
Gl =W'v = VS" SW =G,: 


G, is a scalar. 


(14) 


(15) 


(16) 


(17) 


(18) 
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(b) G, to G,: Using equation (4), we have 
GL = W'7,W' = WS94,SY = Ya, Vi, = Ya,G,: (19) 
mn mi 


the G, transform as a four-vector. 

(c)Gg to G44: We consider the symmetric and anti-symmetric 
combinations Gy, + Gyy (Gup = VYpWY). AS Tuto + Wy = 25,1, the 
symmetric combination reduces to G,. For the anti-symmetric combina- 
tion we find 


(Guo ~ Gy) = Fl, WIM = US, WISY 
= V[S14,5, S48] 
= YY aypdre Vp, Vol Y = LY AupQva(Goo— Gap): (20) 
p,G p,o 
the anti-symmetric combinations transform as a second-rank tensor. 


(d) Gy, to Gys: If we introduce the matrix 7; and use the fact that 
4,>' = J, we can write 


Guvp = tV%sFoW , (21) 


where ¥y, is the one 4-matrix which was not included in the product 
Vu%v¥p and where the sign depends on the order of the +-matrices. In 
fact, if we introduce the four-component quantity G, with the following 
components 


~ 


Gy = V¥2737a¥ ’ 
Gy = Vy7aya7i , 
“2 = = yaTsy (22) 
G3 = ¥ iV2FaW , 
G4 = Vann , 
we see that 
Gy = V7 . (23) 
We then have 
GL = Wh,Is¥! = VS 47 SY (24) 
From the definition of 7, it follows that, if S is given by equation (14), 
45S = S¥s , (25) 
and hence 
Gu = es Vs 


WV. 
= 2 aw P I Is¥ = 2 ayyGy ; (26) 
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under the transformation (14) the G, thus behave like a four-vector. 
However, if we consider the transformation (16), we have 


Gu = WIV! = VS, ISU = UX 475FAaW- (27) 


From the definition of ¥;, equatian (29) of problem 16 of section 11 and 
the result of problem 15 of section 4 it follows that 


~ ~ 
~_ »A » BA A BD A 


¥s = N%273%4 = Py Dy Py Oy Py Oz Pz cS Peles (28) 
and hence we get from equatian (27) 
G.=G,, k=1,2,3; Gh=-G,: (29) 


the G,, behave like a pseudo-vector. 
(e) Gig: We now have 


Gig = W9U' = VS 19SY . (30) 
Under the transformation (14) we find, using equation (25) that 
Gig = Viel = Gye, (31) 
while under the transformation (16) we find 
Gio = Viaista¥ = —Gie : (32) 


G6 behaves like a pseudo-scalar. . 
Finally we note that under time-reversal, when S is given by equation 
(30) of problem 16 of section 11, the G, and G,¢ transform as follows: 


Ge =—-G,, k=1,2,3; Ge=G,, (33) 
Gig = Gye. (34) 

19. Let S. be the operator which transforms ¥* into W,: 
v= SY". (3) 


If we take the complex conjugate of equation (1) and bear in mind that 
p, and A are real and p and A, purely imaginary, we find that 


I(a-{e+<al) ~43( Bet £44) ~ ime |w* =Q. (4) 


Comparing this with equation (2) we see that S. must satisfy the 
equations 


V¥=SUNY Se, Fq = -SOFS. | (5) 
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or, bearing in mind that 7, and +4 are real and +, and ‘¥3 are purely 
imaginary, 

Sc, 41], = (Seo Fal. = (Se, Fal, =9, [8., 42]. = 0, (6) 
whence we find that 


a 


Se = ¥2- (7) 


20. One can show that the total angular momentum ye given by the 
equation 


J=L+S, (1) 
with L£ the orbital angular momentum, 
E=[rapl, (2) 
and § the “spin angular momentum’’, 
S= 4n6, (3) 


commutes with Hp. This means that a particle satisfying the Dirac 
equation has apart from its orbital angular momentum also an intrinsic 
angular momentum or spin—it is a spin-+4 particle. 

21. We consider the Dirac equation in the form similar to equations (9) 
of problem 12 of section 11: 


e 
(E- e6- metyo-e(6. \e-<ah) x=0, (1a) 
o(6.{p-<A}) p— E-e6+ mex = 0. (1b) 
Under the assumptions of the problem, and writing 
E =E'+mce’, (2) 
we have 
\E'-ed| < me? . (3) 


From equation (1b) we then get 
e 
X= aoe me a) (4) 


or, after substituting into equation (la) 


eta 


BGS | a gs (5) 
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Using the result of problem 15 of section 4 we find 
e 7 e \* en. 
(6 .{6-<a}) = (s-<a) —~Ze.1VaA)), (6) 


and using the fact that H = [VA Al], we find from equation (5) 


( 
p-=4) 
—_ é eller 
Ey= "=o ee ame 8-8/8 - (7) 


We find an extra term: 


~(fi.H) = ug(G.d), (8) 
where 
en 
Pa 5 Bohr magneton . (9) 


The magneto-gyric ratio is clearly e/mc. Equation (7) was first 
suggested by Pauli and is called the Pauli equation. 

22. We now put in equations (1) of the preceding problem A = 0, 
ed = V(r), and using equation (2) of that problem we have 


{E'— Vir) }y— c(é.p)x = 0, (la) 
c(é .p)p—{E'+ 2mc?- ed}x = 0. (1b) 


Eliminating x we find 


(E'-V)p = 


(6.p)(, Bay 
2m 2mc? 


)o-rrg (2) 


This equation can be written in the form 
E'p = H'g. (3) 


Before determining H' we draw attention to the fact that, if the original 
four-component wavefunction ® were normalised, the two-component 
wavefunction y will not be normalised. In order to see immediately from 
the form of H’ what are the corrections as compared to the non-relativistic 
case, it is convenient to introduce a transformation which changes y into a 
normalised function Q. This can be done as follows. To first order we 
have x = (6.p)p/2mc, and thus we get, up to order (v/c)* from the 
normalisation condition 


[ar = el (vies x'x)@r = e (4) 
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the relation 
€ po? Vo 
fe (1+ orca oe r=1. (5) 
As we want y to satisfy the relation 
[o'Sar =1, (6) 
we find that up to order (v/c)? 
eS Bp? 
o= (1+goraly. 7) 
Transforming equation (3) we then find 
E'p = He , (8) 
with 
2 7 a2 
aa ( us gaa) (i aa) (9) 
or 
H= (+55 2)|S? (1s )e.n+ v} ( (10) 
AS 
(6 -P)S)(G .B) = f(r) p’— i(VF .p)+ UG .[VF AB))}, (1) 
we find 
B= Bs yy)-EUOF O18 06) _ og ay 19) 
where 
& = —-eVV (13) 


is the electrostatic field. 


The first two terms on the right-hand side of equation (12) are the 
non-relativistic terms. The third term can be written to a first approxi- 
mation as p*/8m?c* which comes from the relativistic mass correction. 
The fourth term can, for a central force, when VV = (r/r)\(dV/dr), be 


written in the form 


2 av (Sd) 
et ae dr 2m?c*r’ 


(14) 
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where § and L are the spin- and orbital angular momentum operators. 
This term is called the spin-orbit interaction. The last term comes into 
play only at those positions where there are charges; for instance, in the 
case of a Coulomb field, V « 1/r and AH, a §(r). 

23. Instead of starting from the unperturbed wavefunctions with well- 
determined values of /, and s, and later solving the secular equation, it is 
convenient to choose as initial functions the eigenfunctions with well- 
defined values of /? and j?, where / = /+$ is the total angular momentum 
which can easily be shown to commute with AH, of the preceding 
problem. If we take into account that for these functions the following 
relation holds 


P= jG41) = 104+ 1)4+s(st+ 1)4+ 20.59, (1) 
we find that 
_ ae _ +1) MI+1)-s(st 1), 1 dV 
AE SAH, => pS (2) 


For the hydrogen atom V = ~—e?/r and since (see problem 17 of 
section 5) 


Ws on ie ene 
P~ wt d+ay\ nh? ) ° (3) 
we find finally 


_ me* ie 1)-—11+ 1)-—s(s+1) 
(iz 


Be aR 4n+4d+1) (4) 
This formula can be written more succinctly, as in our case s = 4 and 
we have either j = /—4 orj = 1+4. One can easily show that 


1, iff =1+4, 


2¢..s) = 7+ I) U4 1)-s(st+ 1) = ae 1, iff=i-4, © 


so that for all values of j and / 


Pe (oo) ee ee 
>= FE \ne) WL +4 TEL: oy 
Combining AE, with the correction which describes the relativistic 
correction to the mass, due to the particle’s velocity (see problem 5 of 


section 7) and, for the / = O state, the correction due to the last term on 
the right-hand side of equation (12) of the preceding problem, we find 


xe = "(E)' 5 ee ee 
=H ie} Wl 8n~ 41° (7) 
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This expression is independent of /, which means that two states with the 
same value of j but different values of / correspond to the same (degener- 
ate) energy. 

24. We start again from equations (1) of problem 21 of section 11, and 
now we can put 


@=A, =A, =0, Ay =H Hx, (1) 


if we take the z-axis along d. 
Eliminating x we find 


{c?p* + e?H?x?— ecH (hé, + 2xpy)}p = (E?-—m*c*)p. (2) 
We look for solutions which are eigenfunctions of p,,p,, and 6, with 
eigenvalues p,, pz, and a, and we write therefore 


p= explilp,y+pez)ini(O)¥ or explilryy+p.2Mi(Q)¥. G3) 


The function Y must satisfy the equation 
{c*p2 + e?H?x?—- ecH (hat 2xp,)}¥ = (E?— m?c*— p2c?— p2c?)¥ , (4) 
or 
{c?p2+(eHx + cpy)? WW = (E?— m?c*— p2c? + ecHho)W . (5) 


The left-hand side operator is the Hamiltonian of a one-dimensional 
harmonic oscillator (compare the similar situation in the non-relativistic 
case; see problem 4 of section 6). The energy levels thus follow from 
the equation 


E?— m*c*— p2c? + echHo = |elH(2n+ lh, n=0,1,2,.... (6) 


One can easily check that in the non-relativistic limit the result is the same 
as that obtained in problem 3 of section 6. 

25. (i) In this case we must satisfy instead of the four equations (13) 
of problem 8 of section 11 the equations 


(a, ,&], = Deb be. (2) 
and this can be done by three 2 x 2 matrices, taking 
a= cé. (3) 


(ii) The discussion proceeds as in problem 20 of section 11. 
(iii) In an energy eigenstate we have 


=- = EV, (4) 
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and as 
5% , ow 
c(6 .p)y¥ = ih a5 (5) 
we find 


cpcosy =E, (6) 


where y is the angle between spin and momentum. As E? = p*c? or 
E = tpc, the proof follows. 
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